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PREFACE 


This three-volume text is designed for use in introductory, intermediate, and 
advanced courses in computational fluid dynamics (CFD) and computational fluid 
turbulence (CFT). The fundamentals of computational schemes are established in 
the first volume, presented in nine chapters. The first seven chapters include basic 
concepts and introductory topics, whereas Chapters 8 and 9 cover advanced topics. 
In the second volume, the fundamental concepts are extended for the solution of the 
Euler, Parabolized Navier-Stokes, and Navier-Stokes equations. Finally, unstruc- 
tured grid generation schemes, finite volume techniques, and finite element method 
are explored in the second volume. In the third volume, turbulent flows and several 
computational procedures for the solution of turbulent flows are addressed. 


The first two volumes are designed such that they can be easily adapted to 
two sequential courses in CFD. Students with an interest in fluid mechanics and 
heat transfer should have sufficient background to undertake these courses. In 
addition, fundamental knowledge of programming and graphics is essential for the 
applications of methods presented throughout the text. Typically, the first course 
is offered at the undergraduate level, whereas the second course can be offered at 
the graduate level. The third volume of the text is designed for a course with the 
major emphasis on turbulent flows. 


The general approach and presentation of the material is intended to be brief, 
with emphasis on applications. A fundamental background is established in the 
first seven chapters, where various model equations are presented, and the proce- 
dures used for the numerical solutions are illustrated. For purposes of analysis, 
the numerical solutions of the sample problems are presented in tables. In many 
instances, the behavior of a solution can be easily analyzed by considering graphical 
presentations of the results; therefore, they are included in the text as well. Before 
attempting to solve the problems proposed at the end of each chapter, the student 
should try to generate numerical solutions of the sample problems, using codes de- 
veloped individually or available codes modified for the particular application. The 
results should be verified by comparing them with the solutions presented in the 
text. If an analytical solution for the proposed problem is available, the numerical 
solution should be compared to the analytical solution. 
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The emphasis in the first volume is on finite difference methods. Chapter 1 
classifies the various partial differential equations, and presents some fundamental 
concepts and definitions. Chapter 2 describes how to achieve approximate repre- 
sentation of partial derivatives with finite difference equations. Chapter 3 discusses 
procedures for solving parabolic equations. Stability analysis is presented in Chap- 
ter 4. The order for Chapters 3 and 4 can be reversed. In fact, the results of 
stability analysis are required for the solution of parabolic equations in Chapter 3. 
The reason that the solution procedure of parabolic equations is developed first 
in Chapter 3 is to spread the computer code developments, since they require a 
substantial amount of time compared to other assignments. This will prevent the 
concentration of code development in the latter part of the course. Procedures for 
solving elliptic and hyperbolic partial differential equations are presented in Chap- 
ters 5 and 6, respectively. Chapter 7 presents a scalar model equation equivalent of 
the Navier-Stokes equations. In this chapter numerical algorithms are investigated 
to solve a scalar model equation which includes unsteady, convective, and diffusive 
terms. 





The solution schemes established in the first seven chapters are extended to the 
solution of a system of partial differential equations in Chapter 8. In particular, the 
Navier-Stokes equations for incompressible flows in primitive variables, as well as 
vorticity-stream function formulations, are reviewed. Subsequently, the numerical 
schemes and specification of appropriate boundary conditions are introduced. Fi- 
nally, Chapter 9 is designed to introduce the structured grid generation techniques. 
Various schemes, along with applications, are illustrated in this chapter. 


While every attempt has been made to produce an error-free text, it is inevitable 
that some errors still exist. The authors would greatly appreciate the reader's input 
on any corrections, so that they may be incorporated into future printings. Fur- 
thermore, we would appreciate any comments and/or suggestions from the read- 
ers on the improvement of the text. Please forward your comments by mail to: 

Klaus Hoffmann 
P.O. Box 20078 
Wichita, KS 67208-1078 
or e-mail to: Hoffmann@ae.twsu.edu 

In addition to this three-volume text, Computational Fluid Dynamics, a three- 
volume text, Student Guide to CFD, has been developed. The text, Student Guide to 
CFD, includes computer codes, description of input/output, and additional example 
problems. However, it is important to emphasize that computer code development 
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is an important aspect of CFD, and that, in fact, one learns a great deal about 
the numerical schemes and their behaviour as one develops, debugs, and validates 
his or her own computer code. Therefore, it is important to state here that the 
computer codes provided in the text Student Guide to CFD should not be used as 
an avenue to replace that aspect of CFD and that code development must be an 
important objective of the learning process. However, these codes can be used as 
а basis upon which one may develop other codes, or the codes can be modified for 
other applications. 

The authors greatly appreciates the support and help of many friends and col- 
leagues — in particular, Dr. John Bertin and Dr. James Forsythe of the U.S. Air 
Force Academy, Dr. Walter Rutledge of Sandia National Laboratories; Dr. Dennis 
Wilson and Dr. Douglas Cline of The University of Texas at Austin; Dr. Shamoun 
Siddiqui of the Ministry of Defense, Pakistan; Mr. John Buratti of IBM; Mr. Shigeki 
Harada of Hewlett-Packard, Japan; Dr. Yildirim B. Suzen of University of Ken- 
tucky; Mr. Apichart Devahastin; Mr. Jean-Francois Dietiker; and Mr. Henri-Marie 
Damevin of Wichita State University. Furthermore, we are indebted to many of 
our students at The University of Texas, The Wichita State University, and those 
who have participated in various CFD correspondence and short courses offered by 
AIAA, EES, and ASME. 

Finally, we greatly appreciate the efforts of Mrs. Karen Rutledge for editorial 
work, Mr. Tim Valdez for art work, and Ms. Jeanie Duvall for her skillful typing of 
the manuscript. 

Klaus А. Hoffmann 
Steve T. Chiang 


INTRODUCTION 


The task of obtaining solutions to the governing equations of fluid mechanics 
represents one of the most challenging problems in science and engineering. In most 
instances, the mathematical formulations of the fundamental laws of fluid mechanics 
are expressed as partial differential equations (PDE). Second-order partial differ- 
ential equations appear frequently and, therefore, are of particular interest in fluid 
mechanics and heat transfer. Generally, the governing equations of fluid mechanics 
form a set of coupled, nonlinear PDEs which must be solved within an irregular 
domain subject to various initial and boundary conditions. 


In many instances, analytical solutions of the equations of fluid mechanics are 
limited. This is further restricted due to the imposed boundary conditions. For 
example, a PDE subject to a Dirichlet boundary condition (i.e., values of the de- 
pendent variable on the boundary are specified) may have an analytical solution. 
However, the same PDE subject to a Neumann boundary condition (where normal 
gradients of the dependent variable on the boundary are specified) may not have 
an analytical solution. 

Experimental fluid mechanics can provide some information regarding a par- 
ticular flowfield. However, the limitation on the hardware, such as the model and 
tunnel size and the difficulty in adequately simulating the prototype flowfield, makes 
it an impractical means of obtaining flowfields for many problems. Nevertheless, 
the flowfield information from experiments is valuable in validating mathematical 
solutions of the governing equations. Thus, experimental data is used along with 
computational solutions of the equations for design purposes. 


А technique that has gained popularity in recent years is computational (numer- 
ical) fluid dynamics. Of course, numerical analysis has been around for many years. 
However, improvements in computer hardware, resulting in increased memory and 
efficiency, have made it possible to solve equations in fluid mechanics using a variety 
of numerical techniques. These advancements have stimulated the introduction of 
newer numerical techniques which are being proposed almost on a daily basis. Un- 
like experimental fluid mechanics, the geometry and flow conditions can be easily 
varied to obtain various design goals. The solution that any such numerical program 
generates should be validated by comparing it to а set of experimental data; but 
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once its validity has been established, the program can be used for various design 
purposes, within the limits imposed by the assumptions on which it was based. 

The fundamental concept of numerical schemes is based on the approximation 
of partial derivatives by algebraic expressions. Once the partial differential equa- 
tion has been approximated by an algebraic equation, it can be solved numerically 
with the aid of a computer. The schemes by which the approximations to par- 
tial differential equations can be develoepd may be categorized into three groups. 
They are: finite difference (FD) methods, finite volume (FV) methods, and finite 
element (FE) methods. The finite difference methods are used in conjunction with 
structured grids, whereas the finite volume or finite element methods are typically 
used in conjunction with unstructured grids. The emphasis in this text is on finite 
difference methods, even though both finite volume and finite element methods are 
introduced in Volume II. 

In the first seven chapters, we will explore the fundamental concepts of numerical 
methods used to solve PDEs, investigate how various methods are to be applied to 
the proposed model equations, and analyze the resulting solutions. In Chapter 8, 
the concepts of the computational schemes for the solution of a System of PDEs are 
explored. | 

The numerical procedures introduced in the first volume are extended to the 
solutions of Euler, Parabolized Navier-Stokes, and Navier-Stokes equations in Vol- 
ume II. Furthermore, unstructured grid generation schemes, finite volume schemes, 
and finite element method are explored in the second volume of the text. 

Turbulent flows and numerical considerations for the solution of turbulent flows 
are provided in Volume III. Fundamental concepts and definitions are established 
in Chapter 20. Subsequently, the modification of the Navier-Stokes equation to 
include the effect of turbulence and turbulence models is introduced in Chapter 21. 
Compact finite difference formulation is developed in Chapter 22. Finally, Large 
Eddy Simulation and Direct Numerical Simulation are discussed in Chapter 23. 


Chapter 1 


Classification of Partial Differential 
Equations 





1.1 Introductory Remarks 


Since the solution procedure of a partial differential equation (PDE) depends 
on the type of the equation, it is important to study various classifications of PDEs. 
Imposition of initial and/or boundary conditions also depends on the type of PDE. 
Most of the governing equations of fluid mechanics and heat transfer are expressed 
as second-order PDEs and therefore classification of such equations is considered in 
this chapter. In addition, a system of first-order PDEs and a system of second-order 
PDEs are considered as well. 


1.2 Linear and Nonlinear PDEs 


Partial differential equations can be classified as linear or nonlinear. In a linear 
PDE, the dependent variable and its derivatives enter the equation linearly, i.e., 
there is no product of the dependent variable or its derivatives. Individual solutions 
of this type of PDE can be superimposed, e.g., two solutions to the governing 
equation can be added together to give a third solution to the original equation. 
An example of a linear PDE is the one-dimensional wave equation 


where a is the speed of sound which is assumed constant. 
On the other hand, a nonlinear PDE contains a product of the dependent vari- 
able and/or a product of its derivatives. Two solutions to a nonlinear equation 
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cannot be added to produce a third solution that also satisfies the original equa- 
tion. An example of a nonlinear PDE is the inviscid Burgers equation: 


RET 
ot “Or 


If a PDE is linear in its highest order derivatives, it is called a quasi-linear PDE. 


13 Second-Order PDEs 
To classify the second-order PDE, consider the following equation 


0$ 8$ 9'$ дф дф " 
952 andy Сар t PS, Бар + FO G =0 (1-1) 





where, in general, the coefficients A, B, C, D, E, F, and G are functions of the inde- 
pendent variables т and y and of the dependent variable ¢. Assume that ф = $(z,y) 
is a solution of the differential equation. This solution describes a surface in space, 
on which space curves may be drawn. These curves patch various solutions of the 
differential equation and are known as the characteristic curves. Some fundamental 
concepts of characteristics are provided in Appendix A. 

By definition, the second-order derivatives along the characteristic curves are 
indeterminate and, indeed, they may be discontinous across the characteristics. 
However, no discontinuity of the first derivatives is allowed, i.e., they are continuous 
functions of x and y. Thus, the differentials of $z and фу, which represent changes 
from location (x,y) to (x + dz, y+ dy) across the characteristics, may be expressed 








as 
0ó. , be, Әф d$ 
аф, as dz + бу у= 5220 + 5 ay (1-2) 
i 9, Oty, аф, 4% 
=Y ay = т is 
dó, = Or dz + ду ау туа + ay: d (1-3) 


The original equation, i.e., Equation (1-1), may be expressed as follows 


0*9 ao 056 





Axa + andy + EI =Н (1-4) 
where "m д 
Н == (00 +800 + rec) 


Now Equation (1-4), along with Equations (1-2) and (1-3), can be solved for the 
second-order derivatives of ¢. For example, using Cramer’s rule, 
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A Н C 
dr d$, 0 
аф |0 dé dy 
дхду | A B C (>) 
dx dy 0 
0 dx dy 


Since it is possible to have discontinuities in the second-order derivatives of the 
. dependent variable across the characteristics, these derivatives are indeterminate. 
Thus, setting the denominator equal to zero, 


A B C 
dx dy 0 |=0 (1-6) 
0 dz dy 
yields the equation 
a(&) - (8) +0=0 ied 
dz dz 


Solving this quadratic equation yields the equations of the characteristics in physical 


space: 
(2) = В+ ув? – ААС 
a, В 


dz 2A (1-8) 


Setting the numerator of (1-5) equal to zero provides a set of characteristic curves 
in the ф„, d, plane. These are known as hodograph characteristics. Depending on 
the value of (B?—4AC), characteristic curves can be real or imaginary. For problems 
in which real characteristics exist, a disturbance can propagate only over a finite 
region, as shown in Figure 1-1. The downstream region affected by a disturbance at 
point A is called the zone of influence (indicated by horizontal shading). A signal 
at point A will be felt only if it originated from a finite region called the zone of 
dependence of point A (vertical shading). 

The second-order PDE previously expressed as Equation (1-1) is classified ac- 
cording to the sign of the expression (B? — 4AC). It will be 


(a) elliptic if В? - 4АС <0 
(b) parabolic if B?—-4AC=0 ог 
(c) hyperbolic if B? — 4AC > 0 


Note that the classification depends only on the coefficients of the highest order 
derivatives. 
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Figure 1-1. Zone of influence (horizontal shading) and zone of 
dependence (vertical shading) of point А. 





1.4 Elliptic Equations 


A partial differential equation is elliptic in a region if (B? — 4AC) < 0 at 
all points of the region. An elliptic PDE has no real characteristic curves. A 
disturbance is propagated instantly in all directions within the region. Examples of 
elliptic equations are Laplace's equation 


e e 
20 + 35 =0 (1-9) 
and Poisson’s equation Р | 
д д 
20 + as = f(x,y) (1-10) 


The domain of solution for an elliptic PDE is a closed region, R, shown in Figure 
1-2. On the closed boundary of R, either the value of the dependent variable, its 
normal gradient, or a linear combination of the two is prescribed. Providing the 
boundary conditions uniquely yields the solution within the domain. 


1.5 Parabolic Equations 


A partial differential equation is classified as parabolic if (B? — 4AC) = 0 at all 
points of the region. The solution domain for a parabolic PDE is an open region, as 
shown in Figure 1-3. For a parabolic partial differential equation there exists one 
characteristic line. Unsteady heat conduction in one dimension 

oT oT 
= ed (1-11) 
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and diffusion of viscosity, expressed as 


2 

2 = 2 (1-12) 
are examples of parabolic PDEs. Ап initial distribution of the dependent variable 
and two sets of boundary conditions are required for a complete description of the 
problem. The boundary conditions are prescribed as the value of the dependent 
variable or its normal derivative or a linear combination of the two. The solution 
of the parabolic equation marches downstream within the domain from the initial 
plane of data satisfying the specified boundary conditions. The parabolic partial 
differential equation is the counterpart to an initial value problem in an ordinary 
differential equation (ODE). 


Boundary 
Condition 
Prescribed 


Figure 1-2. The domain of solution for an elliptic PDE. 


> 


Boundary 
Condition 
Prescribed 


Initial Condition Prescribed 


Figure 1-3. The domain of solution for a parabolic PDE. 
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1.6 Hyperbolic Equations 


A partial differential equation is called hyperbolic if (B? — 4AC) > 0 at all 
points of the region. A hyperbolic PDE has two real characteristics. An example 
of a hyperbolic equation is the second-order wave equation: 

o 0% 
o? дт? 
A complete description of the flow governed by a second-order hyperbolic PDE 
requires two sets of initial conditions and two sets of boundary conditions. The 
initial conditions at t — 0 may be expressed as 


o(z, 0) = f(z) 


(1-13) 


and 
de (т, 0) = g(x) 


where the functions f and g are specified for a particular problem. 
For a first-order hyperbolic equation, such as 


дв 06 
д дт 
only one initial condition needs to be specified. Note that the initial condition 
cannot be specified along a characteristic line. 

А classical method of solving a hyperbolic PDE with two independent variables 
is the method of characteristics (MOC). Along the characteristic lines, the PDE 
reduces to an ODE, which can be easily integrated to obtain the desired solution. 
Details of MOC and the appropriate solution schemes will not be discussed here. 
However, some essential elements of characteristics are provided in Appendix А. 
Additional materials on MOC may be found in References [1-1] or [1-2]. 

To illustrate classification of a second-order PDE, an example is proposed as 
follows: 


Example 1.1: Classify the steady two-dimensional velocity potential 
equation. 
(1- м?) фи + фу =0 
Solution: According to notations used in Equation (1-1), 
A-(1-M?), B=0, and C=1 


Thus, (B? -44C) = —4(1— M?). If M < 1 (subsonic flow), then (B? -44C) < 0 
and the equation is elliptic. For M = 1 (sonic flow), (B? — 4AC) = 0 and the 
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equation is parabolic. For M > 1 (supersonic flow), (B? — ААС) > 0 and the 
equation is hyperbolic. 

Now consider the physical interpretation of various classifications. Assume that 
a body moving with a velocity и in an inviscid fluid is creating disturbances which 
propagate with the speed of sound, a. If the velocity u is smaller than a, that 
is, if the flow is subsonic, then the disturbance is felt everywhere in the flowfield 
(Figure 1-42). Note that this is what happens for an elliptic PDE. 

As the speed of the body ш increases and approaches the speed of sound, a 
front is developed, with a region ahead of it which does not feel the presence of the 
disturbance (Figure 1-4b). This region is known as the zone of silence. Thus the 
disturbance is felt only behind the front. This region is known as the zone of action. 
When the speed и is further increased, to the extent that it exceeds the speed of 
sound, a conical front (in three-dimensional analysis) is formed (Figure 1-4c). The 
effect of the disturbance is felt only within this cone. 


Figure 1-4a. Propagation of disturbance in subsonic flow. 


Zone of silence Zone of action 





Figure 1-4b. Propagation of disturbance in sonic flow. 


10 Chapter 1 












Zone of action 


Zone of silence 






Mach cone 


Figure 1-4c. Propagation of disturbance in supersonic flow. 





This conical front is known as the Mach cone in three-dimensional space or as Mach 
lines in two-dimensional space. Mach lines patch two different solutions of the PDE 
and thus represent the characteristics of the PDE. 


1.7 Model Equations 


Several partial differential equations will be used as model equations in the fol- 
lowing chapters. These equations will be used to illustrate the application of various 
finite differencing techniques and stability analyses. By observing and analyzing the 
behavior of the numerical methods when applied to simple model equations, an un- 
derstanding should be developed which will be useful in studying more complex 
problems. The selected equations are primarily derived from principles of fluid me- 
chanics and heat transfer. However, this selection should not limit our discussion 
to problems in fluid mechanics. Many PDEs in science and engineering may be 
represented by the selected model equations investigated here. 

The selected model PDEs which will be used in the next chapters are as follows: 


1. Laplace's equation: 


д? ao 
a XO (1-14) 
2. Poisson's equation: : 
8? д 


3. The equation for unsteady heat conduction: 


ôT T PT 
4^? O22 y (1-16) 
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4. The y-component of the Navier-Stokes equation reduced to Stokes' first prob- 


m ди _ дщ 
ж a (1-17) 
5. The wave equation: 
би = а? (S) (1-18) 
6. The Burgers equation: 
x = -u2 (1-19) 


These equations are expressed in one- or two-space dimensions in the Cartesian 
coordinate system. Some of the model equations in two-space dimensions will be 
reduced to one-space dimension in the upcoming discussions. 

In most cases, the selected model equation subject to imposed initial and bound- 
ary conditions has an analytical solution. In such instances, the analytical solution 
is used as a basis for comparison with various numerical solutions. These compar- 
isons are very useful in determining the accuracy of the various numerical algorithms 
employed. 


1.8 System of First-Order PDEs 


The equations of fluid motion are composed of conservation of mass, conserva- 
tion of momentum, and conservation of energy. The governing equations may be 
expressed by partial differential equations, thus forming a system of second-order 
PDEs. For certain classes of problems, the governing equations are reduced to a 
system of first-order PDEs. For example, the equations of fluid motion for inviscid 
flowfields, known as the Euler equations, belong to this category. Furthermore, in 
some applications a higher-order PDE may be reduced to a system of first-order 
PDEs by introducing new viariables. In this section, the conditions under which a 
system of first-order PDEs is classified will be explored. Consider a set of first-order 
PDEs expressed in the following form 

дФ 

dt + 
where Ф represents a vector (or column matrix) containing the unknown variables. 
The elements of the coefficient matrices [A] and [B] are functions of z, y, and t; 
and the vector V is a function of Ф, т, and y. For example, a set of two first-order 
PDEs could be represented by the following equations: 


ди ди до ди ду 
Бйз бє б "бу = 0 (1-21) 


ns E 2192 += 0 (1-20) 
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and 
ду ди àv ди Ov 
at Og vh tg Fh d cp (1-22) 
where 
aU _ра а _ Газ а ШЕТ 
Фе h = [у oh l= [7 ы |, апа =}! 











If the eigenvalues of the matrix [A] are all real and distinct, the set of equations 
is classified as hyperbolic in t and z. For complex eigenvalues of [A], the system of 
equations is elliptic in t and z. Similarly, the set of equations is hyperbolic in t and 
y if all the eigenvalues of matrix [B] are real and distinct; otherwise, for complex 
eigenvalues, the set of equations is classified as elliptic. If the system of equations 
has the following form (the steady-state form of Equation (1-20)), 


9% ao 
А + Blay * V = 0, (1-23) 


then the set of equations is classified according to the sign of 


Н = R? — APQ (1-24) 
where 
P = |A] (determinant of A), Q= |B| 
and 
ae | g т 














The set of first-order PDEs is hyperbolic for Н > 0, parabolic for Н = 0, and 
elliptic for H « 0. This classification is presented in Ref. [1-3]. 

At this point, consider a general form of a system of first-order PDEs and its 
classification. This consideration should also clarify the origin of relation Н = 
R — 4PQ, i.e., Equation (1-24). In the arguments to follow, the mathematical 
details are omitted; instead, applications are emphasized. Recall that characteristics 
represent a family of lines across which the properties are continuous, whereas there 
may be discontinuities in their derivatives. Now, define S to represent characteristic 
surfaces and normal to these surfaces denoted by 7. In the Cartesian system, we 
may write (for 2-D problems) 

N = nT ny7 

At this point, we seek a relation whereby the number of possible characteristics 
may be determined. If the characteristic normals are all real, then the system is 
classified as hyperbolic. If they are complex, then the system is elliptic. For mixed 
real and complex values, the system is mized elliptic/hyperbolic. The system is 
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classified as parabolic if there is less than К real characteristics, where К is the 
number of PDEs in the system. To introduce the required relation, consider the 


following model equation: 
0o ağ 


A3 + Boy =0 (1-26) 
А wave-like solution (characteristics direction) for the system may be obtained if 
|Т| = 0 (1-27) 
where 
[T] = [A] nz + [B] ny (1-28) 


For mathematical details, see Reference [1-4]. 
The matrices [4] and [B] were previously defined from Equations (1-21) and 
(1-22). Now, matrix [Т] is formed as 


[Т] = | йй AaNz | | оз, ату | M | атш + Ay ат: + ату 
bins bens bany bany bin; t bany bn. T bany 
from which the determinant is computed as 


Т = (a3b, — bsa4)n; + (arb — озь) + (ab. + agb; — azba — bia4)neny = 0 
Divide by n2 to obtain 


2 
(aab, — bye) (=) (йык bins) (=) (ааа) = 0 


This equation may be written as 


e (&y «a(&) +P=0 
Nz Nz 
from which 
(&) _-Е+У 4р0 -REVH 
т.) — 20 © Q 

Note that the notation previously defined for Equation (1-23) is used in the 
equation above. Therefore it is seen that, if H > 0, the system is hyperbolic; if 
H « 0, the system is elliptic; and if H — 0, the system is parabolic. 

To illustrate the procedure described above, the following applications are pro- 
posed. 


Example 1.2 Classify the following system of partial differential equations. 


ди d _ 
ðr Oy — 
ôv ди 
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Solution: The system may be expressed in a vector form as 


99 99 
Д — ш 
Эг +В ду 0 
where 
— u 1 0 0 1 
q= : = and B= | 
v 0 1 —-1 0 
Therefore, 


0 0 


© 
-1 1 


Now, from Equation (1-24), H is determined as H — R? — 4PQ — —4. Since H is 
negative, the system is classified as elliptic. 

As a second approach, Equation (1-27) may be used. For this purpose, [T] is 
determined as 


[T] = [Alne + (Bln, = | "5 do AN Ea iq 


The determinant |T| is 
| = ni +n} 


According to the requirement (1-27), 


п2 + ni = 0 or 
2 
(=) +1 = 0 
Nr 


from which both values of (n,/nz) are imaginary and, therefore, the system is 
elliptic. 

The elliptic nature of the system can be further verified by combining the two 
equations. That is accomplished by eliminating either u or v from the system. The 
oa Ou Ou dy Ow 

ðr? ду? ôr? Ay? 
which was previously classified as elliptic. 

When the system of equations exceeds two, the general relation given by (1-27) 
must be used for classification of the system. To illustrate this point, consider the 
following example. 


0 
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Example 1.3 The governing nondimensional equations of fluid motion for steady, 


inviscid and incompressible flow in two dimensions are given by: 


ди Ov ig 
дх' Oy 

ди дш | Op 
Чол Оу an? 
Ov до Op 

x a Pas 


Classify the system of equations. 


Solution: Select the unknown vector, Q, as 


Therefore, the vector formulation is written as 


д д 
20 , 500. 
where 
100 010 
A=/u 01 and B={v 0 0 
Ои о 0v 1 
Following (1-28), the matrix [T] is 
Ny 0 0 0 ny 
[T] = [A] n: + [B] ny = | unz 0 Nz |+| Un 0 
0 ung 0 0 vny 
Or 
Nez Ny 0 
|= | Uns + vn, 0 п. 
0 un; + vn, ny 
from which 


|T| = п, [-nz(unz + vny)] — ny [ny (uns + vny)] 


= — (un, 4 vny) (ri + nj) 


S oo 
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Therefore, according to (1-27), 
|T| = (ип, + vny) (nè + n) =0 


Dividing the above equation by n3 yields 


from which 
n v Ne 
Since mixed real and complex values result, the system is a mixed hyperbolic/ 
elliptic system. 


1.9 System of Second-Order PDEs 


On many occasions, the system of PDEs will include second-order derivatives. 
In fluid mechanics, for example, the viscous terms in the momentum equation and 
the heat conduction term in the energy equation are second order. The classi- 
fication of such a system is facilitated if one reduces the second-order system to 
a first-order system and, subsequently, applies the procedure described previously 
for classification of a first-order system. To illustrate the procedure, consider the 
steady, incompressible equations of motion in nondimensional form given as 


Ou av 

a 0 (1-29) 
ди Ou др 1 (u ди 

“Oz "By ~~ Or Re (25 5) 50) 
ðv ди Op 1 (ду ay 

“On у = ду we (Sa + 37 den) 


In order to reduce the system to a first-order system, introduce the following 
auxiliary variables: 


а= 44 b- u and c= a 
^ Or ’ © Ay’ ~ ду 
Note that, from the continuity Equation (1-29), 
ди _ _ ov icy 
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The new variables may be related by cross-differentiation. For example, 


ә (ә дъ _ æ 
Or \9у) Oxdy дт 


and 
д [av ay — да 


ду (2) Е ðrðy ду 


Equating the two expressions, 





Ф да 
дт ду 
Similarly, 
Oc Ob 
ку rU 


Now, the system of first-order equations is written as 


du, 

oy — 

ди ðv 

bz * by 0 

3b _да 0 

ðr Oy 

дс | Ob 

бу a 

1 Ob Oc др — 

a (-E+H)-2- ub 4- vc 


1 [8a | ab Op _ 
п: (5 2) = Fe маа 


д> Oy} ду 


This system is written in the vector form as 


д, д0 _ 
Ag + Ba, =e 
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where 


Q= 
b 
с 
р 
1 0 
0 1 
0 0 
B—-|9 9 
о 0 
0 0 


Now the matrix [T] is formed as, 


[Т] = 


and, following (1-27), 


Thus, 


0 0 0 
1 0 0 
оо 0 
А=| оо о 
0 0 0 
1 
0 0 Re 
0 0 0 
0 0 0 
0 0 0 
1 0 0 
1 
0 — 0 
Re 
1 
— —1 
Re 7 
0 0 0 
Ny 0 0 
0 -n Nz 
0 0 Ny 
nz 
0 0 Re 
0 = лу 
Re Re 
__1 2/2 2 
= Re (п2 + nj) 
п + т = 0 


Ве 


0 
0 


о 
о о oc o 


с 
0 
0 
0 
0 


—ub + vc 
ua + vb 
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2 
(=) +1=0 
T 


since (ny/nz) is shown to be imaginary, the system is classified as elliptic. 
Now, an example is proposed where the system is time dependent and, therefore, 
falls in the category of the system given by (1-21) and (1-22). 





or 


Example 1.4 The governing equations of motion for one-dimensional, inviscid 
flows are given by the Euler equations. If the assumption of perfect gas is imposed, 
the system is written as 


It is required that this system be classified. 


Solution. Define the variable vector Q as 


p 
Q=|u 
р 


The system is written in the vector form as 


where 


е ole o 


The eigenvalues of the system are obtained from 


и— À p 
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p (u—2)[(u= 2) ua) = (2) (ка) | = 0 
or (и) [а-а =0 
from which 

ài = u 

à = u-a 

À3 = u+a 


Since all the eigenvalues are real, the system is classified as hyperbolic. 


1.10 Initial and Boundary Conditions 


In order to obtain a unique solution of a PDE, a set of supplementary conditions 
must be provided to determine the arbitrary functions which result from the inte- 
gration of the PDE (compared to arbitrary constants in ODE). The supplementary 
conditions are classified as boundary or initial conditions. 

An initial condition is a requirement for which the dependent variable is specified 
at some initial state. 

A boundary condition is a requirement that the dependent variable or its deriva- 
tive must satisfy on the boundary of the domain of the PDE. 

Various types of boundary conditions which will be encountered are: 


1. The Dirichlet boundary condition. If the dependent variable along the boundary 
is prescribed, it is known as the Dirichlet type. 


2. The Neumann boundary condition. If the normal gradient of the dependent 
variable along the boundary is specified, it is called the Neumann type. 


3. The Robin boundary condition. If the imposed boundary condition is a linear 
combination of the Dirichlet and Neumann types, it is known as the Robin 
type. 


4. The Mixed boundary condition. Frequently the boundary condition along a 
certain portion of the boundary is the Dirichlet type and, on another portion 
of the boundary, a Neumann type. This type is known as a mixed boundary 
condition. 
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As an example, consider transient conduction in two-space dimensions. Assume 
that a long rectangular bar has been heated to a temperature distribution of T = 
f(x,y). An initial condition would then be prescribed such that 


fo t=0, Т = f(x,y) 


Now, place the bar in an environment in which the lower and right sides are in 
contact with a convecting fluid of temperature Ту and a constant film coefficient of 
h, while the left side is insulated (adiabatic) and the upper side is kept at a constant 
temperature. 

The corresponding boundary conditions are: 


oT 
> = — = 
t>0 т=0 j Эг 0 
oT h 
OT A 
y=0 , Dy C Y 
and | 
у=Н , Т = Т, 


These are shown in Figure 1-5. 


Figure 1-5. Sketch illustrating the imposed boundary conditions 
on the rectangular bar. 
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1.11 Remarks and Definitions 


In order to solve а given PDE by numerical methods, the partial derivatives in 
the equation are approximated by finite difference relations. These representations 
of the partial derivatives are obtained from Taylor series expansions, as will be 
shown in the next chapter. The resulting approximate equation, which represents 
the original PDE, is called a finite difference equation (FDE). 

To illustrate the objectives and the procedures to be developed, consider a two- 
dimensional rectangular domain. We wish to solve a PDE within this domain 
subject to imposed initial and boundary conditions. The rectangular domain is 
divided into equal increments in the z and y directions. Denote the increments in 
the т direction by Az and the increments in the y direction by Ay. Note that the 
increments in the z direction do not need to be equal to the increments in the у 
direction. These increments may be defined as mesh size, step size, or grid size. The 
location of mesh points, grid points, or nodes is designated by i in the z direction 
and by j in the y direction. The maximum number of grid points in the z and 
y directions are denoted by IM and JM, respectively. These nomenclatures are 
Shown in Figure 1-6. 

The finite difference equation that approximates the PDE is an algebraic equa- 
tion. This algebraic equation is written for each grid point within the domain. 
The solution of the finite difference equations provides the values of the depen- 
dent variable at each grid point. The objectives are to study the various schemes 
to approximate the PDEs by finite difference equations and to explore numerical 
techniques for solving the resulting approximate equations. 








Figure 1-6. Sketch illustrating the nomenclature of computational space. 
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Before proceeding with an analysis of numerical techniques, it is necessary to de- 
fine additional terminology for concepts which will be investigated in the upcoming 
chapters. 


1. 


Consistency: А finite difference approximation of а PDE is consistent if the 
finite difference equation approaches the PDE as the grid size approaches zero. 


. Stability: A numerical scheme is said to be stable if any error introduced in 


the finite difference equation does not grow with the solution of the finite 
difference equation. 


. Convergence: À finite difference scheme is convergent if the solution of the fi- 


nite difference equation approaches that of the PDE as the grid size approaches 
Zero. 


. Lax's equivalence theorem: For a FDE which approximates a well-posed, linear 


initial value problem, the necessary and sufficient condition for convergence 
is that the FDE must be stable and consistent. 


. The conservative (divergent) form of a PDE: In this formulation of a physical 


law, the coefficients of the derivatives are either constant or, if variable, their 
derivatives do not appear anywhere in the equation. For example, the conser- 
vation of mass for steady two-dimensional flow is written in conservative form 
as 

V. (oV) =0 


or in Cartesian coordinate system as 
д д 
Z = =0 
Fa Pu) + 5, 9? 
If this equation is written in expanded form as 
+ 2 + ш + 07 = 0 
р 8 т p y = 


it is known as the nonconservative form of the equation. 


. Conservative property of a FDE: If the finite difference approximation of a PDE 


maintains the integral property of the conservation law over an arbitrary re- 
gion containing any number of grid points, it is said to possess a conservative 
property. 


In closing, a few points should be emphasized. 
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(a) First-order PDEs occur only occasionally in engineering problems. Al- 
most all first-order equations have real characteristics and thus behave 
much like hyperbolic equations of the second order. 


(b 


— 


Equations with more than two independent variables may not fit neatly 
into the classification of PDEs described in this chapter. However, the 
concepts of elliptic, parabolic, and hyperbolic can be extended to such 
PDEs. 


(c 


мо 


Not all problems are expressed as purely elliptic, parabolic, or hyperbolic 
problems. On many occasions, a problem is expressed as a mixture of 
elliptic and parabolic equations, i.e., the governing equations are elliptic 
in one region and parabolic in another region of the domain. 


1.12 Summary Objectives 
After completing this chapter, you should be able to do the following: 
1. Define and give examples of: 
а. Linear and nonlinear PDEs 
b. Elliptic, parabolic, and hyperbolic PDEs 


c. Initial and boundary conditions 
d. The conservative form of а PDE 


2. Define: 


a. Zone of influence and zone of dependence 
b. Convergence 

c. Consistency 

d. Stability 


3. Solve the problems for Chapter One. 
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1.13 Problems 


Classify the following second-order partial differential equations. 


Bd P P 


1 Ox? 0z0y ^ Oy — 0 





o 09 Po дф = 
1.2 at tart 53  ;59 ^ ^ 


дф дф, Ph — 
13 = + Bo. + agza 0 


2 2 2 
1.4 VRE a Wb 09 бф 


An os tta o iy v 


25 


Determine the values of z and y to make the following partial differential equa- 


tions elliptic, parabolic, or hyperbolic. 


92ф 3e 829 


1.5 Шу; + Tandy 


0*9 ao 
1.6 va + Vozüy 





+K=0 


ao arg ad 
Рага Dol ms 
17 = V + TU y у Ө? 
2 2 


2 
+ 2cosr гё idee! =0 
ду 


18 sin тот Bzóy 





19  Classify the following system of equations: 


LR ке. шту 
8t “дт Or 
до | Ou Ov =0 
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1.10 The z-component of the momentum equation for an incompressible flow 


with zero pressure gradient is given by 


ди ди ^y 
ul + 0—— =v 


ôr д ду? 
Assume v to be a constant. Reformulate the equation into the conservative 


form. 


1.11 The governing equations for stationary, shallow water are expressed as 


д д 


where u and v represent the velocity components, and h represents the surface 


elevation. 


(a) Define the unknown vector Q as 


and rewrite the system of equations in a vector form similar to (1-23). 


(b) Classify the system. 


1.12 Classify the following system of PDEs: 


Consider three cases where 
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(a) a =b =a, =b = 1 
(b a =b=1, Bb =0, a;-2-1 


(с) а =b =b =1, а= –1 


1.13 Consider the system 


„9ч + ди _ 1 Ou 
dz Sy Re Әу? 


(a) Reduce the system to a first-order system. 
(b) Write the system in a vector form. 


(c) Show that the system is parabolic. 


114 А system of PDEs is given by the following: 


Ou, 2 o 
ðr Oy — 
д ду pôr Ox? ду? 
ov, 20 _ _1др, (ate v 
Vor Oy рду ax? Oy) 


where the kinematic viscosity v and the density p are constants. 


(a) Reduce the system to a first-order system. 
(b) Write the system in a vector form. 


(c) Classify the system. 


1.15 Classify the following system of equations: 
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ðu av 
@) (20098 02 =0 
ðv ди 
(z -9)5 ubi 
ди Ov дш 
O ау Br Br ° 
ди Dv Du ou 
Ox ду Oy 
ôv дш 0 
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2.1 Introductory Remarks 


The differentials of the dependent variables appearing in partial differential 
equations must be expressed as approximate expressions, so that a digital com- 
puter (which can perform only standard arithmetic and logical operations) can be 
employed to obtain a solution. Two methods for approximating the differentials of 
a function f are considered in this chapter. One method of approximation often 
used is the Taylor series expansion of the function f. A second method is the use of 
a polynomial of degree n. The Taylor series expansion will be considered first, and 
subsequently some examples using the polynomial representation of the function f 
are given. 


2.2 Taylor Series Expansion 


Given a function f(x), which is analytical, f(z + Az) can be expanded in а 
Taylor series about x as 


q Ax? д], (Az)? д] + 


f(z + Az) = f(z) + (Ат T 21 Өт? 3 дт? 








(zy ә" 


n! 


= 9+5 








x unb 
Solving for Of /Ox, one obtains 


Of f(A3)-f() APS (муу з 
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Summing all the terms with factors of Az and higher and representing them as 
O(Az) (that is read as terms of order Az) yields 


af  f(z Az) - f(z) 
дт Ат 





+ O(Az), (2-3) 


which is an approximation for the first partial derivative of f with respect to т. 
Graphically, as shown in Figure 2-1, this approximation may be interpreted as the 
slope of the function at point B, using the values of the function at points B and C. 
If the subscript index i is used to represent the discrete points in the z-direction, 
Equation (2-3) is written as 


f| fia-£ 
E" : = he + O(Az) (2-4) 


This equation is known as the first forward difference approximation of Of /дх of 
order (Az). It is obvious that as the Step size decreases, the error term is reduced 
and therefore the accuracy of the approximation is increased. Now consider the 
Taylor series expansion of f(z — Az) about z. 

Of (Az PF (Ar)? 9j 


f(z — Az) = f(z) - Ara + 2 Os 3 953 Tee (2-5) 


= f+ [cce] 27 





Solving for Of /дх, 


=” ыш ae UU + O(Az) 


Of _ f(z)- f(E- Az) 
Ox Ах 











Figure 2-1. Illustration of grid points used in Equation (2-3). 
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or 


ӘД А-Л 

ózh Ac 
which represents the slope of the function at B using the values of the function 
at points А and B, as shown in Figure 2-2. Equation (2-6) is the first backward 
difference approximation of Of /ðx of order (Az). Now, consider the Taylor series 
expansions (2-1) and (2-5), which are fuse here: 


, (22)? д? of (Az) 0? of 
m ^9 дт? 3 ðr? 


+ O(Az) (2-6) 


№ + Az) = f(z) + Az 





+: (2-7) 








and 
Az)? д? Az) 0? 
f( - Аз) = fü) -Ark + OL CDL Ly... (ua) 
Subtracting Equation (2-8) m. uns (2-7), one obtains 
f(z4 Az) — f(x — Az) = 2^x дад? 4 (ел) FF i. (2-9) 


31 дт? 


Figure 2-2. Illustration of grid points used in Equation (2-6). 





Solving for Of /Oz, 
of c f(z + Az) - f(z Ат) 


2 
дт 2Ах + O(Az) 
or 
Әу} _ fan- fi à 
Sales Az + О(Ах) (2-10) 


which represents the slope of the function f at point B using the values of the 
function at points A and С, as shown in Figure 2-3. This representation of Of /Óz 
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is known as the central difference approximation of order (Az). Thus far, three ap- 
proximations for the first derivative Of /д= have been introduced. Now, the deriva- 
tions of approximate expressions for the higher order derivatives are considered. 
Again, consider the Taylor series expansion 


(Az) 8f (Ах)? OF 











S of OF : 
f(z + Az) = f(z) + (Az) Эл 3 pa 3 Өз (2-11) 
Expanding by a Taylor series f(x + = about z produces the expansion 
2 3 
fle  2Az) = f(z) + (24r) peed LOAD Oy x (2-12) 


21 Ox? 3 02 


Figure 2-3. Illustration of grid points used in Equation (2-10). 





Multiply Equation (2-11) by 2 and subtract it from Equation (2-12), and the result 
is 


— 2/( + Az) + f(z + 2Az) = —f(z) + (Az)! 2-2 2 кі z + (Ат yp os - (2-13) 
Solving for 0? f /02?, 
Of  f(r-2Az)-2f(z + Az) + f(z) 
op Se ae + O(Az) 


or 
e i42 — 2fi i 
21 = CERES a rag th 1 oan) (2-14) 
This equation represents the forward difference approximation for the second deriva- 
tive of f with respect to z and is of the order (Az). A similar approximation for the 
second derivative can be produced using the Taylor series expansions of f(z — Ах) 


and f(z — 2Az). The result is 


д] _ fiz 2fi-i + fia 


ail, (Ат + О(Ач) (2-15) 
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This equation is the backward difference approximation of 0? f /0z?. The derivation 
of Equation (2-15) is left as an exercise. To obtain a central difference approximation 
of the second derivative, simply add Equations (2-7) and (2-8). Thus, 


Of  f(rc-Az)-2f(z) + f(z Ах) 2 
pr (Az)? FOLA) 


or 
Of | fi — 2f fia 
Oz? (Az)? 
Approximations for higher order derivatives of f with respect to т can be found 
using the same procedure (see example (2.2)). For convenience, define the first 
forward difference fi. — f; as Af; and the first backward difference f; — fi-1 as 
у, Я. In general, first order forward and backward differences can be expressed as 


+ O(Az) (2-16) 


А ATA) and Vifi = VP (Vif) 


Various central difference operators can be similarly defined. Some typical operators 
are: 


А = fin — fia = Ar У.А 
bhi = а fi- 
82}, = 6.06.7) = 5: (fag — 14) 
= (fia - f) - (А-Л) 
= fin - 2fi fia 
(Az Vz) fi = Arfi- Vifi = fia — 2fi fia 
(AVi)? fi = fua — Afia 6fi— Afia + fia 


Using the operators just defined, the approximations of the higher derivatives by 
forward, backward, and central differencing may be expressed as 











Of) АА 
Gs, = Ey + 00А) (2-17) 
"f| Ур 
Rus (Ay ^ OM (2-18) 
82|. - NCC d PO) “teh even (2-19) 


arf, Ал за + Vises | 
дт" | ОЛЛО АТ; o —— -O(Az) for n odd (2-20) 
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These expressions are tabulated in Tables 2.1, 2.2, and 2.3 for derivatives of up to 
the fourth order. 

So far the first and higher order derivatives have been expressed using forward 
and backward differencing of order (Az) and central differencing of order (Az)?. 
By considering additional terms in the Taylor series expansions, a more accurate 
approximation of the derivatives is produced. Consider the Taylor series expansion, 


, (Ac)? @/ | (Az af 





f(z- Ат) = f(z) + (Ac) 27 =I 85 3 au (2-21) 
Solving for Of /дх, 
Of f&*Az)-fG) Arf (муе; gay 
дт (Ах) 2 дт? 6 Bri 
Substitute a forward difference expression for д? f /Oz?, i.e., 
af _ f(z)-2f(s Az) f(z + 2A2) 
Эт? = (Az)? + O(Az) 
and one obtains 
Of  f(r*-Az)-f(z Ax [f(c+2Az) –- 282+ Az) + f(x) 
ЕТЕ У ПЕЕ г раак + оа) 
(Az) у 
= 6 E or 
Of _ —f(x+2Az)+4f(x + Az) – 3f(z) 
jo oe == O(Az)? (2-23) 


Thus, a second-order accurate finite difference approximation for Of /дх has been 
obtained. A similar expression for the backward difference approximation can be 
generated by replacing the second-order derivative with a first order accurate back- 
ward approximation. In general, higher order forward, backward, and central ap- 
proximations are obtained by replacing more terms in the Taylor series by forward, 
backward, and central difference representations of the derivatives. In practice, ap- 
proximations of order three or more are rarely used because they require greater 
computation time, since computation time increases as (Nodes) in most machines; 
however, with sufficient convergence criteria, à good approximation with a more 
reasonable computation time can be obtained with second-order differencing. Ta- 
bles 2.4, 2.5, and 2.6 present the forward, backward, and central difference approxi- 
mations of first and higher order derivatives (up to fourth order) with error orders of 
(Ах)? (for forward and backward differencing) and (Az)^ (for central differencing). 
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2.3 Finite Difference by Polynomials 


The second procedure for approximating a derivative is to represent the function 
as а polynomial. The coefficients of the polynomial are computed by substitution 
of data (dependent variable) from a series of usually equally spaced points of the 
independent variable. The approximate values of the derivatives are computed from 
the polynomial. For example, consider a second-order polynomial, 


f(z) = Az! + Bz - C (2-24) 


which is shown in Figure 2-4. Select the origin at z,. Thus, z; = 0, 244, = Az, 
and х2 = 2Az and the values of the function f at these locations are, f(xi) = fi, 
Хаа) = Ан, and /(ш+) = fua. Thus, 


f = Ат + Вц +С = С 


fia = Ах? + Briss +C= A(Az) + B(Az) +С 


Figure 2-4. А second-order polynomial approximating the actual function. 





and 
fir = Ах? + Bti +С = A(2Az)? + B(2Az) +С 


From which it follows that 
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B- А + Afia — ЗА 


2(Az) 
and 
A= fis - 2а + fi 
2(Az)? 

Now computing the first derivative of f, one has 

Of caza B 

Ox 
or at т; = 0, af 

ack? 

Therefore, 


Of  —-fuatAfia - 3fi 

oz 2Ат 
which is identical to the second-order accurate forward difference expression ob- 
tained from Taylor series expansion. Note that this approximation is classified as 
second-order accurate for Of/Oz, since д3] /дх% vanishes just as in the accuracy 
analysis of the Taylor series expansion. The second derivative of f may be deter- 
mined as 

д] 


5s 7A 
from which 
Of fus—-2fint fi 
дт? (Az)? 


and is consistent with the first-order finite difference approximation given by Equa- 
tion (2-14). If the spacing of points i, i+ 1, and i+ 2 is not identical, as shown in 
Figure 2-5, a finite difference approximation of the derivative is found by the same 
procedure. Assume т; = 0, ху = Az, and то = (1 + a)Az. Then, 


А= С 
fua == A(Az)? + B(Az) +C 
and 
fis = A(1-- ao)! (Az)? + BIL + a)Ar+C 
Consequently, 


С =}; 


B= -fiz t (1+ a)? fin — (o? + 20) fi 
7 a(l + o)Az 
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and 
А= faa - (1+ 0)fia + ofi 
a(13-a) (Az? 





Figure 2-5. А second-order polynomial with unequal stepsizes. 





Therefore, 
Of| _ —-fast (1+0) fier -ala + 2)fi 
orl: |. o(1-- a)Az 
which is a second-order accurate approximation. The second derivative of f is 
obtained as 


(2-25) 


Of 
a 2A 
Hence, 
of. 2 fia — (1+) ы + s$] 
ðr? a(l + o)(Az)? 


which is a first-order accurate expression. Similar relations for backward and central 
difference approximations may be obtained by this procedure. 


2.4 Finite Difference Equations 


The finite difference approximations just discussed are used to replace the 
derivatives that appear in the PDEs. Consider an example involving time (t) and 
two spatial coordinates (x,y); i.e., the dependent variable f is f = f(t,z,y). A 
governing PDE of the form 


= Of Of 
8t =a (82 + Zs) (2-26) 
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where о is assumed constant, is used for illustration purposes. 


It is required to approximate the PDE by a finite difference equation in a domain 
with equal grid spacing. The subscript indices ? and j are used to represent the 
Cartesian coordinates r and y, and the superscript index n is used to represent 
time. It is specified that a first-order finite difference approximation in time and 
central differencing of second-order accuracy in space be used. The spatial grid 
spacings are Az and Ay, whereas At designates the time step. The grid system is 
shown in Figure 2-6. 


Time Level 
"nit 


Figure 2-6. Computational grid system for the solution of Equation (2-26). 





Note that the value of f at time level n is known, and the value of f at time level 
n + 1 is to be evaluated. Therefore, Equation (2-26) may be expressed at time 
level n or at time level n + 1. As a result, two types of formulation are possible. 
First, consider Equation (2-26) at time level n. For this case, a forward difference 
approximation which is first-order accurate is used. Hence, 


0f f! -f5 
a a COD 
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From Equation (2-16) 


OF Fagat fu 


Өт? mE (Ат)? + O(Az)? 


and Е 
Of у Sij + Лу 
ду? (Ay)? 

Therefore, the finite difference formulation of the partial differential equation (2-26) 

is: 


+ O(Ay)? 


fy - fij с Кыз — 255+ Азы + fua? fut fija 
At (Az)? (Ay)? 


* O [^t, (Az)’, (ду) (2-27a) 


Note that in this formulation, the spatial approximations are applied at time level 
n. For the second case, Equation (2-26) is evaluated at n+ 1 time level. Therefore, 
a first-order backward difference approximation in time is employed, and the spatial 
approximations are at time level n+ 1. Hence, the finite difference formulation takes 
the form: 


Дд - Ду _ a [fs = 27 + БУ, y du — 2fpf + fia) + 
At (Az)? (Ay? 
4 O [At, (Az, (Ay)?| (2-27b) 


The resulting finite difference equations, (2-27a) and (2-27b), are classified as ex- 
plicit and implicit formulations, respectively. 

An obvious distinction between two finite difference equations is the number 
of unknowns appearing in each equation. Close examination of Equation (2-27a) 
reveals that it involves only one unknown, AU , whereas Equation (2-27) involves 
five unknowns. Thus, the solution procedures based on explicit and implicit for- 
mulations are different. In the explicit formulation, only one unknown appears and 
may therefore be solved for directly at each grid point. In the implicit formulation, 
more than one unknown exists and therefore the finite difference equation must be 
written for all the spatial grid points at n+ 1 time level to provide the same number 
of equations as there are unknowns and solved simultaneously. Obviously, the solu- 
tion of explicit formulation is simpler than the implicit equation. However, as will 
be seen shortly, implicit formulations are more stable than explicit formulations. 
Other differences between explicit and implicit formulations are discussed in future 
chapters. 
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Before some applications are considered, the finite difference equation (2-27a) is 
rearranged as 


d fu m" muc M fa. ducti 
At (Az)? (Ay)? 
= O[At, (Az)’, (Ду) 
where the right-hand side represents the truncation error. Since the lowest term 
on the right-hand side is of order one, the formulation is classified as a first-order 
accurate method. If the approximation of the original PDE was such that the 


truncation error was of the order [(At)?, (Az)?, (Ay)?], in which case the lowest 
term is of order two, then it would be classified as a second-order accurate method. 


2.5 Applications 


Example 2.1. Find a forward difference approximation of O(Az) for ау. 


Solution. From Equation (2-17), 


"f| АА 











Әл" |; = Ас)" + O(Az) 
For п = 4, one has 5i 
fl. 1 
asl {Ат eh + O(Az) 
But, 
А = А (А.А) = AR (fi — fi) = АА. — Ac fi) = 
= Ді [e — fin) — (Жи — 5) = А2 (fire — 2fin f) 
= As(Asfia = Arfin + А.) = А. (fies = fi) = Uia Л) 
+ (fin - fi) = A, [firs — Зо ЗА — fil 
= Afia — ЗА. Льо + 34r fizi — Ar fi 
= (ы — firs) – 3( firs — fuo) + 3( fa — fi) — (fia — fi) 
= faa — Ајаз + 6р2 — Afi fi 
Therefore, 


o^ 
as P^ co, |^ ita — Afia + 6 fire — 4р + ^| 
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Example 2.2. Determine the approximate forward difference representation for 
д5] /Ax3 which is of the order (Az), given evenly spaced grid points as shown in 
Figure 2-7 by means of: 


(a) Taylor series expansion 
(b) Forward difference recurrence formula 


(c) A third-degree polynomial passing through the four points. 


Solution. 


(a) The Taylor series expansions of f(z -- Az), f(z-- 2Az), and f(z-- 3Az) about 
х are 


(aa) ё/ , (As? 9j 
2! Ox? 3! 
, QA2* e д} 
x “Ol да? 
(2Ах)% Ff 
3 ^ ôr? 
q G42) Of 
32 2! дт? 
+ (822) os 
ШЕТ 


ast O(Azx) (2-28) 





f(z + Az) = Р(х) + А9 + 


f(z + 2Ахт) = f(z) - 2Ax 


+ O(2Az)* (2-29) 





f(z--3Azx) = f(r) + 3Ax 





xt O(3Az)* (2-30) 


Xi хы Xi42 X43 


| Ax |< Ax —A— Ax —>| 


Figure 2-7. Grid points used for the solution of example 2.2. 
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The three simultaneous equations can be solved for 0? f/Oz?; for example, 
from Equations (2-28) and (2-30), 


Bhar Ла 28-3042): 24 — дав) D +О(Ат ea 
and, from Equations (2-28) and (2-29), 
Fite - fini = -fi + (As SF + (Ax 24 1% O(Az)* (2-32) 


Now Equations (2-31) and (2-32) can be solved for 6° f/dz°, resulting in 


Of faa З Зр – р 





an = Sa шш + O(Az) 
From Equation (2-17), 
Of Arh 
Aa = (Azy + O(Az) 


where 

AL = АЙАЛ) = Aca — fi) = АА, — А.) 
= А.а а) = (ба = A| = Alaa- fin + Л) 
= Ашина — efen + Asfi = (fora на) — Ufaa — fen) + Gen — Л) 
= fus За Зла f 


Thus, 
Of Јаз -3f Злы fi 4 


Or (Az)! MAS) 


Fitting the third-degree polynomial f(z) = Az? + Ва? + Cz + D through the 
four equally spaced points at ri+3, Lite, 2;41, and z;, one obtains 


fas = A(Azy + B(3Az)? + C(3Ax) + D 

fas = А(2Ахт)% + B(2Az)! + C(2Az) + D 

fii = А(Ат)? + B(Az) + С(Ах) + D 
and 


fi=D 
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(Note that the selection of х; = 0 does not affect the generality of the solution.) 
From which it follows that 


D= fi 
C= 2firs — 9+ + 18 fier — ИА 
6А= 
В = —3fi+3 + 12/2 — 15fia + 6fi 
5 6(Az)? 


and 


A= firs — З + 3fia — fi 
6(Az) 


Now, the derivatives of f(x) are determined as 


21 = 3Az’?+2Br+C , os =6Ar+2B, and oS - eA 
Therefore, » 
Of _ fias — Зао ЗА — 
om^ (Az fy O(Az) 

In addition, the first and second derivatives at i, where т is zero, are obtained 
easily as Р ‘ 
f OF 
od =2B and Эг =C 

Hence, 
Of  —3fira + 12 fire — 15 fia. + 6fi 2 
an? T 3(Az)? C 
Лаз + Afia Ла + 2fi 2 
лш aaa + О(Ах) 
and 


of _ 2fi+3 ES Ofi+2 + 18fia vs ПА 3 
дд 6(Ат) COP) 


Example 2.3. Determine a backward difference approximation for дў /Ox which 
is of the order (Az)*. 


Solution. Consider the Taylor series expansion, 


(Az)? Pf (Ах)? 22 


ЛЕТЕЛА int 2 os ^ 3 
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from which 
à Az)? д? Az) 33 
Аг 97 = f(x) - f(z- Az) +! 2) 27 ( z) 23 
Now substitute the backward difference approximations for 02/01? апа 0* f /Oz°. 
It is important to pay attention to the order of accuracy of the approximations for 
д? f /дт? and 8%} /0z?. Since we are interested in Of /Oxz which is of the order (Az)?, 
we must select a second-order accurate formulation for 02 //01? and a first-order 
accurate formulation for 8? f /0z°, i.e., 


OF fest Afia - fiai t 2fi 
Or — (Ат)? 


+О(Ат)* _ (2-33) 





+ O(Az)? 


апа à 
e — —fi-a + 3fi-a ЗА + fi 
ðr? (Az)? 
Substituting the expressions above into (2-33) produces 


+ O(Az) 


à A * $ i-2 7 i i 
Asst = fi- fiit ( Cay E zr + O(Az d 
Az) [— ds 3fi-2 — 3fi- i 
= s atte hth + 9) + O(Az)* 
or 8 
64:27 = 2р а Ifi- — 18-4 + ПА + O(Az)* 
from which 


Of hist Ifi- Bhith | 


3 
Ox 6Az OAs) 


Example 2.4. Using the Taylor series expansion, find a second-order forward 
difference approximation for Of /ðx with unequally spaced grid points, as shown in 
Figure 2-8. 


Solution: Expand f(z + a and f[z + (1+ o) Az] about x 


Az)? д? Az} & 
f(z- Az) = f(z) + Ax Эг 27 on) 21 E zi 








+ O(Az)* (2-34) 
and 

flz- (1+ а)Аз] = f(x) + (1+ а)д207 + 03970427 07 
V Abt obey 0j 7 


3 5 + О(Ах)* (2-35) 
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Xi Xia 


| Ax >}<— aAx —>| 


Figure 2-8. Unequally spaced grid points for the solution of example 2.4. 





Multiply Equation (2-34) by —(1 + o) and add it to Equation (2-35), so that 





SS of + O(Az* 


faa — (1+ @) fiz + afi = (1+ о) (о) 2 858 


or, solving for 0°} /дт?, 


Of ро (1+о)лн ной 


à) 7^ jaa Az 0049) (2-36) 


Substitute Equation (2-36) into Equation (2-34): 


Of (Az? faz- (1 o)fia t afi 





ES 9j 3 
Ал= А+ Ara EET Ta(1-- o) (Az)! + O(Az) 
Solving for Of /Oz, one obtains 
Of  —fus t (YF o fia - о(а+ DA + О(Ат)? 


дт «(1+ a)Az 


Note that this expression was obtained (as Equation (2-25)) by using the polynomial 
technique for finite differencing. 


Example 2.5. Determine a central difference approximation of Of/Oz for the 
unequally spaced grid points by the polynomial technique. Refer to Figure 2-9. 
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Solution. The second-order polynomial f(z) = Az? + Вт + C is passed through 
the points fii, fi, and fii, where zi; = —Az, т = 0, and 244; = QAT. Thus, 


fia = A(-Az)? + B(-Az) +С 


and 





Figure 2-9. Unequally spaced grid points for exarnple 2.5. 


Solving for the coefficients A, B, and C, one finds 


д f= +1) afin 
ala + 1)(Az)? 


Re fini + (o? — 1)f; - a? f,-1 
a(a + 1)(Az) 
and 
C =f, 


The first derivative of the function is Of /Óz = 2Az + B, which at point z; reduces 
to Of /Ox = B. Therefore, 


Of fiic (0 - 1f -fi 


2 
or^ — waci(AS OAN 
Note that for o — 1, this expression reduces to 
Of fii-fia 2 
oz SACO + О(Ахт) 


i.e., Equation (2-10). 
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Example 2.6. Given the function f(x) = 112, compute the first derivative of f at 
т = 2 using forward and backward differenziae of order (Ax). Compare the results 
with a central differencing of O(Az)? and the exact analytical value. Use a step 
size of Az = 0.1. Repeat the computations for a step size of 0.4. 


Solution. From Equation (2-4), the forward difference approximation of order 








(Az) is n 
Of fii-f 
Ө” APR fi, O(Az) 
With step size of Az = 0.1, 
Of _ f(2.1) — f(2) 
a5 01 + O(0.1) 
/ 4А1 _4 
ОЈ 1:4 4 ed : 
Fe = gr + 0001) = 1.025 + 0(0.1) 
From Equation (2-6), the backward difference approximation which is of order Az 
is: 
Of fi-fia 
a Ws а 
For Az — 0.1, 
Of  f(2)-f(19) 
ðr 0.1 Popp 
and 
9f 4-20 | 0(0.1) = 0.975 +.0(0.1) 
дт 0.1 
From Equation (2-10), the central differencing of O(Az)? is 
ðf fia - fa e fia 2 
az TAS + O(Ax) 
For step size of Az — 0.1, 
of eir = oo 2_ р = T 2 
Br An 509040 = +z +O. 1) 
and | 
Of _ 
B; = 1+ 0(0.01) 


The exact value is Of /0z = (2x), which at z = 2 is Of /Ox = 1. Repeating the 
computations for Ar = 0.4, the results are 


of _ Аы- А fi 


91 fat fi ола) = 169 10) ооа 
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$.76 4 


= тт 4 + O(0.4) =11+0(0.4). 


of — Áh-fa e + O(Az) = foro ү O(0.4) 








ðr 
4 256 
=4 б + O(0.4) = 0.9 + O(0.4) . 
Pf = fa fe + O(Az)? = OD +0(0.4)? 
5.76 _ 2.56 
Be = аду *0(04* = 1+ 004) 


Note that the results obtained from backward and forward differencing deviate from 
the exact value when a larger step size is used. Selection of the step size is extremely 
important in numerical analysis. As it is shown in the next example, selecting a 
step size without careful consideration can result in meaningless values. 


Example 2.7. Given the function f(z) = sin(2mx), shown in Figure 2-10, deter- 
mine Of /Ox at х = 0.375 using central difference representation of order (Az)? and 
order (Az)*. Use step sizes of 0.01, 0.1, and 0.25. Compare and discuss the results. 


Solution. The central difference approximations of order (Az)? and (Az)* are ` 


Of fii-fia 


2 
дт ?2А= *O(Az) 


and 
Of Ко +8 - 8fi-1 + fi 
дт 12(Az) 


For the step size of 0.01, 


+ O(Az)* 


ðf _ sin(2.4190) — sin(2.2934) 0.6613 — 0.7501 


= ees st = = —4.4399602 0.01)? 
дг 2(0.01) 0.02 кылыш 


and 
Of _ —sin(2.4819) + 8sin(2.4190) — 8sin(2.2934) + sin(2.2305) 
ðr 12(0.01) 


_ —0.6129 + 8(0.6613) — 8(0.7501) + 0.7902 
~ 0.12 


= —4,4428806 + O(0.01)* 


Finite Difference Formulations 49 





For the step size of 0.1, 


Of _ sin(2.9845) —sin(1.7279) 0.1564 – 0.9877 _ " 
aa Xn - T = —4.1562694 + O(0.1) 


Figure 2-10. The function f(z) = sin(2z). 





and 


ðf  —sin(3.6128) + 8sin(2.9845) — 8 sin(1.7279) + sin(1.0996) 
ðr — 12(0.1) 


_ —(—0.4540) + 8(0.1564) — 8(0.9877) + 0.8910 
Е 1.2 


= —4.4211667 + O(0.1)* 


For the step size 0.25, 


Of  sin(2.9270) —sin(0.7854) _ —0.7071 — 0.7071 2 

LL a OTIO OOO ee = —2.82 ; 

Эл 2(0.25) 05 2.8284271 + O(0.25) 
and 


Of _ —sin(5.4978) + 8sin(3.9270) — 8 sin(0.7854) + sin(—0.7854) 
ôr 12(0.25) 


_ —(—0.7071) + 8(—0.7071) — 8(0.7071) + (—0.7071) 
n 3 


= —3.7712362 + 0(0.25)* 
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The analytical solution yields: 
21 = 27 cos 271 = 2r cos[21(0.375)] = —4.4428829 
т 


The calculations are summarized in Table 2.7. 


Step size | O(Az)? error (% ) 


Table 2.7 




































The error is determined as follows: 


_ {Approximate value - Analytical value 
н ( Analytical value а 


This problem clearly indicates the importance of step size іп the computation 
of derivatives. It illustrates that a large step size yields inaccurate results for the 
derivatives. Before any computations of the derivatives are attempted, the behavior 
of the given function must be examined, and the selection of the step size reviewed 
with care. 


Example 2.8. Given the following data, compute f'(5), /'(7), and f'(9). Use 
finite differencing of order (Az). Compare the results to the values obtained by 
finite differencing of order (Az)?. 


| = [5]e|7[|sS[9] 
| F(z) | 25 | 36 | 49 | 64 | 81 | 


Solution. Only a forward difference approximation can be used to compute f’(5). 
Similarly, only a backward differencing may be applied for the computation of /'(9). 
Thus, from Equation (2-4), 





Of _ fin —h 36 — 25 
1 E = = 
(5) = 2- Ag + O(Az) 1 11+ O(1) 
and from Equation (2-23), 
Of -Һо +4 - ЗА 2 
Ox 2Ах TOAS) 
Of _ —49 + 4(36) – 3(25) = 10+0(1) 


Oz 2(1) 
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The exact value of f’(5) is 10. [Note that the data may be represented by f(x) = т?; 
thus, f'(x) = 2z.] By forward or backward differencing of order Az, f'(7) may be 
calculated. Using forward differencing, 


Of. Jur Diod. 
Р(7) = 0 ду Уо ГЕ O(1) 
Using backward differencing, 
A ôf А-А _ 49-36 _ 
Р(7) = А р BO) 


Using a central difference es of order (Az)?, one obtains 


oF | fit1 — fi-1 _ 64—36 


/ 
Р(7) = ane = = 44+ 0(1) 
The exact value of f' 2 is РЯ f'(9) can only be computed using a backward repre- 
sentation: 
fi) = Sf „Ж-а „51-64 тор 


Using a second-order approximation, 


0f. fia —4firt3fi _ 49- 160 + 3(81) = 18 + O(1)? 


The exact value is 18. 


2.6 Finite Difference Approximation of Mixed Partial 
Derivatives 


Approximating mixed partial derivatives can be performed by two procedures. 
One method is to use the Taylor series expansion for the two variables. A second and 
easier method is to use the approximation of partial derivatives discussed earlier, in 
which only one independent variable is involved. Procedures for both methods are 
presented. 


2.6.1 Taylor Series Expansion 


To illustrate the use of the Taylor series expansion to compute approximate 
expressions for mixed partial derivatives, consider 0° f /(дхду). The Taylor series 
expansion for two variables т and y, for f(x + F y t Ay), is 

of , (22)? Of 
f(z + Ах, у+ Ау) = f(z,y) + Az 5- AV. vo 2| Oa? 
(Ay)? Pf „АтДу OF 
21 ду? 2! Әхду 











z +0 [A2 (Ау) 


ODTÜ KÜTÜPHANESİ 
M. E. T. U. LIBRARY 
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Using indices i and j to represent a grid point at z,y, 


д д 
fea = fig t+ Ac 3 + Ay 5 


(Az) f (Ду)? 8] 3 3 
duc ET ap tO o2 ,(А0)3| (2-37) 


af 


кашы. 








Similarly, the expansions of f(x — Az, y — Ay), f(z + Az, y — Ay), and f(z — 
у + Ay) yield: 


à a 
feija = fij- Âr of — Ay OF iz Ay z—— f 











Өт ду дхду 
Е E UE Á +O[(A2)3,(Ay)*} (2-38) 
fui = fig + Ax a - Ay 3 - Bt EL 
pr os (ayy e +0[(Az)*, (AY (2-39) 
and 
fan = Аз As a + Ay Ze - Aray E 


LG @у (ду)? 97у 
(2 Әг? 2 Oy? 


From Equations (2-37) through (2-40), 





*O|az?.Aw| (2-40) 


Pf Анун = finij- — Алды fia 2 5 
дтду SOS СЕ +O [(Az) ‚ (Ay) | 


Finite difference approximation of higher order derivatives may be obtained by 
following the same procedure. 


2.6.2 The Use of Partial Derivatives with Respect to One Indepen- 
dent Variable 


Approximate expressions for partial derivatives with respect to one indepen- 
dent variable have already been developed. These expressions can now be used to 
compute mixed partial derivatives. Again, consider the partial derivative 


of of 
axdy X ду 
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Using central differencing of order (Ay)? for Of /ду, one may write 


Of fna = fa + O(Ay)? 





ду 2Ay 
Therefore, 
Of 98 | figa Һу 2__1 of of 2 
дхтду Oz | 2Ay HOt) = 2Ay Oz ijt) ~ дт ij-1 FOAN 





Now apply a central differencing of order (Az)? for Of /ðzx: 


Of _ 1 fia = fia faxa — faja 2 à 
дхду Ay | 2Ат 2Ат +0 [(A2)?, (40) 


of fiia Алун feat fea 2 2 
aby ACA Ag) + O[(Az)?, (Ay 

As a second example, consider calculation of the approximate finite difference 
expression for the mixed partial derivative of O?f/(OxBy) which is of order (Az, 
Ay). In this particular example, forward differencing is used for all the derivatives. 


Of ә (Of\ 9 [н - fis 
аа вуем 


дхду = Ox dy) - Ox 
1 [47 ôf 
= — |=- -— O(A 
Ay E ij OF | + (Ау) 
_ 1 [fase fim fena 7 fu 
"UA аны am = + O(Az, Ay) 


0 fea — fun fet ы 
Ер сс Ay + O(Az, Ay) 

Similar approximations can be obtained by using backward differencing for the 
derivatives, or by using forward differencing for the r derivatives and backward 
differencing for the y derivatives, or vice versa. 

The finite difference approximations derived in this chapter will be used in the 
following chapters to formulate various FDEs of model PDEs. Subsequently, various 
numerical solutions of the FDEs will be investigated. 


2.7 Summary Objectives 


At this point, you should be able to do the following: 
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. Use Taylor series expansion to approximate partial derivatives with various 


orders of accuracy. 


. Use polynomials to approximate partial derivatives. 


. Approximate partial derivatives with finite difference expressions with variable 


step sizes. 


. Approximate mixed partial derivatives. 


. Solve the problems for Chapter Two. 
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2.8 Problems 


2.1 Derive a central difference approximation for д9 f /0z? which is of order (Az)?. 


2.2 Determine an approximate backward difference representation for 0? f /dx* 
which is of order (Az), given evenly spaced grid points fi, fi-1, fi-2, and fi-s by 
means of: 


(a) Taylor series expansions. 
(b) A backward difference recurrence formula. 
(c) A third-degree polynomial passing through the four points. 


2.3 Find a forward difference approximation of the order (Az) for 05 f /д:5. 


2.4 Derive а backward difference approximation of д] /Ox with the use of a second 
order polynomial. Use unequally spaced grid points as shown in Figure (P2.4). 


Figure P2.4. Grid points for problem 2.4. 





2.5  Derive a first-order backward finite difference approximation for the mixed 


partial derivative 





дхду` 
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of 


2.6 Derive a third-order accurate, forward difference approximation for Sr 
т 


2.7 Given the function f(z) = coszz, find /'(0.25) using forward and backward 
difference representations of order (Az)?. Use step sizes of 0.01, 0.1, and 0.25. 
Compare and discuss your findings. 


2.8 Solve problem 2.7 using a second-order accurate central difference approxi- 
mation. 


2.9 Compute the first derivative of the function f(z) — tan (rz/4) at = = 1.5, 
using first-order forward and backward approximations. Use step sizes of 0.01, 0.1, 
0.5, and 0.8. Discuss the results. 


2.10 Use the second-order accurate central difference approximation and the first- 
order forward difference approximation to evaluate Z(e) at т = 1. A step size of 
Az = 0.1 is to be employed. Recall that e — 2.71828. 


2.11 Write a computer program to compute Of/Oz, 0*f/Oz?, д%]/дт%, and 
дт at x = 1.5 for f = sin(rz/2). Use central differencing of second order 
with the following step sizes: Az = 0.0005, 0.001, 0.01, 0.1, 0.2, 0.3, and 0.4. Also 
determine the % of error for each computation by 


% Error = 1 oo (Stmetical value — Analytical um) 


Analytical value 


2.12 Given the function f(r) = z? — 5z, write a prograrn to compute Of /Óx and 
дл? at x = 0.5 and 1.5 by second-order central, backward and forward differ- 
encing. Use step sizes of 0.00001, 0.0001, 0.001, 0.01, 0.1, 0.2, and 0.3. Determine 
the numerical error for each computation. 


2.13 Compute f'(1), f'(3), and f'(4) for a function represented by the following 
data. Use finite differencing of order (Az). 


Ls [o[1[2[s[ao[4]s | 
Lf) [о [1 ја |з зао 
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Table 2.1 Forward difference representations of O(Az). 





Table 2.2 Backward difference representations of O(Az). 


58 Chapter 2 























Table 2.3 Central difference representations of O(Az)?. 

















Table 2.4 Forward difference representations of O(Az)?. 
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Table 2.5 Backward difference representations of О(Ат)?. 





Table 2.6 Central difference representations of O(Az)‘. 
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Parabolic Partial Differential Equations 








3.1 Introductory Remarks 


Equations of motion in fluid mechanics are frequently reduced to parabolic for- 
mulations. Boundary layer equations and Parabolized Navier-Stokes (PNS) equa- 
tions are examples of such formulations. In addition, the unsteady heat conduction 
equation is also parabolic. 

In this chapter, various finite difference formulations of the model parabolic 
differential equation will be investigated. Each of the resulting FDEs has its own 
merit as far as accuracy, consistency, and stability are concerned. Although for 
simple model equations some of the methods behave in much the same way, they 
are investigated here to familiarize the reader with each of the methods. Obviously, 
all the possible methods of solutions for parabolic equations cannot be presented 
here; however, the most commonly used techniques are discussed. These methods 
are applied to the model equations, and the resulting solutions for given initial and 
boundary conditions are presented. 


3.9 Finite Difference Formulations 


A typical parabolic second-order PDE is the unsteady heat conduction equa- 
tion, which is considered first in one-space dimension, and later in higher space 
dimensions. The model equation under consideration has the following form 

2 
A = an (3-1) 
where о is assumed constant. 
Various finite difference approximations can be used to represent the derivatives 
in Equation (3-1). The resulting finite difference equations will be discussed in detail 
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shortly. For now, Ou/Ót will be represented by a forward difference approximation 
which is of order At: 


дш wt 


т и 
Lu = + + O(At 
аш + (At) (3-2) 
Using the second-order central differencing of order (Az)? for the diffusion term, 
Equation (3-1) can be approximated by the following difference equation: 


utt! — u? и", — 20" + и? 
$ 4 =a i+1 d 3—1 (3-3) 


А (Ат)? 


In this equation, u7*! is the only unknown and, therefore, it can be computed from 
the following: 

ur rut + ES (щы —2ш + 08) (3-4) 
Thus, the second-order PDE has been replaced by an algebraic equation. Graphical 
representation of the grid points in Equation (3-4) is shown in Figure 3-1. 

Note that the value of the dependent variable at time level n is known from a 
previous solution or given as initial data; i.e., the computed values at n+ 1 depend 
only on the past history. To start the solution, an initial condition and two boundary 
conditions must be specified. The formulation of a continuum equation in a finite 
difference equation (such as Equation (3-4)), which expresses one unknown in terms 
of the known values, is known as the explicit method. Since each finite difference 
equation involves only one unknown, the resulting equations at time level n + 1 
are solved independently to provide the values of the unknowns. Now assume that 
the solution of a PDE using explicit finite differencing has progressed and that the 
unknowns at time level n + 4 are being computed (Figure 3-2). 





Figure 3-1. Grid points for the explicit formulation. 
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oS 


Imposed boundary conditions at 1—4 and i+4 


Figure 3-2. Effect of the boundary conditions for the explicit formulation. 





Note that the information at the boundaries at the same time level (п + 4) does 
not feed into the computation of the unknowns at n+ 4. That is contrary to the 
physics of the problem, since the characteristic lines for this parabolic equation are 
lines of constant t. Thus, in an explicit formulation, the boundary conditions lag 
behind computation by one step. Next, a technique for which the formulation may 
include the boundary conditions at every time level for the computations will be 
reviewed. 

When a first-order backward difference approximation for the time derivative 
and a second-order central difference approximation for the spatial derivative is 
used, the discretized equation takes the form 

upt! — u? up - цу + upt 


A ee 9) 


In this equation, there are three unknowns: u?*}, u?*!, and uf]. Figure 3-3 shows 
the grid points involved in Equation (3-5). 
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i it1 





“n+1" Unknown 


“n” Known 


Figure 3-3. Grid points for the implicit formulation. 





The computation of the unknowns would require a set of coupled finite difference 
equations, which are found by writing finite difference equations for all the grid 
points. In order to apply a standard solution procedure for Equation (3-5), it is 
rearranged as 


aAt ny ez aAt es 
t 


alt n+l 
—— t = 
(Az) ©! (Ат)? 


(As = 





-u (3-6) 


A formulation of this type, which includes more than one unknown in each FDE, is 
known as an implicit method. Equation (3-6) may be expressed in a general form 
by defining the coefficients of uft}, uz, and uf}! as ар, b?, and сё, and by defining 
the right-hand side of the equation as Оу; therefore, 


n, nil n,,ntl n, ntl... гуз 
аш, bbw cua = Dj (3-7) 


This finite difference equation is written for all grid points at the advanced time 
level, resulting in a set of algebraic equations. When these equations are put in a 
matrix form, the coefficient matrix is tridiagonal. The solution procedure for the 
tridiagonal system is presented in Appendix B. 


Having identified two techniques for the discretization of the continuum equa- 
tion, we must yet learn which method is superior for a particular application. What 
about the step sizes At and Az? How does the selection of the step size affect the 
solution? Will the solution be stable, and how accurate will it be? These impor- 
tant issues are addressed in the upcoming sections and are illustrated by various 
examples. The very important issue of stability is addressed in Chapter 4, which 
covers stability analysis of finite difference formulations. Various formulations using 
explicit and implicit methods are presented in the following sections. 
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3.3 Explicit Methods 


This section introduces some of the commonly used explicit methods for solving 
parabolic equations. 


3.3.1 The forward time [central space (FTCS) method. Аз discussed earlier, using 
forward difference approximation for the time derivative and central differencing 
for the space derivative in Equation (3-1), one obtains 


a(At) 
(Az)? 





ntl __ „тп 
щ =u + 


(ий — 207 + uiu) (3-8) 
which is of order ((A£), (Az)?]. It will be shown that the solution is stable for 
aAt/(Az) < 1/2. The grid points involved in Equation (3-8) were shown in 
Figure 3-1. 


3.3.2 The Richardson method. In this approximation, central differencing is used 
for both time and space derivatives. For the model Equation (3-1), the resulting 


FDE is 

ur -ur upa uP ufa 

2At (Az)? 

which is of order [(At)*, (Az)?]. It turns out that this method is unconditionally 
unstable and, therefore, has no practical value. 
3.3.3 The DuFort-Frankel method. In this formulation the time derivative 0u/dt 
is approximated by a central differencing which is of order (At)?. The second- 
order space derivative is also approximated by a central differencing of order (Az)?; 
however, due to stability considerations, и? in the diffusion term is replaced by the 
average value of и"! and uf !. This formulation is a modification of the Richardson 
method. The resulting FDE is 


url 4 up! 


mel oyni uh — 22— —— «ap 
We mu ыш dao. (3-9) 
2At (Az)? 
From which, 
-1 ү 2e (At) m 
+1 __ 1 1 1 
ut oar e ду a c cun eua] (3-10) 


Even though the n + 1 value appears on the right-hand side, it is at i location only, 
so that the equation can be solved explicitly for the unknown и; at the time level 
в + 1. Thus, 


Е ЕИ 
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This method is of order [(At)?, (Az)?, (At/Az)?]. Interestingly enough, this for- 
mulation is unconditionally stable! The additional term (At/Az)? is included in 
the error term as a result of consistency analysis, which will be considered shortly. 
The values of u; at time levels n and n — 1 are required to start the computation. 
Therefore, either two sets of data must be specified, or, from a practical point of 
view, a one-step method can be used as a starter. Of course, for the one-step (in 
At) starter solution, only one set of initial data, say at n — 1, is required to generate 
the solution at n. With the values of w; at n — 1 and n specified, the DuFort-Frankel 
method can be used. Two points about this scheme must be kept in mind. First, 
the accuracy of the solution provided by the DuFort-Frankel method is affected by 
the accuracy of the starter solution. Second, since the solution at the unknown 
station requires data from two previous stations, computer storage requirements 
will increase. The grid points involved in Equation (3-11) are shown in Figure 3-4. 





3.4 Implicit Methods 


When model Equation (3-1) is discretized as 


ще ОШ mper РР 
(At) (Ат)? 

it is defined as being implicit, since more than one unknown appears in the fi- 
nite difference equation. Ás a result, a set of simultaneous equations needs to be 
solved, which requires more computation time per time step. Implicit methods offer 
great advantage on the stability of the finite difference equations, since most are 
unconditionally stable. Therefore, a larger step size in time is permitted; however, 
the selection of a larger time step is limited due to accuracy consideration because 
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an increase in time step will increase the truncation error of the finite difference 
equation. Ín this section some commonly used implicit formulations are described. 


3.4.1 The Laasonen method. The simple formulation of Equation (3-12) is known as 
the Laasonen implicit method. Applying the formulation to all grid points would 
lead to a set of linear algebraic equations, for which a solution procedure is described 
in Appendix B. The grid points were shown in Figure 3-3. 

3.4.2 The Crank-Nicolson method. 1f the diffusion term in Equation (3-1) is replaced 
by the average of the central differences at time levels n and п + 1, the discretized 
equation would be of the form 


ut — ut — (5) ut -2u + unt} + ubi 200 и? 
At (Az)? (Az)? 


-1 
; (3-13) 
Note that the left side of the equation is a central difference of step At/2, i.e., 


ðu и! — ur 
a — (ANN. 
(2) 


which is of order (At)?. 


Figure 3-5. Grid points for the Crank-Nicolson implicit method. 





In terms of the grid points (see Figure 3-5) the left side can be interpreted as 
the central difference representation of ди/дї at point A, while the right side is the 
average of the diffusion term at the same point. The method may be thought of as 
the addition of two step computations as follows. Using the explicit method, 


nt} n n n n 
u Su Ui-2u +u 


2 
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while using the implicit method, 


n+} n n 
upt! - uw и а = 2и" + и! (3-15) 
At (Az)? 
2 
Adding Equations (3-14) and (3-15), one obtains 
utap 1 [Ш аша щы-щ+щ gag) 


At 2 (Az)? (Az)? 


Note that by this analogy it is difficult to recognize the order (At)? of the time 
derivative. This implicit method is unconditionally stable and is of order [(At)?, 
(Az)?], i.e., a second-order scheme. 


3.4.8 The Beta Formulation. A general form of the finite difference equation for 
model Equation (3-1) can be written as 
u-u ut — 2up + up и" 1 — 2u? uw 

4 perm i 4 4 1- irl i i-l 
AO Toe age a 

For 1/2 < 8 < 1, the method is unconditionally stable. Note that for 8 = 1/2, 
the formulation is Crank-Nicolson implicit. For 0 < В < 1/2, the formulation is 
conditionally stable. For 8 = 0, the formulation is FTCS explicit. 


(3-17) 


9.5 Applications 


Various finite difference equations were used to represent the parabolic model 
Equation (3-1) in the previous section. It is extremely important to experiment with 
the application of these numerical techniques. It is hoped that by writing computer 
codes and analyzing the results, additional insights into the solution procedures 
are gained. Therefore, this section proposes an example and presents solutions by 
various methods. In addition, readers are encouraged to work out the problems 
proposed at the end of the chapter, since one gains valuable experience by writing 
computer codes and overcoming difficulties in the process. 

As a first example, consider a fluid bounded by two parallel plates extended to 
infinity such that no end effects are encountered. The planar walls and the fluid 
are initially at rest. Now, the lower wall is suddenly accelerated in the x-direction, 
as illustrated in Figure 3-6. A spatial coordinate system is selected such that the 
lower wall includes the zz plane to which the y-axis is perpendicular. The spacing 
between two plates is denoted by h. 

The Navier-Stokes equations for this problem may be expressed as 


ди Pa 
Ot Oy? 
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where v is the kinematic viscosity of the fluid. It is required to compute the velocity 
profile и = u(t, y). The initial and boundary conditions for this problem are stated 
as follows: 


(a) Initial condition 1-0, и= П fo у=0 
u=0 for 0<у<А 

(b) Boundary conditions 120, и= о for y 
и=0 fo y=h 

The fluid is oil with а kinematic viscosity of 0.000217 m?/s, and the spacing 
between plates is 40 mm. The velocity of the lower wall is specified as Uo = 40 m/s. 
А solution for the velocity is to be obtained up to 1.08 seconds. 

A grid system with Ay — 0.001 m and various values of time steps is to be used 
to investigate the numerical schemes and the effect of time step on stability and 
accuracy. By selecting j — 1 at the lower surface and spatial step size of 0.001, j at 
the upper surface would be 41. JM and NM will be used to denote the number of 
steps in the y-direction and time, respectively. Note that n = 1 is used for t = 0, 
i.e., initial condition. The grid system is illustrated in Figure 3-6. 


An attempt is made to solve the stated problem subject to the imposed initial 
and boundary conditions by the following: 


(а) The FTCS explicit method with 


(DAt-0000 , | NM-54 
(П) At = 0.00232, NM = 541 


(b) The DuFort-Frankel explicit method with 


(I) At=0.002 , ММ = 541 
(П) At=0.003 , ММ —361 


(c) The Laasonen implicit method with 


(I) At=0.002 , ММ = 541 
(I At=0.01 , ММ = 109 


(d) The Crank-Nicolson method with 


(I) At=0.002 , ММ = 541 
(I At=0.01 , NM = 109 
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Initial conditions 
at t=0 (nz 1) 
imposed along this 
line of nodes 


Boundary conditions 
imposed along this 


line of x] 


bat 4 Boundary conditions 
imposed along this 
line of nodes 
n2 n=3 n=4 n=5 n=6 


Direction of 
Motion 


Figure 3-6. Physical space and the computational grid system for a sud- 
denly accelerated plane wall. 
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Solutions: 


Case a.l. In this case, the FTCS explicit method is to be used. As stated 
previously, the stability requirement of this explicit method is vAt/(Ay)? < 0.5. 
(The term vAt/(AyY = d is known as the diffusion number.) For this particular 
application, the diffusion number is 


At _ (0.002) _ 
(Ayp = 900021700001): = 0-834 





d=v 


Therefore the stability condition is satisfied, and a stable solution is expected. The 
tabulated solution and the velocity profiles at various time levels are shown in 
Table 3-1 and Figure 3-7. 


Case а.П. When the time step is increased to At = 0.00232, which is only a 
fraction of an increase over Case a.I., the diffusion number exceeds the stability 
requirement. In this case, 


At _ 0000217900232) 


(Ay)? (0.001)? = 0.50344 


d=v 





With the step sizes indicated, an unstable solution is developed. The velocity 
profiles are given in Table 3-2 and shown in Figure 3-8. The oscillatory behavior of 
the unstable solution, in which the value of the dependent variable (in this prob- 
lem, the velocity) at a grid point changes sign for each step, is known as dynamic 
instability. This concept is discussed further in Chapter 4. 


Case b. The DuFort-Frankel explicit method behaves exceptionally well with 
regard to stability, since it turns out to be unconditionally stable. Therefore, it 
allows larger steps in time. However, large time steps should be selected carefully, 
since an increase in the time step also increases the truncation error. The computed 
values of velocity profiles are given in Table 3-3. Note that for the given values of 
step sizes in Case b.IL, d = vAt/(Ay)? = (0.000217) (0.003) /(0.001)? = 0.651, which 
exceeds the stability limit of the FTCS explicit method. Therefore, the DuFort- 
Frankel has the advantage of providing a stable solution with a large time step 
and thus shorter computational time. Its disadvantage is the starting procedure it 
requires. Since two sets of values are required, usually a one-step procedure is used 
to provide the necessary information as the second set of initial data. 
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t = 0.00 (sec) 
t = 0.18 (sec) 
t = 0.36 (sec) 
t = 0.54 (sec) 
t = 0.72 (sec) 
t = 0.90 (sec) 
t = 1.08 (sec) 


10.0 20.0 30.0 
u (m/sec) 


Figure 3-7. Velocity profiles obtained by the FTCS explicit 
method, Ay = 0.001, At = 0.002. 





To generate the second set of data required for the DuFort-Frankel method, 
various schemes may be considered. If the FTCS explicit method is employed for 
this purpose, stability requirements must be considered. For this example, where 
d = 0.651, the FTCS explicit will result in an unstable solution. Therefore, if it is 
used to start the DuFort-Frankel method, some instabilities are introduced into the 
solution. To overcome this difficulty, one may use the Laasonen or Crank-Nicolson 
scheme, which provides stable solutions for the specified step size. Or, if the FTCS 
explicit is used, a step size which would satisfy the stability condition must be 
employed. For example, in this problem, a time step of 0.001 may be used and 
solution proceeds to t = 0.003. Now this stable solution is used as the second plane 
of data. 


Case c. The Laasonen implicit method is unconditionally stable. Therefore, a 
larger time step is allowed as long as the truncation error is within the accuracy 
criteria for the specific problem. Note that the time step of At = 0.01 is larger by 
a factor of five than the time step used for the stable solution of the FTCS explicit 
method. This large step reduces the total computation time by decreasing the total 
number of grid points. However, the computation time per step is larger than that 
of the FTCS explicit method since a system of tridiagonal simultaneous equations 
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t = 0.00 (sec) t 7 0.42 (sec) 

CR d t 021 (sec) di t = 0.63 (sec) 
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Figure 3-8. Velocity profiles obtained by the FTCS explicit 
method, Ay = 0.001, At = 0.00232. 


must be solved. A routine for solving the system of simultaneous equations should 
be selected with care. Since a tridiagonal system is to be solved, a scheme specifically 
designed for the tridiagonal system of equations, which takes advantage of the zeros 
of the coefficient matrix, is used. Various routines are available; one such method 
is presented in Appendix B. The solution for the velocity profiles at various times 
are shown in Table 3-4. 


Case d. Since the Crank-Nicolson implicit method is unconditionally stable, 
a time step of At — 0.01 does not encounter stability restrictions. The formula- 
tion results in a tridiagonal system of equations, which is solved using the method 
described in Appendix B. The solution is presented in Table 3-5. 


3.6 Analysis 


In the preceding section, various finite difference formulations were applied to 
the reduced form of the Navier-Stokes equation and the solutions were presented. 
The effect of the stability imposed by the diffusion number on the FTCS explicit 
method was clearly indicated. Therefore, for this method the selection of step sizes 
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is limited due to the stability requirement. On the other hand, the DuFort-Frankel 
explicit method, the Laasonen implicit, and the Crank-Nicolson implicit methods 
are unconditionally stable and allow larger time steps. However, the accuracy re- 
quirement limits the use of large time steps, since an increase in time steps will 
increase the truncation errors introduced in the approximation process of the PDE. 
This point will be elaborated on shortly. 

For the simple problem under consideration, an analytical solution may be ob- 
tained. The partial differential equation Qu/8t = v(0^u/Oy?) is transformed to an 
ordinary differential equation by defining n = y/ (2 /vt). For the imposed initial and 
boundary conditions, the solution is given in the form of a series of complementary 
error functions as 


oz [> едат +1) У ӨЕ Dn =] 


n=0 n=0 


th { exfe(n) — erfe(am — 1)-+ з) — erfe(ám — 9) 


eedem er) o 


where = Le 
т = РИЯ 


The analytical solution is given in Table 3-6. 

The analytical result is used for code validation and for comparison of various 
methods. In addition, it is used to study the effect of step size on the accuracy of 
solutions. 

An error term is defined as 


_ {Analytical value — Computed value 
m ( Analytical value ) Ж 


А comparison of various methods used is illustrated in Figures 3-9 and 3-10. 

The results shown in Figure 3-9 are the error term as defined above at time level 
of 0.18 seconds for the solutions obtained by a time step of 0.002, whereas Figure 
3-10 represents time level of 1.08 seconds. 

Two points to emphasize with regard to Figures 3-9 and 3-10 are: (1) For this 
application, the Crank-Nicolson scheme has minimum error in comparison with 
other schemes, and (2) the amount of error is decreased for all schemes as the 
solution is marched in time. This error reduction is due to a decrease in the influence 
of the initial data. This effect is generally true for both time marching as well as 
space marching schemes, i.e., the effect of initial data is *washed out" after few time 
(space) steps. 


74 Chapter 3 








LAASONEN 
C/N 


-0.10 -0.05 0.00 0.05 0.10 
Error 


Figure 3-9. Comparison of error distributions for various schemes at 
t = 0.18 sec. 





To study the effect of step size on the accuracy of the solution, the Laasonen 
implicit method is used to generate solutions using different time steps. Naturally, 
as the value of the time step increases, the total grid points in the computational 
domain decreases and, as a result, computation time is decreased. However, these 
advantages are accompanied by an increase in error. Accuracy comparison is illus- 
trated in Figure 3-11. 


Clearly, increasing the step size increases the error as shown. It should be noted 
that selecting а very small step size should also be avoided, since in addition to 
the enormous amount of computer time required for a solution, the accuracy of the 
solution will be dominated by round-off errors. 


This example clearly illustrates the factors involved in the selection of step size. 
First of all, stability analysis imposes limitations on some of the numerical methods. 
Second, accuracy of the solution and the computation time required to generate the 
solution play an important role in selecting step sizes. Once a solution is obtained, 
it should be compared to other solutions, analytical or numerical, and to experi- 
mental data if available. As one gains experience with numerical methods and their 


behaviors, one develops a feeling for choosing the right step sizes and numerical 
techniques. 
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D/F 
LAASONEN 
C/N 


-0.05 0.00 0.05 0.10 0.15 
Error 


Figure 3-10. Comparison of error distributions for various schemes at 
t — 1.08 sec. 


dt-0.005 
dt=0.01 
dt=0.1 
dt=0.2 


1.00 1.50 


Error 


Figure 3-11. Effect of time steps on the solution obtained by the Laasonen 
implicit method at t = 1.0 sec. 
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Selecting a numerical technique depends on the problem represented by the gov- 
erning PDE and the imposed initial and boundary conditions. Each of the methods 
described have their own advantages and disadvantages. Thus, when a problem is 
posed, the advantages and disadvantages of the available numerical methods should 
be carefully weighed before selecting a particular algorithm. 


3.7 Parabolic Equations in Two-Space Dimensions 


So far, various finite difference formulations of parabolic PDEs have been dis- 
cussed by considering a model equation which was limited to unsteady, one-space 
dimension. In this section, the space dimension is extended to two, and an efficient 
method of solution is presented. Consider the model equation 


Ou — «|ы + + 


а" ^ |a: ap (3-18) 


where о is considered to be a constant. 
Ап explicit finite difference equation using forward differencing for the time 
derivative and central differencing for the space derivatives is 





uel — _ Uj — 2ш + Ui Uu — 2uj; + и? 1 3-19 
Ai (Asp Ау SB) 


which is of order ((At), (Az)?, (Ay)?]. Stability analysis indicates that the method 


is stable for 
| aAt ад | 


1 
(Az)? * (Ay | © 2 


Define the diffusion numbers 





aAt 
® = (Ату: 
d 
e _ alt 
(Ay)? 
Then, the stability requirement is expressed as 
(dz + d,) < n 


To make an easy comparison with the stability restriction of the one-dimensional 
FDE (ie., Equation (3-8)), select equal step sizes in space such that Az = Ay. 
Then d; — d, — d, and the stability requirement of the FDE (3-19) is d € 0.25, 
which is twice as restrictive as the one-dimensional case. Such a severe restriction on 
the step sizes makes the explicit formulation given by (3-19) an inefficient procedure 
for some applications. 
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Instead, consider an implicit formulation for which the FDE is 


n+l n ntl n+l n+l n+l n+l n+l 
Чу шу | eui — 2ujj tuj 4 Mini = 2ujj tja 


(At) (Az? (Ay) 
From which it follows that 
dul + druhy — (2d, + 2d, + Duj! + уи, + dyuji = Е, —uj (3-20) 


By defining the coefficients of the unknowns as a, b, c, d, and e, and the right-hand 
side by f, Equation (3-20) may be written as 


n+l 
aunty + b, jur; + „ущ; + d; juny? 1 F ejua x KR; 


Figure 3-12. The 5 by 5 grid system for Equation (3-20). 





For discussion purposes, consider the 5 by 5 grid system as shown in Figure 3-12. 
There are a total of nine unknowns at time level n + 1. Therefore, a total of nine 
simultaneous equations must be solved. The implicit finite difference equations for 
the grid system of Figure 3-12 are 


Q2,2U3,2 + C2,2U2,2 + €22U23 = f 2,2 — Бошо bz do2u21 


02,33,3 + C2,3U2,3 + d2,3U2,2 + €23U24 = fo3 — bo3ti3 
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Q24U34 + C24u24 + d24u23 ER faa = bo auia — €24Uu2,5 
03,2U4,2 + бз,2и2,2 + сз,2из2 + Єз2изз = faa + d3 2U3,1 
03,3U4,3 + b3,3U2,3 + C3,3U3,3 + d3,3U3,2 + Єззиза == fas 
03,444 + D34u24 + C34U34 + здизз = faa — Єздиз5 
bg 2t3,2 + C4242 + €42U43 = fae — A42U5,2 — d42U441 
bg 33,3 + C4 34,3 + da 342 + езид = faa — Q4 3U5,3 
ba aua, + Ca aUa + dagua = faa — O4 UA — Ca atlas 


where all the known quantities from the imposed boundary conditions have been 
moved to the right-hand side and added to the known quantities from the previous n 
time level. The data at time level n are provided from the imposed initial condition 
for the first level of computation and, subsequently, from the solution at the previous 
station. The set of equations can be written in a matrix form as 


C2 ёз 0 az 0 0 0 0 0 из2 faa — Бошо — do2u21 
das оз ёз O a3 0 0 0 0 изз fas — озш 

O dog c40 0 0 0 0 U24 Ја — бодид — €24U2,5 
Бә 0 0 сз 62 O a0 0 изә faa — йзәизд 

0 b3 O азз сзз €33 0 азз 0 изз | = | Аз 

0 0 b 0 dy c4 0 0 аза | | иза за — ёздиз5 

0 0 0 М» O O0 с ег 0 u42 faa — а4оио — акои 
0 0 0 O Ыз O фз сз e u43 faa — Q43U5,3 

0 0 0 0 0 baa 0 daa C44 U4,4 fas — O44U5,4 — €44U4,5 


The coefficient matrix is pentadiagonal. The solution procedure for a pentadi- 
agonal system of equations is also very time-consuming. One way to overcome the 
shortcomings and inefficiency of the method described above is to use a splitting 
method. This method is known as the alternating direction implicit method or 
ADI. The algorithm produces two sets of tridiagonal simultaneous equations to be 
solved in sequence. Earlier, an efficient method of solution for tridiagonal systems of 
equations was introduced. The finite difference equations of model Equation (3-18) 
in the ADI formulation are 

ug i - Шз _ ow - 2003 ш, uini — 2005 Шул (3-21а) 
(29 (Az)? (Ау) 





Parabolic Partial Differential Equations 79 


гағгазоие тс ы к ори ЭАе ы м. „шшш ——————— 


апа 
ntl nt} nti nt} n+} n+l ntl e 
шј чу [Weng 2н) cua (Wn ig +шул (золь) 
(5 (Ат)? (Ay)? 
2 


The method is of order {(At)?, (Az)?, (Ay)?] and is unconditionally stable. Equa- 
tions (3-21a) and (3-21b) are written in the tridiagonal form as 


аат, + (1 + 2d juri! = dunt, = 
= азил + (1 = 2d;)u,; + dou, ii (3-22a) 
and 
аал, + (1 + 2da)utt? — dotis 
n 1 n 1 
= dunt, +@- 24у)щу + di (3-22b) 
where Š 
1 1 aAt 
di = 2% = 3 (Aap 
and 
1 1 адлі 


= 505 (Sy 


The solution procedure starts with the solution of the tridiagonal system (3-22a). 
The formulation of Equation (3-22a) is implicit in the z-direction and explicit in the 
y-direction; thus the solution at this stage is referred to as the z sweep. Solving the 
tridiagonal system of (3-22a) provides the necessary data for the right-hand side of 
Equation (3-22b) to solve the tridiagonal system of (3-22b). In this equation, the 
FDE is implicit in the y-direction and explicit in the x-direction, and it is referred 
to as the y sweep. Graphical presentation of the method is shown in Figure 3-13. 
For application purposes, consider the unsteady two-dimensional heat conduc- 

tion equation 

э ed 

8t д? .0y? 
where о, the thermal diffusivity, is assumed constant. It is required to determine 
the temperature distribution in a long bar with a rectangular cross-section. The 
rectangular bar is shown in Figure 3-14. Assume the bar is composed of chrome 
steel, which has cross-sectional dimensions of 3.5 ft. by 3.5 ft., i.e., b= h = 3.5'. 
The thermal diffusivity is provided as a = 0.645 ft?/hr. The following initial and 
boundary conditions are imposed (see Figure 3-14). 
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Figure 3-13. Illustration of the grid system for the ADI method. 





Initial condition: t = 0 T =T =0.0 

Boundary conditions: t > 0 T(z,0) = Т = 200.00 
T(0,y) = T = 200.00 
T(z,h) = Т = 0.0 


T(b,y) =T, = 0.0 
Application of the ADI method yields the following set of equations for the т sweep 
n 1 n 1 1 
ФТ + (2d, + TF? —аТд\% 





-1j 
= ФТ 1 + (1 = 2d2)T;; + ФТ (3-23) 
1 1 ад? 1 1 aAt 
where d; = 3d: 2 (Az)? and d= 2% = 2 (Aye 
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Figure 3-14. Nomenclature for the rectangular plate. 





82 Chapter 3 





By defining the coefficients of the unknowns in Equation (3-23) so that they are 
consistent with the general form of the tridiagonal system of equations, one has 


а = =d, 
b, = (1 + 2d) " 
Cj = —di P 


and 
D, = ФТ + (0 — 2d)T2 + ФТУ 


Note that in order to rearrange the equations as а tridiagonal system, D, must 
be modified at i = 2 and i = IMM1(IMMI1 = IM —1), where boundary conditions 
at i = landi = IM enter the equation. Thus, at i = 2, 


Dı = dz, -(1— 2d2)T7; + %Т)-1 + dT); 


where the last term includes the specified boundary condition Ti; = Т). Similarly, 
at i= IMMI, 


Di = Тум + (1— 2d») Tru i + @ТТмм\„у-1 + Тум 


where Trim; is specified as T4 for this application. Following the procedure described 
in Appendix B, the imposed boundary conditions for this problem yield 


Н. = 0 
and (3-24) 
Сы = T 


The FDE (3-23), along with the boundary conditions specified by (3-24), completes 
the т sweep computations. 
For the y sweep, the FDE becomes 


—diTig + (1+ 2d?) TRH — dy TPH} 


ij 
= Т + 1 — 24) 773 a T2 (3-25) 
The coefficients are 

a, = —d, 

b; = (1+ 20), 

Co = —@ф, 

and 
D: = dT T 2077 ! d ат" 
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Modifications of D; at the boundaries are as follows. At j = 2, 
n 1 n 1 n 1 
D; = ФТ + (1 — 20) + ТРА + ФТ 
where Т is specified as Tj. At j = ЈММ1 (ЈММІ1 = ЈМ - 1) 
1 n і 1 
D; = dT ai + (1 — 2d) мі + ФТ умму + ФТ, ум 
where T; ум is specified as T3. The imposed boundary conditions yield 


Hy = 0 
and (3-26) 
Gy = T, 


Solving Equation (3-25) subject to the boundary conditions specified by (3-26) 
would advance the computation to the n + 1 time level. The temperature distribu- 
tions at time ¢ = 0.1 hr. and t = 0.4 hr. are presented in Tables 3-7 and 3-8. The 
computed values are printed for all y locations and selected x locations on intervals 
of 0.5 ft. The symmetry of the initial and boundary conditions produces the sym- 
metry in the solution. The temperature distributions are presented in Figures 3-15 
through 3-17. Figure 3-15 shows the initial and boundary conditions, while Fig- 
ures 3-16 and 3-17 show the temperature distributions at t = 0.1 hr. and t = 0.4 
hr. 





Figure 3-15. Initial temperature distribution for the rectangular bar. 
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Figure 3-16. Temperature distribution at t = 0.1 hr. 








Figure 3-17. Temperature distribution at t =: 0.4 hr. 
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3.8 Approximate Factorization 


The ADI scheme just investigated belongs to a class of methods known as "Ap- 
proximate Factorization." In these methods, the original multidimensional FDEs 
are replaced by a series of finite difference equations which can be represented as 
tridiagonal formulations. The purpose, as the ADI technique demonstrated, is to 
simplify the solution procedure and permit it to be more rapidly executed. To see 
the mathematical development and details of this procedure, consider the model 
equation 

ди [Pu ди 
а E Е a 
Applying the Crank-Nicolson scheme, one obtains 


upt! T ие; E la E AK дит! + unt lj ТИЛЕ ый 2и) + Uy 
At (Az)? (Az)? 
1 n+l 1 
4 шен 2щ У а 1 иён 2щ, ыт Uj- | (3-27) 
(Ay) (Ay) 


which is of order [(At)*, (Az)?, (Ay)?]. Define the following operators such that 
Equation (3-27) may be expressed in a compact form: 


Euj = Uu — Quy + Ui-1,j (3-28) 


and 
буш.) = Ua 2ui-tua (3-29) 


Therefore (3-27) is represented as 


urt! — u’, 1 up 62у" буи. “+1 bu 
чу cg lox. | Эу y бушу So 
At [Gs (Az? (Ay)? m] 
Or 
wn At, а uncus Ot A б 
» 2 (Az)? (Ду)? 2 (Az) Gy] 
Hence 1 
I - 5 la+ +48) uy mH = «sl [4.8 + 4,8] | ш; и, (3-30) 
aAt алі 
where d; = (хт and dy = ( ay 


Now, turn back to the ADI formulation given by (3-21a) and (3-21b), and rewrite 
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them with the operators defined by (3-28) and (3-29), to provide 


nil n nt) n 
щу uy |ёшу | буш, 
(Az)? (Лу)? 











апа А | 
wpa anit _ [mart eer 
& (Az)? * (Ду) 
or 
n+ aAt CU. a ni) __ ES ал+ bu Ü 
"d C xA “Чу + дуз 
and 


n+l «А o ny nl QAt o пні 
шј ~ (Дуу —uj + 2(Ат Xy ij 


Then, in terms of the diffusion numbers, one may write 


Г Е 54. 8) шу m = [ + 346] ut ш, (3-31) 


апа 


[ = 54] чу Mil -+5 +d 8] uj Жы (3-32) 
These two equations can be combined by eliminating чї, resulting in 


1 1 1 
ü-346)0-2454j' -(-148)0legw, —— (2) 


In order to compare (3-33) with the Crank-Nicolson formulation of (3-30), multiply 
the terms in Equation (3-33). Thus, 


[| = 204.8 + 4,82) + qd) чу ^H 
1 1 
Е | + 208.02 4,8) + 44455] и, (3-34) 


Compared to (3-30), Equation (3-34) has the additional term 4d.d,6262 (uf! — ut), 
which is smaller than the truncation error of (3-30). Therefore, it is seen that the 
Crank-Nicolson formulation of (3-30) can be approximated by (3-34), which in turn 
can be factored as (3-33) and split as (3-31) and (3-32). Equation (3-33) is known 
as the approximate factorization of (3-30). 

The procedure described above may be applied to any multidimensional problem 
to provide the approximate factorization of the PDE. 
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3.9 Fractional Step Methods 


An approximation of multidimensional problems similar to ADI (or, in general, 
approximate factorization schemes) is the method of fractional step. This method 
splits the multidimensional equation into a series of one-space dimensional equations 
and solves them sequentially. For the two-dimensional model equation 

ди _ а 18 P Ou 

8t |912 ду? 
the method provides the following finite difference equations: (Note that the Crank- 
Nicolson scheme is used.) 


nt оп nti n+ mth 
Uu; —uj _ al шау 245 tuii rs Шы 2003 Щу 
А O79 2 2 
at 2 (Az) (Az) 
and 
n+l QUE nil n+l , n+ ni n+ Qni 
uj — ШЧ uat Unie, 2465 + uij- 1 Uh 27; TU 
ÁN = 2 2 
E 2 (Ay) (Ay) 


The scheme is unconditionally stable and is of order [(А#)?, (Az), (Ay)?]. 


3.10 Extension to Three-Space Dimensions 


The ADI method just investigated for the unsteady two-space dimensional 
parabolic equation can be extended to three-space dimensions, which is accom- 
plished by considering time intervals of n, n+ і, n + $, and n +1. The resulting 
equations for the model equation 








ди Pu дш Ou 
ЕП =°[Б +4 + S (3-35) 
аге: 
nil k n+} 
чыў — Us = dr бушу узык $, 3] 
E (Az? (Ау)? (А2)? 
wib-u _ a i DH NE бы za 
> (Az? (Ay)? (А2)? 
and 








nti n п л 
мура ашы qub, бш 
© (042)? ^ (Ay? ^ (zy? 
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The method is of order [(At), (Az)?, (Ay)?, (Az)?] and is only conditionally stable 
with the requirement of (d. + dy + dz) < (3/2). As a result of this requirement, 
the method is not very attractive. A method that is unconditionally stable and 
is second-order accurate uses the Crank-Nicolson scheme. The finite difference 
equations of the model Equation (3-35) are 





Ul je Чук z 1ё щук +@ир уь a бушр уь u 62 біш? 
At 2 (Az)? (Ay)? (А2)? | ' 
Uk Ujk ing 1 ёти; ы + бшу | 1 6puy uis + буш Е & дш» 
At 2 (Az)? 2 (Ду)? (Az)? |? 
апа 
ш Шук -all бщ + 62070, luf, бирь d lót up 
At 2 (Az)? 2 (dy)? 2 (hay? 


3.11 Consistency Analysis of the Finite 
Difference Equations 


By previous definition, an FDE approximation of a PDE is consistent if the FDE 
reduces to the original PDE as the step sizes approach zero. In this section, the 
consistency of some of the methods discussed earlier will be investigated. Since the 
procedure is simple and straightforward, only a couple of examples are illustrated. 
As a first example, consider model Equation (3-1), i.e., 











Ou P 
Ot Ax? 
where the FDE approximation by the FTCS explicit method is 
uj up и — 2up + uh, 
ЕЕЕ ОКУТ 8 eoo 
Expand each u in a Taylor series expansion about uş; therefore, 
ди Ou cue 
ntl n patie bd ior op аччы ИЙ s 
щ = ult Lap B + O(At)* (3-37) 
Фи (Ax Pu Аг 
Чи = ue REA) 2-4 i (aO Lots (88) 
E ә (Az)? @ б у 
2 qo s ТШ ди (Az)? ди (Az 4 $ 
щл = u Əz (Az) aa? 3 Bp + O(Az) (3-39) 
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Substituting Equations (3-37), (3-38), and (3-39) into Equation (3-36) yields 








1 ди du (At)? Е E 
A 4+9 + (Ot) + а + О(Ай)°*- 4 = 
a n , ди Фи (Az) Pu (Az)? ‚ 
(Az)? M a дт VE oz 2 Op 3g + O(Az)* – 2и 
n_ ди ди (Az)? Фи (Ах)? су 2 
+ч-б2^т+5 4 age 3 5009 
from which F rae " 
u u 
ER 88 A eo | =a al ; &o(asy' 


or 
ди _ Ou [At] u , А 
- [F] 3g +O [At . (Ac 


Consistency requires that as the step sizes Az and At approach zero, the FDE 
must reduce to the original PDE. In this example, it is obvious that as Az, At — 0, 
the original PDE is recovered, i.e., Ou/Ot = a(0?u/0z?). Therefore, the method is 
consistent. 

As a second example, consider the DuFort-Frankel method. The finite difference 
formulation of the model equation is 


(14-2d)u! = (1 — 2d)u7^! + 2d(u,, + uj 1) (3-40) 
h 
ш {жас з (з-41) 
~~ (Az)? E 
Following the procedure illustrated for the previous example, expand utt upt, 


uz, and и" з in a Taylor series about u?, and substitute the results into (3-40) to 
obtain 


ди Pu (At)? | ди (At 
(1 +24) le aA na 2 "58 И 


„_ ди Pu (At)? du (At ^ 
0-28 ut - ум + Fe SP р eg + O(At) 





+ O(At) |- 








Ou, ди (Az) | Pu (Az) 
ex utr orar s 2 + os 3 


+ ода) 


„ Ou Ou(Az) Ou (Ат)? 
+ E 5,57 t Ө 2 Of 3 + O(Az y 
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This equation is reduced to: 


Se At + а (Ac) + O(At)? = (025 D (Az) + (d)[O(Az)*] 


Substitution of (3-41) yields 


ди oAt du 





at (Az)? OF ag At)’ + O(At)® = 
alt (0*u 2 d 
{Агу (25) (As + aaa [oh] 
or 
ĉu набу (&y- айы + +0 [(At)?, (Az 


baeo [avr aor, (2) 


The method is consistent if only At and Az approach zero and if (At/Az) — 0, 
so that ди/д = о(д?и/91?), i.e., the original PDE, is recovered. Note that if Az 
approaches zero faster than At, then (At/Az) — К, and the equation becomes 


which represents a hyperbolic equation! 


3.12 Linearization 


The model equations investigated so far have been linear. In general, the 
equations of interest in fluid mechanics and heat transfer are nonlinear. In this 
section various methods to linearize the finite difference equations will be reviewed. 
To show the linearization procedures, consider a nonlinear term such as и(ди/дт) 
(which is a convection term in the Navier-Stokes equation). In the illustration, a 
steady two-dimensional flow is assumed and the partial derivative is approximated 
by a forward differencing scheme. The properties at all j nodes, for a given i 
location, are known, whereas the properties at i + 1 are to be computed. 


Method I. Lagging. In this linearization, the coefficient is used at the known 
value, i.e., at station 1. Therefore, the finite difference representation becomes 


+13 — Uu 
МЫ S 
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There is one unknown, шту, in this expression and the finite difference represen- 
tation is linear. 


Method II. Iterative. In this procedure, the lagged value is updated until a spec- 
ified convergence criterion is reached. Denoting by k the iteration level, the formu- 
lation is АР 

к Шу Wij 

hj Ar 
For the first iteration К = 1, шул; is the value at the previous station, ie., ui. 
Once икї! ‘į has been computed, the coefficient ubi j is updated and a new solution 
is sought. The procedure continues until a convergence criterion is met. The conver- 
gence criterion can be specified by either of the following forms (usually depending 
on the particular problem): 


k+1 


k 
Ug Uu Ee 





or 





Method III. Newton's iterative linearization. To illustrate how this procedure 
works, assume a nonlinear term represented by (A)(B). Define by 6A the change 
in the variable А between two consécutive iterations, then 


6A- AF = ДЕ 
and, similarly, 
6B = B! — В“; 
or 
Ак = AK 6A; (3-42) 
Bet = B+ 6B (3-43) 


Return to the nonlinear term (A)(B), and substitute relations (3-42) and (3-43) to 
get 


АВ = (AK + 6A)(B* + 6B) 
=  A*B* + BY6A+ АВ + (6A)(5B) 
After dropping the second-order term (5A)(5B), the equation is rearranged as 
Aktipet! = AFB* 4 BEAR — AF) + AS(B*H — B) 
A* B* + AFF Вк — AFB* 4 AFB*H — AFB* 
A* B**1 + AFH pk — AF B 
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Now, for the proposed problem where it is required to linearize иди/дх, one has 


Ou, (du ias ва [Ou : , (uM 
Чөл (8) +u дт —u p 


With forward differencing, 


k+1 k UEM m mo 
иди ы шк. Чуу ыа Чуу р. Wy c Meg 
дт thy Az ї+1,7 Az +13 Лх 


1 
k k+l k ktl „К k+l 
A [бал Л) — Us Ug ОШ ушШ — ey 
kok k 
Шуу + usus] 


Thus, 


k k+l k 2 k+l 
21+ = (иё) Е wuti] 


Qu 1 
дт asl 


The linearization procedures just described are some of those most commonly 
used in numerical methods. These procedures will be used in various applications 
in the upcoming sections. 


3.13 Irregular Boundaries 


The problems investigated so far have all had nice rectangular boundaries, on 
which a computational grid system was superimposed. Therefore, the physical and 
computational spaces were identical. Simple rectangular boundaries rarely occur in 
nature; indeed, most boundaries are irregular. Irregular boundaries create tremen- 
dous difficulties in implementation of the boundary conditions. Various schemes are 
available to treat irregular boundaries. One may consider using variable step sizes 
in the neighborhood of the irregular boundaries, as illustrated in Figure 3-18. This 
procedure is cumbersome and, in most cases, very inefficient. 

A popular method is grid generation. Broadly speaking, grid generation schemes 
can be categorized into two camps. One is the so-called structured grids and the 
other is unstructured grids. For structured grids, a transformation from the physical 
space to the computational space is performed. The computational plane has rect- 
angular boundaries and constant step sizes. A typical grid is illustrated graphically 
in Figure 3-19. There are three schemes for structured grid generation: 1) com- 
plex variable methods, 2) algebraic methods, and 3) differential equations methods. 
Some of these methods will be described and applied to problems of interest in 
Chapter 9. 
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Figure 3-19. Physical space and the transformed computational space. 
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Figure 3-20. Illustration of an unstructured grid with triangular elements. 





The second category includes the unstructured grids. This type grid is directly 
imposed on the physical space. Various types of elements may be used to construct 
the grid system. Among many choices available, triangular elements are the most 
popular. А typical unstructured grid generated by triangular elements is shown in 
Figure 3-20. The unstructured grids will be addressed in Chapter 15. 

In the remaining applications of various numerical methods in the first seven 
chapters, only rectangular boundaries are considered. Therefore, specification of 
initial and boundary conditions will not pose additional difficulties. After all, at 
this point it is desirable to learn the procedures of the numerical methods in the 
simplest forms and avoid any additional complexity. 


3.14 Summary Objectives 


After studying the material in this chapter, you should be able to do the fol- 
lowing: 


1. Define and give examples of 


a. explicit formulation 
b. implicit formulation 
c. the FTCS explicit method 
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. Richardson's method 


. the DuFort-Frankel method 


f. the Laasonen method 


B оз 


i. 
j- 
k. 


. the Crank-Nicolson method 


. Beta formulation 


the ADI (alternating direction implicit) method 
linearization by iteration 


irregular boundaries 


2. Define 


а. 


b. 


diffusion number 


approximate factorization 


3. Solve the problems for Chapter Three. 
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3.15 Problems 


3.1 A wall 1 ft. thick and infinite in other directions (see Figure P3-1) has an 
initial uniform temperature (Ti) of 100.0°F. The surface temperatures (T;) at the 
two sides are suddenly increased and maintained at 300.0°Е. The wall is composed 
of nickel steel (40% Ni) with a diffusivity of a = 0.1 ft ?/hr. We are interested in 
computing the temperature distribution within the wall as a function of time. 





The governing equation to be solved is the unsteady one-space dimensional heat 
conduction equation, which in Cartesian coordinates is 


Use the following techniques with the specified step sizes to solve the problem. 
a. FTCS explicit 

b. DuFort-Frankel 

c. Laasonen 

d. Crank-Nicolson 

For each method, two sets of step sizes are to be used. 


І Ar =0.05, At=0.01 


Be 
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IL Az = 0.05, At = 0.05 


The analytical solution of this problem, subject to the imposed initial and boundary 
conditions, is 


c —(mz/Ly'at 1— (-1)" : тит 
Т =Т,+2(1; ‚уо є ini IL) LA sin (TER) 
where Т, denotes the equal surface temperatures at the two sides and Т; is the initial 
temperature distribution within the wall. This solution is to be used to validate the 
numerical solutions. 

In all cases the solution is to be printed and plotted for all z locations at each 
0.1 hr. time intervals from 0.0 to 0.5 hr. 


e. To investigate the effect of step size on the accuracy of the solution and required 
computation time of an implicit technique, use the Laasonen method with the 
following step sizes. 


I. At = 0.01 
П. At = 0.025 
П. At = 0.05 
IV. At —- 0.1 


For all cases, Ат = 0.05. 


3.2 Consider the wall described in problem 3.1. Assume the left surface is in- 
sulated and the right surface is subject to a constant temperature of 500.0°F, as 
shown in Figure P3-2. 


YES 


Insulated 
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Figure P3-2. Nomenclature for problem 3.2. 
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Obtain the solution by the following methods: 


I. FTCS explicit 


II. Laasonen implicit 


The step sizes to be employed are Ar = 0.05, At = 0.01. The analytical solution 
provided in the previous problem may be used for code validation and accuracy 
investigation. For this purpose, a plate of thickness 2L subject to surface tempera- 
tures of T, is considered. Note that, due to symmetry, the heat transfer rate at the 
center line is zero, providing zero temperature gradient, i.e., insulated conditions. 


3.3 Consider two infinite parallel plates, a distance of 0.3 cm apart. The upper 
plate is stationary and the lower plate oscillates according to 


u(0, t) = uo соѕ(1000) = us cos(1000nAt) 


where n represents the computational time level, selected to be 1 at t = 0.0. 
The governing equation is obtained from the Navier-Stokes equation as 


Assume the kinematic viscosity v is constant and has a value of 0.000217 m?/s, and 
цо = 40 m/s. Select 31 equally spaced grid points with j = 1 located at the lower 
plate. A time step of At = 0.00002 sec. is specified. Use the FTCS explicit scheme 
to obtain the solution within the domain up to t = 0.00632 sec. Print the solution 
for all spatial locations at time levels of 0.0, 0.00158, 0.00316, 0.00474, and 0.00632 
seconds. Plot the velocity profiles at the time levels indicated above. 


3.4 Two parallel plates extended to infinity are a distance of h apart. The fluid 
within the plates has a kinematic viscosity of 0.000217 m*/s and density of 800 
kg/m}. The upper plate is stationary and the lower plate is suddenly set in motion 
with a constant velocity of 40 m/s. The spacing h is 4 cm. А constant streamwise 
pressure gradient of dp/dz is imposed within the domain at the instant motion 
Starts. А spatial size of 0.001 m is specified. Recall that the governing equation is 
reduced from the Navier-Stokes equation and is given by 


ди 0u 1др 


OC UM pôr 
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(a) Use the FTCS explicit scheme with a time step of 0.002 sec. to compute the 
velocity within the domain for 
(I)  dp/dz —0.0, (П) dp/dz = 20000.0 N/m?/m, 
(Ш) dp/dz = —30000.0 N/m?/m 
Print the solutions at time levels of 0.0, 0.18, 0.36, 0.54, 0.72, 0.9, and 1.08 
seconds. Plot the velocity profiles at time levels of 0.0, 0.18, and 1.08 seconds. 


(b) Use the Laasonen implicit scheme to compute the velocity profiles and print 
them at the specified time levels as that of (a) for 


(I) At-001, dp/dz = 0.0 
(П) At=0.01, dp/dz = 20000.0 N/m?/m 
(Ш) At = 0.002, dp/dz = 20000.0 N/m?/m 


3.5 А long, rectangular bar has dimensions of L by W, as shown in Figure P3-5. 
The bar is initially heated to a temperature of Т. Subsequently, its surfaces are 
subjected to the constant temperatures of Тү, T2, Тз, and T4, as depicted in Figure 
P3-5. It is required to compute the transient solution where the governing equation 
is 


The bar is composed of copper with a thermal conductivity of 380 W/(m°C) 
and a thermal diffusivity of 11.234 x 1075 m?/sec, both assumed constant for this 
problem. The rectangular bar has dimensions of L = 0.3 m. and W = 0.4 m. The 
computational grid is specified by IMAX= 31 and JMAX= 41. 


Use the FTCS explicit scheme with time steps of 0.2 sec. and 1.0 sec. to compute 
the transient solution. The initial and boundary conditions are specified as: T, = 
0.0°С, T, = 40.0?C, T; = 0.0°C, Тз = 10.0°C, and Т, = 0.0°C. 
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Figure P3-5. Nomenclature for Problem 3.5. 





(I) Print the solutions at intervals of 0.05 m in the x-direction and all y-locations 
at t = 10.0 sec., t = 40.0 sec., and steady state. Assume the solution has 
reached steady state if the total variation in temperature from one time level 
to the next is less than CONSS, where CONSS is specified as 0.01°C. The total 
variation is determined as 


j-JMMI 


i-IMM1 
TV= У) ABS (TR т") 
i-2 
j-2 


(II) Compare the steady-state solution obtained in (I) to the analytical solution. 
Recall that the analytical solution is 


T = TA + Тв 


where 


inh ( (И — 9) 
1- cos(mz) sinh ( L 2) MTE 


Ta = Т i20): "s Co йл "py 
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and jay 
o l1— sinh —— 
ува ос — I qu E 
ma Пт ginh L 
L 
(III) Plot the transient solution for the following locations: (0.1, 0.05), (0.15, 0.10), 
and (0.1, 0.3). 


(IV) Print and plot the heat transfer distributions along the sides y = 0.0, у= И, 
and z — 0.0 for the steady state solution. 


3.6 Repeat problem 3.5 using the ADI scheme. 
3.7 Repeat problem 3.5 using the fractional step method. 


3.8 Compare the accuracy, stability, and efficiency of the FTCS explicit, ADI, and 
FSM from the results of problems 3.5 through 3.7. 


3.9 Consider a fluid with a temperature of Т, and a constant velocity of u, trav- 
elling from left to right in a channel. The temperature at the end of the channel 
is suddenly changed to Т, and is maintained at that constant value. It is required 
to compute the steady state temperature distribution within the channel The 
governing equation is given by 


where o is the thermal diffusivity. The boundary conditions are specified as follows: 
z-00 , T-T 
т= 1 ‚ T=Th 


(a) Nondimensionalize the equation by 





and define 





а = 
Lu, 


For the following, use the nondimensional equation. 


(b) Obtain the analytical solution. 


102 Chapter 3 





(c) Use second-order central difference approximations and write an implicit for- 
mulation. 


(d) Use second-order central difference approximations with nonequal grid spacing 
and write an implicit formulation. Denote the variable spatial steps as shown 
in Figure P3-9a. 














Figure P3-9a. Illustration of nonequal grid spacing used in Problem 3.9. 








where 
AzL(i =  z(i)-z(i— 1) 
and 
AzR() = z(i-1)-z(i) 
Define the ratio of stepsizes as 
|. AzR(i) 
"= AsL) 


To simplify the formulation, use 
AzL(i- Ат,  AzR(i)-wAr 


However, bear in mind that Az and y will change from grid point to grid 
point. The grid point clustering near the boundary at z — L is desired to 
better resolve the temperature gradient within that region. À procedure for 
grid point clustering is suggested at the end of the problem. 


(e) Obtain the numerical solution by the scheme developed in (c) for the following 
set of data: 


Те = 20°C , T=100°C » Чо == 0.2 m/sec 
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(f) 


a=0.04m?/sec , L—20m 
(I) 1М= 21 


(Ш) IM-41 
Print the temperature and error distributions for each case. Determine the 
error by the following: 

Error = ABS (ТА – TN) 


where 
ТА = Analytical solution 


TN = Numerical solution 


Use the formulation developed in (d) with the data set specified above and 
obtain the solution for the clustering parameter of 8 = 1.1. Print the temper- 
ature and error distributions for each case. 


HINT on grid point clustering: Various schemes are available for grid point 
clustering. Detailed discussion is given in Chapter 9. For now, the following 
function is suggested 





where 6; = &;/L, and £ is the clustering parameter between 1 and oo. More 
clustering of grid points is enforced as f approaches 1. The length of the 
domain is L, which would be 1.0 when it is nondimensionalized. The variable 
£ represents the location of grid points in an arbitrary domain, where they 
are equally spaced. The physical locations of the grid points are related to £ 
locations by 


z;—-Ci*L 


The graphical illustration of £ and its relation to т is shown in Figure P3-9b. 


r 
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Figure P3-9b. Physical and the corresponding computational grid points 
distributions. 
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t=0.18 


40.000 
36.410 
32.864 
29.408 
26.079 
22.915 
19.945 
17.192 
14.672 
12.395 
10.364 
8.574 
7.018 
5.682 
4.550 
3.602 
2.820 
2.182 
1.669 
1.261 
0.942 
0.695 
0.506 
0.364 
0.259 
0.182 
0.126 
0.086 
0.058 


Table 3-1. Solution of the accelerated lower plate by the FCTS explicit scheme, 


t=0.36 


40.000 
37.454 
34.924 
32.426 
29.976 
27.586 
25.272 
23.044 
20.914 
18.889 
16.976 
15.182 
13.509 
11.959 
10.532 
9.227 
8.041 
6.970 
6.009 
5.153 
4.394 
3.726 
3.142 


Ay = 0.001, At = 0.002. 


t=0.54 


40.000 
37.919 
35.847 
33.793 
31.764 
29.770 
27.818 
25.915 
24.067 
22.281 
20.563 
18.916 
17.344 
15.850 
14.436 
13.104 
11.854 
10.687 

9.601 

8.594 

7.666 

6.813 





105 





106 Chapter 3 


t=0.00 10.21 


40.000 
36.634 
33.430 
30.049 
27.134 
23.888 
21.352 
18.372 
16.265 
13.649 
11.976 
9.781 
8.512 
6.753 
5.834 
4.486 
3.851 
2.864 
2.445 
1.756 
1.492 
1.032 
0.874 
0.581 
0.491 
0.314 
0.265 
0.162 
0.136 
0.080 
0.067 
0.037 
0.032 
0.017 
0.014 
0.007 
0.006 
0.003 
0.002 
0.001 
0.000 





Table 3-2. Solution of the accelerated lower plate by the FCTS explicit scheme, 
Ay = 0.001, At = 0.00232. 
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Table 3-3. Solution of the accelerated lower plate by the Dufort-Frankel explicit 
scheme, Ay = 0.001, At = 0.003. 
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t=0.18 


40.000 
36.318 
32.687 
29.157 
25.771 
22.568 
19.580 
16.829 
14.329 
12.086 
10.101 
8.364 
6.863 
5.581 
4.498 
3.595 
2.848 
2.238 
1.744 
1.349 
1.035 
0.788 
0.595 
0.447 
0.333 
0.246 
0.181 
0.132 
0.096 
0.069 
0.050 


t=0.36 


40.000 
37.422 
34.861 
32.334 
29.857 
27.446 
25.113 
22.872 
20.733 
18.705 
16.795 
15.006 
13.343 
11.807 
10.396 
9.109 
7.942 
6.891 
5.949 
5.111 
4.370 
3.717 
3.147 
2.652 
2.223 
1.855 
1.540 
1.273 
1.046 
0.856 
0.696 
0.562 
0.451 
0.358 
0.281 
0.217 
0.162 
0.115 
0.074 
0.036 
0.000 


t=0.54 


40.000 
37.902 
35.813 
33.742 
31.698 
29.690 
27.726 
25.812 
23.956 
22.165 
20.442 
18.793 
17221 
15.730 
14.321 
12.994 
11.752 
10.593 
9.516 
8.519 
7.601 
6.758 
5.988 
5.287 
4.650 
4.075 
3.557 
3.092 
2.675 
2.303 
1.971 
1.674 
1.410 
1.174 
0.963 
0.771 
0.597 
0.436 
0.285 
0.141 
0.000 


t=0.72 


40.000 
38.186 
36.377 
34.580 
32.801 
31.045 
29.317 
27.623 
25.967 
24.353 
22.786 
21.269 
19.806 
18.398 
17.048 
15.758 
14.528 
13.360 
12.254 
11.210 
10.227 
9.304 
8.439 
7.632 
6.880 
6.181 
5.532 
4.932 
4.375 
3.861 
3.385 
2.945 
2.537 
2.157 
1.802 
1.469 
1.153 
0.852 
0.562 
0.279 
0.000 


10.90 


40.000 
38.378 
36.760 
35.150 
33.553 
31.972 
30.411 
28.874 
27.365 
25.886 
24.441 
23.032 
21.662 
20.334 
19.048 
17.807 
16.612 
15.464 
14.363 
13.310 
12.305 
11.347 
10.435 

9.570 





t-1.08 


40.000 
38.517 
37.038 
35.565 
34.101 
32.649 
31.212 
29.793 
28.395 
27.020 
25.670 
24.348 
23.055 
21.793 
20.565 
19.370 
18.211 
17.088 
16.002 
14.953 
13.942 
12.967 
12.030 
11.130 
10.265 

9.435 

8.639 

7.875 

7.142 

6.439 

5.762 

5.111 

4.483 


Table 3-4. Solution of the accelerated lower plate by the Laasonen scheme, 


Ay = 0.001, At = 


0.01. 
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Table 3-5. Solution of the accelerated lower plate by the Crank-Nicolson scheme, 
Ay = 0.001, At = 0.01. 
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Table 3-6. Analytical solution of the accelerated lower plate. 


à 
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0 200.00 200.00 
.10 200.00 163.57 
.20 200.00 129.52 
.30 200.00 100.69 
.40 200.00 77.51 
.50 200.00 60.58 
.60 200.00 49.06 
‚70 200.00 41.80 
.80 200.00 37.56 
.90 200.00 35.25 

1.00 200.00 34.07 
1.10 200.00 33.50 
1.20 200.00 33.23 
1.30 200.00 33.11 
1.40 200.00 33.06 
1.50 200.00 33.03 
1.60 200.00 33.02 
1.70 200.00 33.02 
1.80 200.00 33.02 
1.90 200.00 33.02 
2.00 200.00 33.02 
2.10 200.00 33.02 
2.20 200.00 33.01 
2.30 200.00 33.01 
2.40 200.00 32.99 
2.50 200.00 32.96 
2.60 200.00 32.88 
2.70 200.00 32.71 
2.80 200.00 32.35 
2.90 200.00 31.64 
3.00 200.00 30.29 
3.10 200.00 27.90 
3.20 200.00 23.95 
3.30 200.00 17.94 
3.40 200.00 9.75 
3.50 200.00 0 


200.00 
156.64 
116.11 
81.81 
54.21 
34.07 
20.36 
11.71 
6.67 
3.92 
2.52 
1.83 
1.51 
1.37 
1.31 
1.28 
1.27 
1.27 
1.26 
1.26 
1.26 
1.26 
1.26 
1.26 
1.26 
1.26 
1.25 
1.24 
1.22 
1.18 
1.12 
1.00 
.83 
.60 
.32 

0 


156.32 153 


.00 
.82 
.57 
.75 


200.00 


ооооооооооооооооооооооооооооооооооо 


Table 3-7. Temperature distribution at t = 0.1 hr. 
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0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
.10 200.00 188.62 181.48 178.66 177.82 176.65 168.67 
.20 200.00 177.46 163.32 157.73 156.08 153.85 139.56 
.30 200.00 166.73 145.86 137.60 135.19 132.10 113.90 
.40 200.00 156.60 129.38 118.61 115.50 111.81 91.98 
.50 200.00 147.23 114.13 101.04 97.31 93.28 73.62 
.60 200.00 138.72 100.29 85.10 80.82 76.69 58.41 
.70 200.00 131.15 87.98 70.91 66.18 62.14 45.91 
.80 200.00 124.55 77.23 58.53 53.42 49.61 35.73 
.90 200.00 118.89 68.02 47.93 42.51 39.02 27.50 

1.00 200.00 114.13 60.28 39.02 33.37 30.24 20.92 
1.10 200.00 110.21 53.91 31.68 25.85 23.08 15.72 
1.20 200.00 107.04 48.75 25.75 19.78 17.35 11.66 
1.30 200.00 104.52 44.66 21.05 14.97 12.85 8.53 
1.40 200.00 102.55 41.47 17.39 11.24 9.38 6.15 
1.50 200.00 101.04 39.02 14.59 8.39 6.75 4.37 
1.60 200.00 99.89 37.18 12.49 6.26 4.79 3.06 
1.70 200.00 99.01 35.80 10.93 4.69 3.35 2.11 
1.80 200.00 98.34 34.77 9.80 3.56 2.32 1.44 


N 
о 
о 
о 
о 


CcOOOOOOoOOOoOOoOOoOoOooooooooooooooocococoocococococo 


1.90 200.00 97.19 33.98 8.98 2.75 1.60 -96 
2.00 200.00 97.31 33.37 8.39 2.19 1.09 .64 
2.10 200.00 96.82 32.83 7.95 1.80 75 .42 
2.20 200.00 96.26 32.32 7.60 1.52 .52 .27 
2.30 200.00 95.55 31.76 7.31 1.34 .36 ‚17 
2.40 200.00 94.60 31.09 7.04 1.20 .26 .11 
2.50 200.00 93.28 30.24 6.75 1.09 .20 .07 
2.60 200.00 91.43 29.15 6.42 1.00 .15 .04 
2.70 200.00 88.85 27.74 6.03 .92 .12 .03 
2.80 200.00 85.26 25.94 5.56 .83 .10 .02 
2.90 200.00 80.33 23.69 5.01 .74 .08 .01 
3.00 200.00 73.62 20.92 4.37 .64 .07 .01 
3.10 200.00 64.62 17.62 3.64 .53 .05 .01 
3.20 200.00 52.83 13.80 2.81 .40 .04 .00 
3.30 200.00 37.90 9.50 1.92 .27 .03 .00 
3.40 200.00 19.95 4.85 .97 .14 .01 .00 
3.50 200.00 0 0 0 0 0 0 


Table 3-8. Temperature distribution at t = 0.4 hr. 
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Stability Analysis 





4.1 Introductory Remarks 


In general, two types of errors are introduced in the solution of finite differ- 
ence equations. These errors may be caused by round-off error, which is a property 
of the computer, or by the application of a particular numerical method, ie., à 
discretization error. If the errors introduced into the FDE are not controlled, the 
growth of errors with the solution of the FDE will result in an unstable solution. 
Understanding and controlling these errors by stability analysis is essential for a 
successful solution of an FDE. In this chapter, stability analyses of scalar model 
equations are introduced. The results will establish valuable guidelines for the sta- 
bility requirement of complicated FDEs. In some cases, stability analysis becomes 
so cumbersome that numerical experimentation is a more realistic approach. Sta- 
bility analysis of model equations, along with numerical experimentation, should 
provide insight into the limitations on stepsizes that are needed to obtain a stable 
solution. 


In this chapter, two methods of stability analysis and their applications to var- 
ious model equations are investigated. The two methods are discrete perturbation 
stability analysis and von Neumann (Fourier) stability analysis. 


The von Neumann stability analysis is more commonly used and is less cumber- 
some mathematically. However, discrete perturbation stability analysis is presented 
here to familiarize the reader with the method and to illustrate graphically the effect 
of a disturbance as it grows or decays with the solution. 


” 
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4.2 Discrete Perturbation Stability Analysis 


In this method, a disturbance is introduced at a point, and its effect on neighbor- 
ing points is investigated. If the disturbance dies out as the solution proceeds, then 
the numerical technique used is indeed stable. However, if the disturbance grows 
with the solution, the method is unstable. To illustrate this analysis, consider the 
following parabolic model equation 


= a= (4-1) 


where a is assumed constant. An explicit finite difference equation using second- 
order central differencing for the space derivative and first-order forward differencing 
for the time derivative is 
upt! — u? и — 2u? tu, 
a 5 ЖЕМ. es Бый ы 4-9 
At а (Bz)? eo) 
Two procedures may be used to approach the mathematical work. The first 
procedure assumes that a solution и? = 0 at all i has been obtained. Then a 
disturbance є at node 5 at the time level n is introduced and the solution at the 
time level n + 1 for all i nodes is sought. Therefore, 


шко) us 2009) uta 


At (Ат)? 
from which it follows that 
Ш -e — -2 : 
At (Агу? z 
ntl _ _„_ 2 _ = |19 (2 
w = Сараеве 1— 2a (А2) 


The expression aAt/(Az)? is known as the diffusion number and will be denoted 
by d. Thus, 


upt! 


pm (1 — 2d) (4-3) 

Before proceeding with the effect of disturbance on other nodes, the second 

procedure is considered. In this procedure, a disturbance є is introduced at node 4 

at time level n, and the disturbance at (i,n -- 1) is computed as follows. The FDE 
is 





ntl n n n п 

iu ui, — 200 + up, 

jus ites gy ee o ВО, ОН 4-4 
At а (Az? (+4) 
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A disturbance e? is introduced at (i,n), and the disturbance to be calculated at 
(i,n +1) is e?*'. Thus, from Equation (4-4), 


(инеп) - (0+6) _ щы—2(ш + et) + uh 





A (Ат)? (£5) 
Subtracting Equation (4-4) from (4-5) produces 
п QM " 
At C (Azy 
At 
nH „уп _ 9 OOM on _ (1 _ 2d)e? 
€i є; Ar)“ ( 2d) є; 
hence, 
er 
: — = (1 — 2d) (4-6) 


n 
i 


This result is identical to that obtained by the first procedure, i.e., Equation (4-3). 
Since less mathematical labor is involved in the first procedure, it will be used to 
continue the analysis. One important point to note is that the assumed solution at 
time level n does not effect the outcome of the analysis. 

Returning to Equation (4-3), we have 


n+ 
= = 0-20) 


which represents propagation of the error to grid point i at time level n+ 1. In 
order to prevent its growing with the solution, the error must be bounded. For this 
purpose, the absolute value of error propagation is set to be less than or equal to 
one. Mathematically, this requirement is expressed as 


ТАШ 


€ 


<1 











This limitation requires that 1 — 2d < 1, which is always satisfied since d has a 
positive value, and 
1-2d>-1, sothat d<1 (4-7) 
To calculate the effect of the disturbance at time n+ 1 at point i+ 1, consider 
ui — Ui Ure — 2щы+ ш 
Ier Ml n-da HD ч 4- 
A а Аз)? (48) 
or ult! — up; = d(uf,, — 2uz,, + ut). With a disturbance at i, n 
uli — UR = dlupa — 2061 + (up + є) ог 


и = de (4-9а) 
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Similarly, at і — 1 





uj = de (4-9b) 
Now for the time level (n + 2), 
(go uiu uh 
At (Az)? 
c = p $ 4 (u$ TH – 2и"! + ич) (4-10) 


Substituting Equations (4-3) and (4-9) will yield 
u??? = e(1— 2d) + dled — 2e(1 — 2d) + «d or 


и??? = e(6d* — 44+ 1) (4-11) 


For a stable solution, 








= [e£ - 44 1&1 


This inequality includes two possible cases, which аге 60 — 40+1 <1 and 6@— 
44+ 1 > —1. The first condition requires that 2d(3d — 2) < 0. Thus, 
2 
а<- (4-12) 
3 
From the second condition, it follows that 2d —3d? < 1, a requirement that is always 
satisfied. Note that the analysis indicates а more severe restriction on d at this time 
level. Now, consider the disturbance at point i + 2 at the time level (n + 2), for 


which 
n+2 ntl ntl — 2u 2 rur 


Uy. — Vite Ui+3 — ї+1 
— 0 нз 770 ч or 4-13 
At (Az)? (613) 
п+2 ._ „п+1 ntl п+1 n+l 
Ul = Upa +d (щаз — 2щ; + ш) 


Непсе, 
uti? = d(ed) = ed (4-14) 


Similarly, at point i + 1 
ult? uM = d (up — up up) 


unt? — ed = d([-2ed + «(1 — 2d)] 
unt? = 2ed(1 – 2d) (4-15) 


The analysis may be continued to higher time levels, in which case a more restrictive 
condition on d is imposed at each time level. 
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Eventually the error will reach all grid points after many time steps with ap- 
proximately the same magnitude. Two possibilities may be considered. In the first 
case, the errors at the time m have the same sign; for example, 


"m — oh 
Шы = е 
ш = є" 
и = E 
Then, 
unt! — em en — 2e + em 
——————— = Qo 
At (Az)? 
or 
urh = e” 


Thus, this case does not impose a stability restriction. For the second case, the 
errors alternate signs, i.e., 


m m 

+1 —€ 
uy = є" 
m — _„т 

Ui- = E 


mtl | є" —e™ — em — em 


(Az)? 





























Figure 4-1. Distribution of error at time level m. 


b 
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Hence, 
up = e™ 4 d(—e™ — 2e™ — 6") = (1 — 4d)e™ (4-16) 
The solution will be stable if 
т+1 
“i [<1 or 1-4d «i 
em 











Hence, the two requirements are 
1—4d<1 and 1-4d>-1 


The first condition will yield —4d < 0, a requirement that is always satisfied. 
The second condition will result in 


dc (4-17) 
2 
or, in terms of the step sizes Az and At, 
1 
< —(AzY 4-18 
At < a (Az) (418) 


This requirement imposes limitations on the step sizes and provides a valuable guide 
for the selection of step sizes. It is concluded that, for a stable solution of the FDE 
given by Equation (4-2) and for a specified a and Az, a At must be selected that 
is less than or equal to (Az)?/2a. 

Decay or growth of a disturbance for two values of d are now considered graph- 
ically. For the first case, assume that d — 0.25, which should cause the disturbance 
e, introduced at (1, n), to decay as illustrated in Figure 4-2. 























Figure 4-2. Decay of error for FTCS explicit formulation of model 
Equation (4-1) for d = 0.25. 
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For d — 1.5, which exceeds the stability requirement, the disturbance grows as 
shown in Figure 4-3. 

А second example illustrating the application of discrete perturbation stability 
analysis involves a first-order hyperbolic equation. The relevant model equation is 
the one-dimensional wave equation: 


ди ди 
O0 ^ "5: where a»0 (4-19) 


To approximate the PDE, the derivatives are replaced with a forward differencing 
of the first order in time and a backward differencing of the first order in space. 
Then the explicit formulation is 


ut -ur U; и 
“u o AST (=a) 
When a disturbance є is introduced into the ith node at the time n, the FDE is 
ur (pte) atto- 
At = Ат 


from which upt! = u? є – с(и? +e— и? р), where c = aAt/Az is known as 
the Courant number. Therefore the solution at (1, n + 1) is 


unt! = (1— c)e (4-21) 


























Figure 4-3. Growth of error for FTCS explicit formulation of 
model Equation (4-1) for d — 1.5. 
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For a stable solution, 

















ur! 
"—|€1 ог |(1—с)|<1 
€ 
from which 
1-с<1 (4-22а) 
апа 
pog (4-22b) 


Condition (4-22a) requires that —c € 0; since c is positive, this requirement 
is always satisfied. Condition (4-22b) requires that c < 2. 
Now consider the propagation of the disturbance to (i + 1,n+1). The FDE is 


n+l n n n 
Шы — Ud Ui Ww nil n n n 
oT = —g—————- Qr шу = Ue — с[ий у — (uy +e 
At Ar +1 +1 [ $41 ( i )] 


from which uA] = ce. For a stable solution, 


nil 
Uii 


€ 


«1 








Thus, || € 1; so that c < 1 and с> -1. The second condition is always 
satisfied; therefore, for a stable solution, c must be < 1. At (¢-1,n+ 1) 


nil n n 
uii — U = az — Ш 


At Ar 
n+l 


Therefore, ш, = 0. The procedure may be continued to the next time level at 
(n 4- 2) with the following solution: 


unt? = (1— c'e (4-23a) 
unt? = 2c(1 — с)є (4-23b) 
uds = сє (4-23c) 
unt? = 0 (4-23d) 
ut? — 0 (4-23e) 


Imposing the stability requirement indicates that the solution will be stable if c < 1. 

Now the decay or growth of the disturbance є for c = 0.75 and c = 1.5 is 
investigated. When c — 0.75, stability analysis indicates a decay of disturbance, 
which is illustrated in Figure 4-4. 
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[0.0625 £ 








Figure 4-4. Decay of error for the finite difference Equation (4-20) 
for c = 0.75. 





Note that for the upper limit of the stability requirement, i.e., at c = 1, the solution 
is exact. The disturbance propagates along the characteristic line, as shown in 
Figure 4-5. 
































Figure 4-5. Propagation of disturbance along the characteristic line. 
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An unstable solution of Equation (4-20) results when c == 1.5. The resulting 
propagation of disturbance (for the first two time levels) is shown in Figure 4-6. 

A comment on instability: Recall the unstable solution presented in Figure 4-3. 
The instability of solution for node i at various time levels is repeated in Figured-7. 
This figure clearly indicates the oscillatory behavior of an unstable solution, which 
is known as “dynamic instability”. The error propagations for node 7 at various 
time levels are 


ир = є 
up = (1— 2d)e 
utt? = (6d* — 44+ 1)e 


Note that for d » 1, the unstable solution is indeed oscillatory; for example, when 
d — 1.5, 


ub=e>0 
unt! = 2 <0 
upt? = +8.5e > 0 


That is, the solution changes sign at each time step as it proceeds forward in time. 























Figure 4-6. Growth of error for the finite difference Equation 
(4-20) for c = 1.5. 
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If the instability is such that the amplitude grows without oscillation, it is clas- 
sified as a static instability. А typical result is shown in Figure 4-8. 

Applying discrete perturbation analysis to a model equation becomes cumber- 
some when it contains both convection and diffusion terms, i.e., when 


ди ди ou 

0t Ox Ox? 
Indeed, in such instances the von Neumann stability analysis, which is discussed in 
the next section, would be more practical. 














Figure 4-8. Sketch illustrating static instability. 
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4.8 Von Neumann Stability Analysis 


Von Neumann stability analysis is à commonly used procedure for determining 
the stability requirements of finite difference equations. In this method, a solution of 
the finite difference equation is expanded in a Fourier series. The decay or growth of 
the amplification factor indicates whether or not the numerical algorithm is stable. 

Recall that, for a linear equation, various solutions may be added. Therefore, 
when the FDE under investigation is linear, it is sufficient to investigate only one 
component of the Fourier series. In fact, the linearity of the equation is a general 
requirement for the application of the von Neumann stability analysis. Furthermore, 
the effect of the boundary condition on the stability of the solution is not included 
with this procedure. To overcome these limitations, one may locally linearize the 
nonlinear equation and subsequently apply the von Neumann stability analysis. 
However, note that the resulting stability requirement is satisfied locally. Therefore, 
the actual stability requirement may be more restrictive than the one obtained from 
the von Neumann stability analysis. Nevertheless, the results will provide very 
useful information on stability requirements. 

To illustrate the procedure, assume a Fourier component for и? as 


ир the E (4-24) 


where J = /—1, U” is the amplitude at time level n, and P is the wave number in 
the z-direction, i.e., Az = 27/P, where A; is the wavelength. Similarly, 


unt = 07"%+1е1Р(Ах)і and M = Ure! Pax) 


If a phase angle 0 = PAz is defined, then 


u? = Une! (4-25) 
upt = Untlel&s (4-26) 

and 
tg = Ure! G1) (4-27) 


To proceed with the application of this method, consider the explicit repre- 
sentation of Stokes' first problem. Recall that the partial differential equation is 
Equation (3-1), and its FTCS explicit formulation is 


n+l n n n n 
ub up и 200 иб 


At (Az)? 


or, in terms of the diffusion number 


upt = up + d (up — 200 tuu) (4-28) 
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Substituting Equations (4-25), (4-26), and (4-27) into the finite difference equa- 
tion (4-28), one obtains 


"+1610 = yr е! + [u" cl — 9U^el& +U” eee] 
After canceling the common factor e!&, 
unt! = U^ 4d (ue — 20" + ue") or 
yet! = р" [1 + d (e? +e” — 2)] 
Utilizing the relation 


e? 4. e 1 
2 


U^*! = U" [1 + 2d(cosé@ — 1)] 


cos @ = 


Introducing an amplification factor such that Unt = GU", then 
G = 1 — 2d(1 — cos6) (4-29) 


For a stable solution, the absolute value of G must be bounded for all values of 0. 
Mathematically, it is expressed as 


I| «1 or |n - 2d(1 — cos6)| < 1 


so that 
1 — 2d(1 — cos0) € 1 (4-30) 


and 
1 — 24(1 — cos@) > —1 (4-31) 


Inequality (4-30) is satisfied for all values of 6. With the maximum value of (1— 
сов @) = 2, the left-hand side of (4-31) is (1 — 4d), which must be larger than or 
equal to —1; thus, 1 — 4d > —1 or 4d € 2. So the stability condition is that 

d< 5 (4-32) 
This result was expected because this stability condition was determined by the 
discrete perturbation analysis in the previous section. On some occasions, the 
amplification factor may become a complicated mathematical expression. Once 
the stability requirement (|G| € 1) is imposed, one may not be able to clearly 
conclude a stability condition(s). In such instances, а graphical representation of 
the amplification factor along with some numerical experimentation may facilitate 


P" 
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the analysis. Furthermore, experience gained by the stability analysis of simple 
model equations should also provide some very useful guidelines. To illustrate the 
graphical representation, the amplification factor given by (4-29) is considered. 

The graphical solution may be either in a polar coordinate or a Cartesian co- 
ordinate. They are shown in Figures 4-9a and 4-9b, respectively. Note that in 
Figure 4-9a, when d — 0.625, some values of G have fallen outside the circle of ra- 
dius 1; and in Figure 4-9b, it has exceeded the stability limit, indicating an unstable 
solution for this value of d. 













(b) Cartesian 











T р? T 1 
0.00 90.00 180.00 270.00 360.00 
(THETA) 





Figure 4-9. Amplification factor given by (4-29) illustrated for various 
values of d. 
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For a second application of the von Neumann stability analysis, consider a one- 
dimensional equation with both convection and diffusion terms, i.e., 


ди ди ^u 
Ot = E + ao (4-33) 


The FTCS explicit formulation is expressed as 


upt? — и? Ulud P и? Щ+1 x 2u; + ui 
Am ОТЕ "ода UO ДА = 
c 
ur = up — 2 (ие) + d (up — 2u; + Uii) (4-34) 


Following the von Neumann stability analysis, 
U+ eli — "еї — 5 [Unen a 019-7) 
+4 jose) — 9U^el& + ОЗА] 
Eliminating е', 


unt! «U^ – aUe" — uve] + d|v"e? – 2U" + ure") or 


ntl _. [7^ C (10 | ,-10 10 1 5-10 _ 
us =U (1-3 (е е )] +а[(є +e ) 2} (4-35) 
With the identities oisi 

сов = — (4-362) 
and el? — e! 


Equation (4-35) is written as 
U"*! = U” [1 — с(1 їп @) + 2d(cos0 — 1)| 
from which it follows that | 
G = [1 — 2d(1 — cos6)] — I [csin 8] (4-37) 


Note that, for this particular problem, the amplification factor has real and imagi- 
nary parts. 

A stable solution requires that the modulus of the amplification factor must be 
bounded. Thus, a formal requirement may be expressed as 
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Before mathematical arguments are considered, a graphical presentation is stud- 
ied. When Equation (4-37) is written in the form 


G = X + IY = [(1— 2d) + 2dcos6] — I [csin 6] (4-38) 


it becomes the equation of an ellipse which is illustrated in Fig. 4-10. For a stable 
solution, the requirement of |G| € 1 indicates that the ellipse should fall inside the 
circle of unit radius. In the two most extreme cases, 1 — 2d == 0 or d = 0.5 (Figure 
4-118), or c = 1 (Figure 4-11b). Thus, it appears that the stability requirements are 
d € 0.5 and c < 1. However, a more restrictive condition is found by considering 
the formal requirement that the modulus of (4-38) must be bounded, i.e., |G|? < 1. 
Note that 


s = GG = ([(1 — 2d) + 2dcos 6] — I(csin0)) {[(1 — 2d) + 2d cos 6] + I(csin6)} 





or 
2 
| = [(1— 2d) + 2d cos 6]? + (свїп 0)? (4-39) 


When this equation is written as a quadratic, it follows that 
2 
e| = (1 — 2d)? + (4d?) cos? 6 + Ad(1 — 2d) cos0 + c? (1 — cos? 6) 


or А 
lef = (40 — P) cos? 8+ Ad(1 — 2d) cos + 4d(d-1) +e +1 (4-40) 


Imaginary 





Figure 4-10. Sketch of amplification factor G given by Equation (4-38). 
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A| [f [E 
ЧУ 


Figure 4-11a. Amplification factor for Figure 4-11b. Amplification factor for 
d — 0.5. c — 1. 











This quadratic equation represents either a convex curve (with a minimum) or a 
concave curve (with a maximum) (see Figure 4-12). 





Figure 4-12. Quadratic function representing Equation (4-40). 


It can be shown that for a stable solution, this quadratic function may not have à 
global maximum, i.e., the curve cannot be concave. The mathematical procedure 
is as follows. The first and second derivatives of the function |G|* with respect to 
cos are 

486}? 


созд) ^ (4d? — c*)(2cos 6) + 4d(1— 2d) (4-41) 


МЫ 
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and 


dcr 
d(cos 6)? 
The function has a maximum, and it would be a concave curve if the second deriva- 
tive is negative, that is, if (4d? — с) < 0 or c > 2d. Now from Equation (4-41), 


4d(1—2d) _ 2d(2d — 1) 


= 2(4d? — c?) (4-42) 


(cos 9) max = 24d — с) = Ad? Ет c (4-43) 
and, from Equation (4-40), with the substitution of (4-43) 
2 2d(2d - 1)]° 
— Em 
+ 4d(1 — aq) 2000-1) 4- Ad(d - 1) - +1 
From which it follows that 
А ele- 44+ 1) 
|а| = (4-44) 





Requiring that |G|? € 1 will result in 
ele — 4d 1) <  - Ad? 


which is reduced to 
(с - 2d)? « 0 


Since (c? — 2d)? is always a positive quantity, the condition for stability cannot be 
achieved; and the quadratic function represented by (4-40), which corresponds to a 
concave curve is not allowed. Thus, it is concluded that one must first enforce 


c € 2d (4-45) 


Enforcing of (4-45) would ensure that a maximum would not occur. However, the 

extreme values of cos 0, namely, +1, still need to be explored. For cos 0 = 1, 

Equation (4-40) yields |G|? = 1, and the stability requirement is satisfied. For 

cos Ө = —1, |G|? = 16d? — 8d + 1 and, imposing the requirement of IG)? < 1, yields 
del (4-46) 

2 
which was also obtained previously as Equation (4-32). Note that the combination 
of requirements (4-45) and (4-46) includes the requirement of 


с<1 (4-47) 
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А more restrictive requirement than (4-45) is obtained by the combination of 
(4-45) and (4-47), which provides 


c? < 2d (4-48) 


Thus, the stability requirements for the FTCS explicit scheme given by Equation 
(4-34) are 


d< ; and c’ < 2d 
Using the definitions of the Courant number and the diffusion number, the require- 
ment (4-45) can be written as 


a Be 2a a 
Az ~~~ (Az)? 
or 
a Az <2 (4-49) 


The expression aAz/o is called the “Cell Reynolds number Re,.” Therefore, (4-49) 
can be written as 


Re, < 2 (4-50) 
Similarly, the more restrictive requirement of (4-48) can be written as 
Re. € (2/c) (4-51) 


Imaginary 


c?» 2d 


AR .. 


АЕ 


Figure 4-13. Sketch of amplification factor indicating instability for 
e > 24. 
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Figure 4-14. Amplification factor given by Equation (4-40). 





Graphical representation of the amplification factor for various values of c and 
d is illustrated in Figures 4-14a and 4-14b. 

The finite difference equations discussed so far in this chapter have involved 
two time levels, i.e., time levels n and n + 1. Some of the methods described in 
Chapter 3 involve three time levels, so that time levels n — 1, n, and n+ 1 appear 
in the finite difference equations. To illustrate the application of stability analysis 
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to the three-level FDEs, the following example is proposed. 
Consider the wave equation, 


at = Hia (4-52) 


and approximate the PDE using central differencing. The resulting equation (known 
as the midpoint leapfrog method) 


utl up! Uii 
iu UNA. gt Reds 4- 
2At a 2AT (4-53) 


is an explicit equation of order [((A£)?, (Az)?]. Using the definition of Courant 
number c = aAt/Az, rewrite Equation (4-53) as 


uw -wuar-c(uh — uty) 
Application of the von Neumann stability analysis yields 
[teli = U?-1el6i Se (U "etn - ure!) or 
U^" = Uy" — с" (e? zs є") 


from which 
. U™! = U"-! — c(2I sin6)U" 
Let —2Icsin0 = A; then 


ut! = AU" 0") (4-54) 
Furthermore, the following identity may be written: 
U” = U" +(0)U"? (4-55) 
Equations (4-54) and (4-55) in a matrix form are expressed as 
per A 1 U^ 
U” = 1 0 p"! 




















Now, the amplification factor is a matrix: 
A 
1 0 


Q 
| 








For stability purposes, the eigenvalues of G (call them А) must obey the condition 
|A| € 1. Proceeding with the determination of the eigenvalues, 


А-А 1 
1 0—A 


=\?-)\A-1=0 








e 
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Hence, 


‚„_А® /A-4-71. _ А+ДАТҮ1 
ue 2 Là 2 
In terms of the Courant number 


Аз = 3 |-27csin8 + y4- 4c? sin? 0 | ог 
Аз = —Icsinü + y1 – (?вїп?@ (4-56) 


Here, two cases must be investigated. If c? sin? < 1, then 


2 


Aig] = c sin*8 + (1— c sin?8) 21 








So, when c?sin?0 < 1, the stability requirement is satisfied. The most restrictive 
condition corresponds to the maximum value of sin? 0, in which case c € 1. 
For the second case, when c? sin? 0 » 1, one may write 


ма =T[-esind + Vesino - 1 | ог 
| g TONER 
"T = c? sin? + (c sin! Ө — 1) + 2csin& c? sin? 8 — 1 


= 2c? sin? 0  2csin fy c? sin! — 1—1 


The stability condition requires that 





2 
<1 


bus 


2c! sin? 0 + 2csinó/ sin! -1—1«1 


When the “+” is used, one obtains 


C sin? 0 + csin@Vcsin?@~1<1 


which is never satisfied for c’sin?@ > 1. Thus, the stability requirement for the 
finite difference equation (4-53) is c < 1. 

Another example of stability analysis and its interpretation is proposed as fol- 
lows. Consider the second-order wave equation, 





or that 


Ош. аб (4-57) 
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In this equation, u is the fluid speed and a is the speed of sound, which is assumed 
constant, resulting in a linearized equation. 
It can be shown that the analytical solution of Equation (4-57) may be expressed 


u(x,t) = f(z — at) + g(z + at) 


for which the characteristic equations are: 
т аё = с 


апа 
х + аё = сә 


These characteristics have slopes of dz/dt = +a in the z – t plane (lines AB and AC 
in Figure 4-15). Recall from Chapter 1 that information at point A is influenced by 
the data within the region BAC, known as the domain of dependence of point A. 
Now, consider the finite difference representation of Equation (4-57), which is 
obtained using second-order central difference approximations for the derivatives; 
thus, 
up — 209 Hup _ ouf Up + uia 


(at? =a (Ат)? (4-58) 
or 2 
А 
ще = aut — up t+ (AR) Gm o mp). 


Figure 4-15. Physical and computational characteristic lines. 


u 
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In terms of the Courant number, 
upt! = Qu — ul! + e (ul, — 20" + ш) (4-59) 


Equation (4-59) indicates that a newly computed value at (i, n+ 1) depends on the 
previous values at i and i1 at time level n and node i at time level n — 1. Similarly, 
properties at i, n + 1 will propagate to the points i, i + 1 at time level n + 2. 

The von Neumann stability analysis indicates that c? € 1 will result in a stable 
solution. (Verifying this statement is left as an exercise.) Therefore, the stability 
condition of the numerical solution is 


aAt V? At 1 
mrt <+- 
( ) «1 ог Ат = +z 


This relation indicates that, for a stable solution, the zone of dependence in the 
finite difference domain shown as B'AC' in Figure 4-15 must include the zone of de- 
pendence of the continuum domain shown as region BAC. This result is inaccurate 
because it includes some unnecessary information propagating from regions B’AB 
and C'AC. It is clear that when c = 1, i.e., when the continuum and computational 
domains are identical, the numerical solution is exact. On the other hand, if the 
numerical domain does not include all of the continuum domain, some of the vital 
information necessary for the computation is deleted and an unstable numerical 
solution results. 

It is appropriate at this time to discuss the stability analysis of a system of 
equations. Consider the model equations 


ди ду 
БЛ + аат = 0 (4-60) 
апа 9 ə 
v u | 
э t bad (4-61) 
Expressing the set of equations as a vector equation, as in Chapter 1, one obtains 
e at nr =0 where ф= | i | and 
0 
A- P 
b 0 
Explicit finite differencing produces 
gt! — oF n @ Ф 
CONEÉ +14] Az 0 
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so that К 
nti gn. —— (o? — ф" 
фі Фф; [А] ^r (Ф; i10) 
Application of the von Neumann stability analysis yields: 


At 


ф"+! Ibi __ Фф" 16% __ A] — 
e e [ Lx 


[are v Ф"е1%0-1] 


After canceling the common term е!, one obtains 


At 
+1 _ gn -10 n 
pmi- =la [1-е |® 
It follows that the amplification matrix is 


[С] = [ID] - Ba — соѕ0 + Гѕіп 0) [А] ог 


[G] = {ID} - (1 - cose) (5) 4) -1 x sind} (4 


where [ID] is the identity matrix. Stability requires that the largest eigenvalue of 
[G], say |AGmax| < 1. An equivalent of the stability condition is that |Amax At/Az| < 
1, where Ag is the largest eigenvalue of matrix [A]. Thus, for our example, where 


а zl 


Amex = ураз, and the stability requirement is 


[ss vhs 


«1 (4-62) 





4.4 Multidimensional Problems 


The von Neumann stability analysis can be easily extended to multidimen- 
sional problems. Even though discrete perturbation and other stability analyses 
can be used to analyze multidimensional problems, an extension of the von Neu- 
mann method is the most straightforward and the most commonly used. Thus, this 
technique for the stability analysis of multidimensional problems will be considered 
in this section. Аз a first example, consider the unsteady, two-dimensional heat 


conduction equation 
ди (ы a) 
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Approximating the derivatives by forward differencing in time and central dif- 
ferencing in space, one obtains the explicit formulation 








uj — uj uhi 2uh + ag | Шун 206) — UP jl 
A =a | (Az) + (Ay)? (4-64) 
Define the diffusion numbers d; = oAt/(Az)' and dy = aAt/(Ay)* , then 

ult! = uly + de (uti; - 2щу+ ta з) + dy (иы — 20+ t2) (4-65) 


Assume a Fourier component of the form 
uj =U" el Р(Ах)і el«( 43) 
where U” is the amplitude at time level n, and P and q are the wave numbers in 


the т and y directions. The phase angles 0 = РАх and ф = qAy are defined as in 
the previous case. Then, 


ut, = U"elfiglti = Yrel (ites) (4-66) 
Similarly, 

ung = Ure! (OG41)+ 43) (4-67) 

| чї = Оте +601) (4-68) 


Substituting Equations (4-66) through (4-68) into Equation (4-65), one obtains 
Utiel Gites) = Ungl 6992 „а, [pre eC eee — 2U%¢l Gites) 4. Ue 66-0440] 
4 d, [un eim _ 9Unel 06-93) 4. Une! Ge66-1)] 

Canceling terms and factoring U”, 

Uu"? =U" [1+ d (e? - 2 e) +4, (e -2+ e7'4)] 
Using the identities (4-36a) and (4-36b), it follows that 

U^*! = U" [1 + 2d;(cos0 — 1) + 2d,(cosó — 1) ог 
G = 1 + 2d,(cos@ — 1) + 2d, (cos ¢ — 1) 

For a stable solution, |G| < 1, or 


1 + 2d,(cos @ — 1) + 2d,(cosó - 1)| < 1 
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that is, 
2d,(cos0 — 1) + 2d,(cosó — 1) < 0 (4-69) 
and 
2d. (cos0 — 1) + 2d,(cosó — 1) 2 -2 (4-70) 
The first condition, given by (4-69), is always satisfied. The second condition, (4- 


70), specifies that dz(1 — соѕ0) + d,(1 — соз ф) < 1. At extreme values of cos @ and 
cos ф, 


1.(2) +4,(2) <1 or 
d, +4 < 5 (471) 


In terms of the step sizes At, Az, and Ay, 


1 1 1 
es ay] 52 
Note that, in the one-dimensional case, d < 0.5. In the two-dimensional case just 
considered, if Az — Ay, then d X 0.25, ie., the stability condition is twice as 
restrictive as in the one-dimensional case. 
The procedure described above can be used to analyze three-dimensional prob- 
lems as well For the FTCS explicit formulation of the three-dimensional. heat 


conduction equation, 
ТЕ 


Ox? Ы ду? T д? 
stability analysis indicates that a numerical solution will be stable if 


(4-72) 


dd + de <5 


The analysis is left as an exercise in problem (4-5). 
As a second example of a multidimensional problem, consider an unsteady, two- 
dimensional convection equation with positive constant coefficients a and b, i.e., 


ди _ Ou дч 
a = ду 


An explicit finite difference representation of the partial differential equation may 
be obtained by using a first-order accurate forward difference approximation of the 
time derivative and a first-order accurate backward difference approximation of the 
spatial derivatives. Thus, 


(4-73) 


n+l n n n n n 
Uu; T Ui; и. — 1; Use — Ujj 
4,3 4j a 4, 4—1,4 b ij $j-1 (4 74) 


i 


d 
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which can be written as 


n+l 
ij 


n 


ENS n n n 
uj UL T Cz (uz, x ü 35] — су (ur, utj) 


where c; = aAt/Az and су = bAt/Ay. Substituting the Fourier components defined 
in (4-66) through (4-68) yields 


Un*lel(6i*6)) — rel (Gites) _ e U” [е!®+#? = efe Dn] 
- eU" [een = el 9-10) 
After eliminating common terms, 
ust =" — cU" [1 = et = qU” [1 = e 

hence, 

С = 1 — cz [1 — (cos@ — Isin@)] — c [1 — (cosó — I sin ф)] or 

G = [1 — cz(1 — cos) — c (1 — cos ф)] — I [cz sin 8 + cy sin ф] 
Therefore, 

lef = [1 — e(1 — cos) — c,(1 — cos ф)]? + [cz sin 6 + c, sin ф]? 
For a stable solution, |G|? < 1, or 

[cz (1 — cos) + cy(1 — cos ф)]* — 2 [c (1 — cos @) + с,(1 — cos $)] 
+ (с: зїп Ө + c, sind)? < 0 (4-75) 
For the maximum values of (1 — cos@) and (1 — cos ф), one has 
40 + Ach + 8czcy — 4c, — 4e, < 0 


or (cz - cy)? — (cz +су) < 0. From which (c; --cy)(cz-- c, — 1) € 0. Since (c +су) is 
positive, (c; -Fc, — 1) € 0 or c, c, € 1. When Equation (4-75) is investigated for 
the maximum values of sin б and sin ¢, the same requirement will result. Therefore, 
the solution of the ЕРЕ given by Equation (4-74) is stable for c, +c, € 1. 

Before proceeding to the next section, a summary on application and limitations 
of the von Neumann stability analysis is considered. 


1. The von Neumann stability analysis can be applied to linear equations only. 


2. The influence of the boundary conditions on the stability of solution is not 
included. 
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3. Forascalar PDE which is approximated by a two-level FDE, the mathematical 
requirement is imposed on the amplification factor as follows: 
(a) if G is real, then |G| € 1 
(b) if G is complex, then |G]? < 1, where |G]? = GG 
4. For а scalar PDE which is approximated by a three-level FDE, the ampli- 
fication factor is a matrix. In this case, the requirement is imposed on the 
eigenvalues of G as follows: 
(a) if A is real, then |A| € 1 
(b) if A is complex, then |A|? € 1 


5. The method can be easily extended to multidimensional problems. 


6. The procedure can be used for stability analysis of a system of linear PDEs. 
The requirement is imposed on the largest eigenvalue of the amplification 
matrix. 


7. Benchmark values for the stability of unsteady one-dimensional problems may 
be established as follows: 
(a) For most explicit formulations: 
1. Courant number, с<1 
II. Diffusion number, d<0.5 
III. Cell Reynolds number, Re, < (2/c) 
(b) For implicit formulation, most are unconditionally stable. 
8. For multi-dimensional problems with equal grid sizes in all spatial directions, 


the stated benchmark values are usually adjusted by dividing them by the 
number of spatial dimensions. 


9. On occasions where the amplification factor is a difficult expression to analyze, 
graphical solution along with some numerical experimentation will facilitate 
the analysis. 


4.5 Error Analysis 


Methods for which the lowest order term in the truncation error is of order one 
are classified as first-order accurate methods. An example of a first-order accurate 


i 
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method for the model equation 


Qu ди 
— © — — 4- 
Bt an (4-76) 
is ntl n n n 
uu -щ щщ 
Ат en. E (PO 


Note that, in the approximation process, the Taylor series expansion was truncated 
at an even (second) derivative, i.e., 


ðu u-u At\ ди (At? Bu 
as pe eae ee d. + (=) + а Mica) + ene 


= on з әв 


ot At 





| — truncated terms represented as O(At) . 













їй ЕХАСТ 
А SOLUTION OF A FIRST ORDER ACCURATE METHOD 
Ф SOLUTION OF A SECOND ORDER ACCURATE METHOD 












ка EN е ушШ T 4 LESER. 
170.00 205.00 240.00 275.00 310.00 
х(1) 





100. 00 





135.00 


Figure 4-16. Comparison of solutions obtained by a first-order 
accurate method and a second-order accurate method. 
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For a second-order accurate formulation, the truncation of the error term is at 
an odd (third) derivative; for example, 


ди _ upt! eom |- 2(At)? Фи 
9t 2At С! дв 
| — truncated terms represented as O(At)? . 


The errors associated with first-order accurate methods are known as dissipation 
errors. These errors tend to decrease the gradients within the solution domain. Er- 
rors associated with second-order accurate methods are known as dispersion errors. 
Typical dissipation and dispersion errors are shown in Figure 4-16. The dissipation 
error produced by a first-order accurate method is indicated by a decrease in the 
amplitude of the wave, while the dispersion error created by a second-order accurate 
method is indicated by an oscillation in the solution. 


4.6 Modified Equation 


In order to determine the dominant error term of a finite difference equation, 
Taylor series expansions are substituted back into the finite difference equation and, 
after some algebraic manipulation, the so-called modified equation is obtained. To 
illustrate the procedure, two examples will be considered. The selected examples 
represent, a first-order accurate and a second-order accurate finite difference formu- 
lation of a model equation. These examples will show the dominant error terms of 
these methods and their relation to dissipation and dispersion errors. 

A first-order finite difference equation for model equation (4-76) is given in 
(4-77), which can be rearranged as 


nid 


up? = uf — efu? — uha) (4-78) 


The terms u?*? and и" , are expanded in Taylor series as follows: 





Qu Ou (At)? Фи (At? 

ntl 4 

upt! = u + 5r At+ $8 73 B8 3 + O(At) (4-79) 
Xu „ ди ?u (Az) ди (sr 4 

Uil = ui =. 5,57 a2 Ox? 91 T ðr? — + O(Az ) (4-80) 


Substitution of (4-79) and (4-80) into (4-78) yields: 


n ðu,, ӧ (AD? | Ou (At)? 
ut a tsm a др s3- 


ди i д?и (Az)? ди (Ат)? 
т 





+ O(AD* = 





r 
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Canceling terms and factoring produces: 


Ou ди At Ou (At)? 
ð OU 2 дё 6 





+ оа (At) = 


At [ди ди Az ди (Az) 
— хт E — Jz z += oz Dow t O(Az) j (Az) 


This equation is divided by At and rearranged as 


ди ди OuAt ёиАх Ou (At)? 
8t “ду 080 2 “дг? Ө 6 





E ir е O [(Asy*, (Az) | (4-81) 


In order to analyze Equation (4-81) and to compare it to the original partial dif- 
ferential equation, the higher order derivatives in time must be replaced by spa- 
tial derivatives. This substitution requires determination of д?и/9 with O[(At)?, 
(Az)?] and 09u/0t* with O[(At), (Az)] such that the order of accuracy of (4-81) 
is not altered, i.e., it remains third order. These calculations, presented in Ap- 
pendix C, yield the equations 


Ou 


a = тт e 3+ + [e^t – аЛа] азо [(At)’, (AzAt), (Az)! (682) 
апа | 
бш = 8 орд), (A2) (4-83) 


Substituting (4-82) and (4-83) into (4-81) produces 





ди ди Atu _, 24 Аё Bu 
a~ to o an c Fc adn, 
aAz дш , a* (At)? Ou a(Az) Ou 

2 Ox? 6 дг 6 ör? 


+0 [(A9*, (Az)(At)?, (Az (Ao, (Azy] 
Rewrite the equation as 


Ou „де, вда, ам) Pu 
8t "dr 2 дт? 
_ Ах)? | a (At)? алғ |: Фи 


6 (acy "Az Clas 





жо [(^9*, (Az)(At)?, (Az) (At), (Az)] 
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or, in terms of the Courant number, 


ые Ag iot ia 
8t ^ “дт Bs 





+0[(At)’, (Az) (A6, rom (Ах) 


(2c? — 3c e+ oe 


(4-84) 


This equation is known as the modified equation. When compared to the original 
PDE given by (4-76), the error introduced in the approximation process is clearly 
indicated. Note that the dominating term in the error is the second term on the 
right-hand side of Equation (4-84), which includes the second derivative. Equation 
(4-84) and its associated error will be further investigated in the next section when 


artificial viscosity is introduced. 


At this time, consider a second-order method in which the dominant error term 
includes a third-order (odd) derivative. Such a formulation is the midpoint leapfrog 


method given by (4-53). The equation may be rearranged as 


ntl... ,,n-1 n n 
ut = uf — elugi — Щр) 


Substituting the Taylor series expansions, 


ди Фи (At ди а? 
ntl D 
w = и? +t arat $58 a tx ETS 


2. 2 
ul = uf — дил, + ди (Ant = Фи (At)? ш + O(At)* 


+ O(At)* 


n, ди v (Az) | Bu asy 





Upi = U; + ano" + дг? “a oz + O(Ax js 
and 
"NET Ou (Az) ёч с d 
uy = ul gp Att aa Bas 3 - + O(Az) 


into Equation (4-85), one obtains 


ди Att Фи (At)? ди bo Фи (At)? 
дї в 3 дї on 3 








from which it follows that 


ди _ ад“ _ Фи (Аё)? _ ёч (Az)? mE +0 0да“, (Ах) 


24 +0[(At)®, (Ах)? 


(4-85) 


(4-86) 
(4-87) 


(4-88) 


(4-89) 


(4-90) 
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From Appendix C, Equation (C-6) is 


Pu „ёч 


328 =~? x Z + O(At, Az) 


After substituting into (4-90) and factoring terms one obtains 








ди _ a(Az)? [a?(At)? i Ou 
а 
+0 [(At)*, (Az) (At), (Az)‘] (4-91) 


This is the modified equation, clearly indicating the dominant error term. Note that 
this term includes the third-order (odd) derivative. Additional error terms, such as 
some factor times O^u/Oz?, may have been included in Equation (4-91); however, 
to avoid cumbersome mathematical work, they were lumped and represented by 
higher order terms іп О [(At)*, (Az)*(At), (Az)‘]. 


4.7 Artificial Viscosity 


Recall the modified Equation (4-84), repeated here for convenience: 


ди _ „9ч Фи a(Az) ди | 
Е т + "*a- O53 8s + 


8t = ôr 6 
The error term of this first-order accurate method is clearly indicated, with the 
second term on the right-hand side being the dominant term in error. The coefficient 
of д?и/дх? in the error is known as the numerical or artificial viscosity. This is a 
nonphysical coefficient introduced by a particular approximation of the PDE. We 
may use а, to denote the artificial viscosity, in which case 





(2c? — 3c 1) = 


Qe = gas — c) 


Note that for c = 1, a = 0, the solution is exact. Additional investigation and 
analysis of dissipation and dispersion errors will be studied in Chapter 6. The effect 
of artificial viscosity is to dissipate the solution; as a result, the gradients in the 
solution domain are reduced. 

Note that the artificial viscosity just defined must be distinguished from a damp- 
ing or smoothing term that is sometimes added intentionally to an FDE. An example 
of that will be illustrated in Chapter 6 when a fourth-order damping term is added 
to an FDE in order to reduce the oscillations in the solution. 
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In closing, another procedure for determining the dominant error term is inves- 
tigated. Consider Equation (4-81) where 


2 
Aa 7-953 +0 |A, (Аг) (4-92) 


To eliminate the time derivative on the right-hand side of Equation (4-92), the 
original PDE will be used, i.e., 


Ju. Q9 (4-93) 


Taking the time derivative, one obtains 


u ð (ðu д [ди 
ай = ^5 (2) AE (S) (99 
Substitute (4-93) into (4-94) to obtain 
^u д ди гд?и 


Substituting (4-95) into (4-92) yields: 


ди ди woe At + 22 Фи 
дї дт дт? 2 2 дт? 


Непсе, 
ди ди (222 ot) os 
2° 2) ðr 


ди ди ads д?и 

a 7%: +g Sage 
where the second term on the right-hand side represents the error term, and the 
coefficient (aAz/2)(1 — c) represents artificial viscosity. 

This procedure, though relatively simple mathematically, is not precise, since the 
original PDE is being used in the approximate FDE. Furthermore, this procedure 
does not provide the additional terms shown in Equation (4-84). However, this 
method has been used and presented in various literature. 
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4.8 Summary Objectives 


After studying this chapter, you should be able to do the following: 


1. Define: 


cov 


a o 


. Stability 

. Discrete perturbation stability analysis 
. Von Neumann stability analysis 
. The Courant number 

. The cell Reynolds number 

. Static instability 

. Dynamic instability 

. Dissipation error 

. Dispersion error 

. À modified equation 

. Artificial viscosity 


2. Solve the problems for Chapter Four. 
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4.9 Problems 


4.1 Given the model equation 
IET 
ôt Әт? 


use the DuFort-Frankel method for this PDE and apply the von Neumann stability 
analysis. 


4.2 Consider the model equation 


А numerical technique with the following formulation has been suggested for the 
FDE: 


ntl 


‚аА 
Ш = up + E (щы cup) 


upt! = ; (ч + ч) + аы (uà - ur) 


Use the von Neumann stability analysis to obtain the stability condition for this 
technique. Hint: Eliminate “n+ i" time level in the second equation by the substi- 
tution of the first equation. The resulting equation will have time levels of "n" and 
*n -- 1" only. Now apply the von Neumann stability analysis. 


4.3 Using the von Neumann stability analysis, determine the stability requirement 
of the following FDE: 


Plot the amplification factor for Courant numbers of 0.5, 0.75, 1.0, and 1.1. 
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4.4 Consider the model equation 


ди Au 


“On дё 


Define v/a = K. 


(a) Write an explicit formulation using a first-order forward differencing in z and 
a second-order central differencing in y. 


(b) Use von Neumann stability analysis to determine the stability requirement of 
the scheme. 


4.5 Consider the unsteady three-dimensional heat conduction equation 


er _ (OT, Т ӘТ 
a "los Oy дг? 


(a) Obtain an explicit FDE using forward time and central differencing of O[At, 
(Az, (Ay)?, (A2)?]. 


(b) Apply the von Neumann stability analysis to the FDE. 


4.6 Determine the modified equation for the Laplace's equation, 


Pu Pu _ 


punc + — = 

ðr? Oy 
Use second-order central difference approximation for the derivatives. The modified 
equation should include terms up to fourth-order derivatives. 


0 


4.7 Write an implicit finite difference formulation for the wave equation which 
is first-order in time and second-order (central) in space. Determine the modified 
equation. 


4.8 Consider the model equation, 


ди + at =a д 

üt дт Әт? 
(a) Write an explicit formulation using а first-order forward differencing in time, 
a first-order backward differencing in space for the convective term, and а 


second-order central differencing for the diffusion term. 


(b) Determine the amplification factor G. 
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4.9 Consider the wave equation, 


OF eg 8 > 0 
Ot ôr " 


(a) Write an explicit finite difference equation which employs a first-order forward 
differencing in time and a second-order central differencing in space. 


(b) Determine the stability requirement of the scheme. 
4.10 Repeat problem 4.9 using the implicit Crank-Nicolson scheme. 


4.11 Consider the diffusion equation given by 


ди — У Фи 
ôt Oz 
(а) Write an implicit Crank-Nicolson formulation. 
(b) Use von Neumann stability analysis to determine the stability requirement of 


the scheme. 


4.12 Show that the application of explicit FTCS differencing to the model equa- 


tion 

Dus 0ч 

Ot ðr 
introduces an artificial viscosity a. = —а?А1/2. 
4.13 For the model equation 

Ot дт 


the following finite difference equation (known as the Lax method) has been pro- 
posed: A 
1 М 
wt = 2 (шы + uii) 2Ат (и 7 uii) 


Determine the artificial viscosity of the method. 
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5.1 Introductory Remarks 


The governing equations in fluid mechanics and heat transfer can be reduced 
to elliptic form for particular applications. Such examples are the steady-state heat 
conduction equation, velocity potential equation for incompressible, inviscid flow, 
and the stream function equation. Typical elliptic equations in a two-dimensional 
Cartesian system are Laplace’s equations, 


Ou Ou 
дл? + oy =0 (5-1) 
and Poisson’s equation, 
Ou Ou 
Batt a = f(y) (5-2) 


These model equations are used to investigate a variety of solution procedures. 


5.2 Finite Difference Formulations 


Of the various existing finite difference formulations, the so-called “five-point 
formula” is the most commonly used. In this representation of the PDE, central 
differencing which is second-order accurate is utilized. Therefore, model Equation 
(5-1) is approximated as 


Uic — 2uij + uii q Mn 24) + ug 


(Aa) (y ^° x 


The corresponding grid points are shown in Figure (5-1). 
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Figure 5-1. Grid points for a five-point formula. 


A higher order formulation is the nine-point formula, which uses a fourth-order 
approximation for the derivatives. With this formulation, the FDE of model Equa- 
tion (5-1) is: 

—uj;-2; + 16uj15 — 30u,; + 16u,,1; — uico 
12(Az)? 
PER 16uij-1 — 30uij + 16ui 541 — uio _ 


D 0 (5-4) 


The grid points involved in Equation (5-4) are shown in Figure (5-2). 


[np duel А 
ы ы ш qeu ena | 


Ep gene 
Se se 





Figure 5-2. Grid points for a nine-point formula. 
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One obvious difficulty with the application of this formula is the implementation 
of the boundary conditions. Thus, for problems where higher accuracy is required, 
it is easier to use the five-point formula with small grid sizes than the fourth-order 
accurate nine-point formula. Due to its simplicity, the five-point formula represented 
by Equation (5-3) will be considered in this chapter. Rewrite Equation (5-3) as 


AzYV 
Usij-—2uij-c W-1g + (=) (шун — 2uig + Uy-1) = 0 (5-5) 


Define the ratio of step sizes as 8, so that 8 = Az/Ay. By rearranging the terms 
in Equation (5-5), one obtains 


шыл + ua +B uij + Fuga - 21+ Buy = 0 (5-6) 
In order to explore various solution procedures, first consider a square domain with 


Dirichlet boundary conditions. For instance, a simple 6x6 grid system (see Figure 
5-3) subject to the following boundary conditions is considered: 


r-L u=u , у= Н и = U3 


Applying Equation (5-6) to the interior grid points produces sixteen equations 
with sixteen unknowns. The equations are: 
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изә + шо + Buas + Bue — 2(1 + В?)и 2 = 0 
що + a + Визз + ^us; — 2(1 + B?)us2 = 0 
Us2 + изо + Ваз + Buai — 2(1 + 2) шз = 0 
ив2 + uaa + В?иуз + Bus; — 2(1 + B?)usa = 0 
изз + шз + Виза + Виз — 2(1 + 8?)uss = 0 
шз + u23 + Busa + ^us; — 2(1 + 8?)изз = 0 
Usa + ua + Виа + Виа — 2(1 + 8?)u43 = 0 
шз + илз + ?иза + B7us,2 — 2(1 + 8?)uss = 0 
иза + Uia + Buss + Buza — 2(1 + @?)ш = 0 
ща + 24 + B^ uss + Busa — 2(1 + В?)иза = 0 
usa + изд + Buss + В?иаз — 2(1 + B?)u44 = 0 
Usa + шаа + B^uss + Bugs — 2(1 + f?)us4 = 0 
uss + uis + ^us + ^uo — 2(1-- f?)uss = 0 
uss + Изв + Визв + B^us4 — 2(1 + B^)uss = 0 
uss + изу + 8ш + Busa — 2(1 + ?)u,s = 0 


Uss + uas + В?иѕв + Busa — 2(1 + B')uss = 0 


These equations are expressed in a matrix form as 


v 
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а1 оо ёооооооооооо | [| | -uz- Buz 
1 «1 оо 0 0 0 0 0 0 о 0 оо || ыз, | | —@?из 
01 е 1 0 0 0 о 00 00 00 0 илә | | Вил 
001 ео 0 0 £00000 0 0 о | |[ш„»| | —u62— Bus 
#0 0 о атоо £0 о о о 0 оо | | шз | | —u3 
0 20 0 1 атоо £000 0 0 о | {оз | |0 
оо #200 1 атоо £0000 0 ||шз||0 
000 00120000 202020 0 | | изз | | и 
0000 20 ооо тоо 220 0 0 | [41| -ша 
00000 0 0 1 атоо 0 0 | | “з. 1 |0 
000000 20 о 1 «1 о 0 80 | [4 1 10 
0000000 20 0 1 «о 0 0 BI | иа | | ива 
00000000 #000 a1 0 0 | {us} | -шу– Визв 
000000000 #0 01 a1 0 | [а | |—@?изв 
0000000000 001 a1 | [5 | |—@?шв 
00000000000 80 01a Us, —ues — В?иѕв 
(5-7) 


where a = —2(1 + 82). 

The matrix formulation has two noteworthy features. First, it is a pentadiagonal 
matrix with nonadjacent diagonals; and second, the elements in the main diagonal 
in each row are the largest. These features are important when developing solution 
procedures. 


5.3 Solution Algorithms 


In general, there are two methods of solution for the system of simultaneous 
linear algebraic equations given by (5-7). These schemes are classified as direct or 
iterative methods. 

Some familiar direct methods are Cramer's rule and Gaussian elimination. The 
major disadvantage of these methods is the enormous amount of arithmetic oper- 
ations required to produce a solution. Some advanced direct methods have been 
proposed which require moderate computation time, but almost all of them have 
disadvantages. Usually these methods are limited by one or more restrictions such 
as the Cartesian coordinate system, a rectangular domain, the size of the coef- 
ficient matrix, a large storage requirement, boundary conditions, or difficulty of 
programming. Nevertheless, some of the advanced direct methods show promise for 
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applications and indeed are useful tools. The discussion of these methods, however, 
is beyond the scope of this text. Since the general application of solution proce- 
dures is of more interest, the investigation will be confined to the simple and easily 
understood iterative methods. Iterative procedures for solving a system of linear 
algebraic equations are simple and easy to program. The idea behind these meth- 
ods is to obtain the solution by iteration. Usually an initial solution is guessed and 
new values are computed; based on the newly computed values, a newer solution 
is sought, and the procedure is repeated until a specified convergence criterion has 
been reached. 

The various formulations of the iterative method can be divided into two cat- 
egories. If a formulation results in only one unknown, then it is called a point 
iterative method. This formulation is similar to the explicit methods of parabolic 
equations. On the other hand, if the formulation involves more than one unknown 
(usually three unknowns, resulting in a tridiagonal matrix coefficient), it is classified 
as a line iterative method, which is similar to an implicit formulation of a parabolic 
equation. Some of these iterative methods will now be discussed. 


5.3.1 The Jacobi Iteration Method 


In this method, the dependent variable at each grid point is solved, using initial 
guessed values of the neighboring points or previously computed values. Therefore, 
Equation (5-6) is used to compute a new value of u; at the new iteration К + 1 
level as 


uff? = ЕЁ) [Чы tup Викл + uli] (9-8) 
where k corresponds to the previously computed values (or, to initial guesses for 
the first round of computations). The computation is carried out until a specified 
convergence criterion is met. One immediately notices an easy way to improve the 
solution procedure. Why not use the newly computed values of the dependent vari- 
able to compute the neighboring points when available? Indeed, implementation 
of this idea gives us the Gauss-Seidel iteration method, which increases the con- 
vergence rate and, as a result, involves much less computation time. The Jacobi 
method is rarely (if ever) used for the solution of elliptic equations. It is reviewed 
here to show the step-by-step improvements of various iteration methods. 

Before proceeding with other iterative methods, the analogy between the itera- 
tive method just discussed and a time-dependent parabolic equation is investigated. 
Consider the following parabolic equation: 


ди диш д?и 


мал әу Du 
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The explicit formulation of the finite difference equation (FTCS) is: 


n+l n n n n n n n 
un ТЩ) Uni »uu ё ът 200; + UR; 


At (Az)? (Ау)? i 








or 


At At 
wj = uy + (Ат)? (їн — 2щу+ ua) + (лу)? (шэ — uiy + utja) 


For simplicity, assume that Az = Ay; then 


At 
nil n n n n n Ly? 
Uii Tu t AZ)! [uray rutas 4ujj + Ujta Fuja] 


If At/(Az)? < 0.25, a stable solution is obtained. So for the upper limit of 
At/(Azx)* = 0.25, one has 


1 
ntl n n n n n 
un = шр + 1 [uu + upg 400 + Uj + uja] 
or 1 
ntl. = n n n n 
uj = 4 (чн + Uiig t Ui ger tuyau) (5-10) 


Now apply the Jacobi iterative method to the two-dimensional elliptic equation (5- 
1). With 8 = Az/Ay = 1, the result is 


1 
utt! = 


i TI CRF + ufaj t uij + ukj) (5-11) 
Comparison of Equation (5-10), which is the FTCS approximation of a parabolic 
equation, and Equation (5-11), which is the Jacobi iteration method for an ellip- 
tic equation, indicates that the two equations are identical. Even though the two 
equations represent different formulations and completely different physical phe- 
nomenon, mathematically (and to the computer) they are equal. This analogy 
suggests that some of the techniques used for the solution of parabolic equations 
can be extended or modified to provide efficient methods for the solution of elliptic 
equations. Indeed, the ADI method described earlier for the solution of parabolic 
equations is such an example. The ADI method for solving elliptic equations will 
be discussed shortly. 

The discussion above may be presented graphically as follows. Assume that 
Equation (5-10) is solved for the time dependent values of u;j. A steady-state 
solution is approached after a sufficiently large time, which is illustrated in Figure 
5-4. 
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Time Accurate Solution 


Figure 5-4. А time accurate solution. 





Now consider the solution of the steady-state equation (5-1). Assume that an 
iterative method is used to obtain a solution. For instance, Equation (5-11) is 
employed. А typical solution is illustrated in Figure 5-5. 

An important difference between the two solutions is emphasized at this point. 
The time dependent solution obtained from Equation (5-10) is а valid solution 
at any intermediate time level. On the other hand, the intermediate solution of 
Equation (5-11) has no physical significance; it is only a path to the steady-state 
solution. 


Steady 
State 


Number of Iterations 





Figure 5-5. Ап iterative solution for steady-state problem. 


Another point to address is as follows. In order to start a solution procedure 
for an unsteady problem, an initial set of data is required, as was illustrated in 
Chapter Three. When the imposed initial data and time step correctly represent 
the physics of the problem, then the solution is time accurate. But, what about 
problems where an accurate initial data set is not available? А hypersonic flow 
field around a complex configuration is such an example. In such instances, an 
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arbitrary initial condition is imposed. Hence, the required equations may be solved 
for a converged solution which represents the steady-state solution. Thus, a time 
dependent problem with an arbitrary initial data set is solved to reach steady-state. 
The intermediate steps are not physically correct solutions. Їп many instances 
where such a procedure is used, the expressions converged solution and steady-state 
solution are used interchangeably. Similarly, time step and iteration step may be 
used interchangeably. These issues will be further explored in Chapter Twelve, 
when Euler equations are investigated. For now, return to the iterative procedures 
for the solution of elliptic equations. 


5.8.2 The Point Gauss-Seidel Iteration Method 


In this method, the current values of the dependent variable are used to compute 
the neighboring points as soon as they are available. This will certainly increase 
the convergence rate dramatically over the Jacobi method (about 100%). The 
method is convergent if the largest elements are located in the main diagonal of 
the coefficient matrix, as in the case of the formulation that produced (5-7). The 
formal requirement (sufficient condition) for the convergence of the method is 


n 
las| > У lasl 


and, at least for one row, 


las] > У las;| 


Since this is a sufficient condition, the method may converge even though the con- 
dition is not met for all rows. Now the formulation of the method is considered. 
The finite difference equation is given by Equation (5-6), which is repeated here: 


_ 1 
- 2(1 + 6?) 


In order to solve for the value of u at grid point i, j, the values of и on the right-hand 
side must be provided. This procedure is easy to understand if one considers the 
application of Equation (5-12) to a few grid points. For the computation of the first 
point, say (2,2), as shown in Figure 5-6, it follows that 


Uis [uiis +щ- + (шуы + шз-1) (5-12) 


1 
k+l _ 2 
Чоо = 2011 03) + By [usa Tui B'(usa + 1) 
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Figure 5-6. Grid points for Equation (5-13). 


In this equation, u21 and u12 are provided by the boundary conditions (underlined 
in the equation above). Only two values, namely изг and изз, use the values from 
the previous iteration at k. Thus, in terms of the iteration levels, 


1 
Now, for point (3,2), one has 


1 2 
изә = 204 8) [uz + uaa + В(изз + изл) 


In this equation, us, is provided by the boundary condition, and u42 and изз are 
taken from the previous computation; but uz is given by Equation (5-13). Thus, 


(see Figure 5-7) 


1 
из = 913705) [uia + ш + E (uis + изл) (5-14) 


Finally, the general formulation provides the equation 


1 
k+1 — k k+1 2/,,% k+1 
us = 203 8) X В?) [uu + ull + @ (ui T £1) (5-15) 


This is a point iteration method, since only one unknown is being sought. The grid 
points involved in Equation (5-15) are shown in Figure 5-8. 
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Figure 5-7. Grid points for Equation (5-14). 





Figure 5-8. Grid points employed in Equation (5-15). 





9.9.8 The Line Gauss-Seidel Iteration Method 


In this formulation, Equation (5-6) results in three unknowns at points (i— 1, j), 
(i,j), and (t+ 1,7). The formulation becomes 


ир, – 2(1+ ghi t ui = — Put 1 = Buf}, (5-16) 
This equation, applied to all i at constant j (Figure 5-9), results in a system of 
linear equations which, in a compact form, has a tridiagonal matrix coefficient. 
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Boundary Conditions 


Known values at k+1 iteration level 


Values at k+1 iteration being computed 


Known values at k iteration level 


Line of unknowns resulting in a system of linear 


algebraic equations which are tridiagonal. 


Figure 5-9. Grid points employed in the line Gauss-Seidel iteration method. 





This method converges faster than the point Gauss-Seidel method (by about a fac- 
tor of 1/2), but it requires more computation time per iteration, since a system of 
simultaneous equations is being solved. Note that, in this formulation, the bound- 
ary conditions at a line immediately affect the solution, as was the case with implicit 
formulation of parabolic equations. For problems in which the value of the depen- 
dent variable changes more rapidly in one direction, it is advantageous to use the 
line Gauss-Seidel method in that direction since the solution converges with the 
least number of iterations. 


It is seen that, by using the updated values, the convergence rate is improved. 
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Still, more improvement can be incorporated to reduce the number of iterations for 
8 converged solution, which is introduced next. 


9.8.4 Point Successive Over-Relaxation Method (PSOR) 


Earlier, the analogy between the iterative method for solving an elliptic equation 
and the FTCS explicit formulation of the unsteady parabolic equation was noted. 
Thus, solution by iteration can be thought of as a process beginning at an initial 
state and approaching a steady state. If, during this solution process, a trend in the 
computed values of the dependent variable is noticed, then the direction of change 
can be used to extrapolate for the next iteration and, thereby, accelerate the solution 
procedure. This procedure is known as successive over-relaxation (SOR). 

First, consider the point Gauss-Seidel iteration method, given by 


1 
k 
шщ = 2(1 + 8?) + 82) [ut Uu + и -lyj + Ви * uti) 


Adding ut; — ut; to the right-hand side , and collecting terms, one obtains: 


k+1 


1 
uj = uf; h Spa AN 203 85 [uf Uis t ur lj + (иёт + ш) - 2(1 + Buky] 


As the solution proceeds, uf ; must approach ur. To accelerate the solution, 
the bracket term is multiplied by ш, the relaxation а so that 


k ш 2 k k 
ug == ur; jt 2(1 + 82) [ut LAS + uft 1, + В (utis + Uy 211.) me 2(1 RE Buk] (5-17) 


For the solution to converge, it is necessary that 0 < w < 2. КО <w < 1, it is 
called under-relaxation. Note that for w = 1, the Gauss-Seidel iteration method is 
recovered. The formulation (5-17) is rearranged as 


w 
и = (1 = o)ut + 2(1 + 8) [ut ui + uft 1; + B’ (ufa + ug) (5-18) 


Ап obvious question is: What is the optimum value of the relaxation parameter ш? 
Well, no general guideline exists for computing the optimum value of w. For limited 
applications, some relations for which an optimum ш can be calculated have been 
introduced by various investigators. One such relation, for the solution of elliptic 
equations in a rectangular domain subject to Dirichlet boundary conditions with 


constant step sizes, is 
2—2/1—a 
Upper эч (5-19) 


where 





cos (==) + f? cos (3) : 
14-8? 


а= 


(5-20) 
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In general, wop cannot be determined easily. Therefore, for most cases, numerical 
experimentation is performed. 


5.3.5 Line Successive Over-Relaxation Method (LSOR) 


The line Gauss-Seidel iteration method can be accelerated by introducing a re- 
laxation parameter similar to the one introduced into the point Gauss-Seidel method 
to provide the point SOR method. The line Gauss-Seidel method for the model 
equation is given by Equation (5-16) as 


ukt 2 k+l | ktl _ _ gk 2, k+l 
uii - 20 + ui + uij = -p tij — бщ 


Introduction of the relaxation parameter and rearranging terms results in: 
шшщ) — 2(1+ Puit + шш, = 
—(1 ~ w) [20-85] uk; – w6? (и Huti) (5-21) 


There is no simple way to determine the value of optimum ш. In practice, trial 
and error is used to compute шору for a particular problem. 


5.3.6 The Alternating Direction Implicit (ADI) Method 


The similarity between the iterative methods and time-dependent parabolic 
equations suggests that some of the methods discussed earlier for the solution of 
parabolic equations should be investigated. Of particular interest is the applica- 
tion of the ADI method to the elliptic equations. An iteration cycle is considered 
complete once the resulting tridiagonal system is solved for all the rows and then 
followed by columns, or vice versa. For model Equation (5-1), the FDE takes the 
form 


k k kel 
uri bi 2(1 zr gy +u щру = -p (uisi + ie i) (5-22) 
and 
k 1 
Ви, -204 Bui! + fu ih = = и; © ur (5-23) 


In these equations, (5-22) is solved implicitly for the unknown in the z-direction 
and (5-23) is solved implicitly in the y-direction. The solution procedure and the 
grid points in Equations (5-22) and (5-23) are shown graphically in Figure 5-10. 
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Boundary conditions 
Most recently computed values 


Values being computed 


Known values at previous iteration level 








Figure 5-10. Grid points used in Equations (5-22) and (5-23). 





The solution procedure can be accelerated by introducing a relaxation parameter ш 
into the ADI equations. The resulting formulations are: 


k+y Qi, К+} кыр _ 
wu; y, T 21+ @°ушщ;* t wuts = 


- 1 —«) [20 + 6?)] чё, – әк, ш) (5-24) 


and 


uui, — 20 + Bul?! + оик, = 


~ (1=w) [21+ 6)] ut (ш, + ч) (5-25) 


Again, because it is difficult to compute Wopt, numerical experimentation is often 
performed to obtain the best value of w for faster convergence. Other formulations 
of the ADI method and various methods of solution are described in various pub- 
lications. Since it is not intended to explore every method of solution in this text, 
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additional methods (which are usually much more complicated) are not presented. 
The methods which have been investigated are the basic methods of solution for 
elliptic equations and are sufficient for our purposes. In the next section, these 
methods are used to solve a steady-state heat conduction equation in two dimen- 
sions, and the results are compared to analytical solutions. 


5.4 Applications 


Some of the basic solution procedures for elliptic partial differential equations 
were just explored. In this section various methods will be used to illustrate their 
applications. Suppose that it is required to obtain the steady-state temperature 
distribution on a two-dimensional rectangular plate as shown in Figure 5-11. 


Figure 5-11. Rectangular plate subject to constant temperature 
distribution at the boundaries. 





The imposed boundary conditions are: 
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у=Н Т = Т 
r-L Т = Т; 


The rectangular plate has dimensions of 1 ft. by 2 ft. The temperatures at the 
boundaries are specified as T, = 100.0 °R and Т = Тз = T4 = 0.0 °R. Since the 
values of the temperature at the boundaries of domain are specified, the boundary 
conditions are Dirichlet type. The governing PDE for steady, two-dimensional heat 
conduction is: or T 

B + ЕТА =0 (5-26) 
It is intended to solve this elliptic PDE, subject to the imposed boundary conditions, 
using the various methods discussed earlier. Select constant step sizes of Az = Ay = 
0.05 ft., in which case ГМ = 21 and JM = 41. The temperature distribution is to 
be computed for a total of (IM — 2) x (JM ~ 2) = 741 grid points. 

The first method of solution to explore is the point Gauss-Seidel iteration method, 
represented by Equation (5-15), where 8 = Az/Ay = 1. This method is simple, 
and coding the equation is straightforward. For this example, an initial guess of 
T — 0.0 at all interior points is selected. The point Gauss-Seidel method reaches a 
converged solution within 574 iterations. The imposed convergence criterion is that 
if ERROR « ERRORM АХ, the solution has converged where 


ј=ЈММ1 
i=IMM1 


ERROR- У, [ABS (т: - T$] (5-27) 


i=2 
j=2 


and ERRORM AX is specified to be 0.01. This condition for convergence is used 
in all the methods presented. The temperature distribution is given in Table 5.1 
and the contours of constant temperature are shown in Figure 5-12. When the 
line Gauss-Seidel iteration method is used, the number of iterations are reduced 
as expected; in this example, the number of iterations was 308. However, since 
a system of tridiagonal linear equations (Equation 5-16) is being solved, the total 
computation time is not reduced; indeed, it increases somewhat (Table 52). А 
point to explore here is the direction to which Equation (5-16) was applied. As 
noted earlier, if the equation is applied in the direction of expected rapid change (in 
temperature, for this problem), the convergence of the solution is accelerated. The 
present example bears out this point. Because of the given domain and boundary 
conditions, larger changes in temperature in the z-direction are expected compared 
to the changes in the y-direction. That is the direction which Equation (5-16) was 
applied. The solution converged after 308 iterations. When Equation (5-16) is 
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applied in the y-direction, the formulation (for 8 = 1) becomes 


kl k k k k 
Т d 4TH + Tou = Те, i Tia 
The solution obtained from this equation converged in 315 iterations. This example 
illustrates that the application of a line iterative method in the direction of rapid 
change in the value of dependent variable increases the convergence rate. 


Figure 5-12. Contours of constant temperature for the rectangular plate. 





The efficiency of the point Gauss-Seidel and line Gauss-Seidel iteration methods 
increases dramatically when a relaxation parameter is introduced to accelerate the 
solution. The PSOR method given by Equation (5-18) is the third method used 
to obtain а converged solution. For the problem at hand, where the domain is 
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rectangular and subject to Dirichlet boundary conditions, Equation (5-19) can be 
used to provide the optimum value of the relaxation parameter. Thus, with 8 — 1, 
IM = 21, and JM = 41, from Equation (5-20), 


cos (5) 4 cos (=) ( 
—..N20/ M10/| _ 09847 


а= 2 


and, from Equation (5-19), 

|. 2-2/l-a 2-2yV1- 0.9847 

Фи = сл 0.9847 

At this value of ш, the solution converges after only 52 iterations (recall that the 
point Gauss-Seidel method converged with 574 iterations). In general though, sim- 
ple relations such as (5-19) are not available for the determination of wopt- Instead, 
numerical experimentation is used to determine шор. When numerical experimen- 
tation was performed on this example (even though we know wept), it verified шош 
obtained from (5-19). The result is given in Table 5.3 and plotted in Figure 5-13. 
Tf a solution is sought only once, it is not so advantageous to compute шор by nu- 
merical experimentation. However, if many solutions are sought, determining Wopt 
is highly recommended. 


=: 1.78 


0 200 400 600 800 1000 
NUMBER OF ITERATION 


Figure 5-13. Relaxation parameter and the corresponding number of 
iterations for the converged solution of the rectangular 
plate by PSOR iteration method. 
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A note follows on the initial guess. Usually the imposed boundary conditions 
suggest a reasonable guess on the initial condition to start the solution. Of course, 
the best guess results in a solution with the least number of iterations. In this 
example, an initial guess of Т = 0.0 °R produces a converged solution with 52 
iterations. The solution was also obtained using an initial guess of T' = 100.00 °R 
(which is not a good guess for this problem). The number of iterations required 
for the converged solution increased to 76. As this example illustrates, selecting 
a good guess for the initial condition is certainly desirable. For all the methods 
investigated in this example, an initial guess of T = 0.0 °R was imposed. 

The number of iterations necessary for a solution is further reduced by the 
LSOR method, given by Equation (5-21). Numerical experimentation provided a 
value of шор = 1.265 for this problem. Values of w and the corresponding number 
of iterations required for a converged solution appear in Table 5-4 and are shown in 
Figure 5-14. The number of iterations can be reduced to 36 with an optimum value 
of the relaxation parameter. Since the application of any line iterative method in 
the direction of rapid change reduces the number of iterations, the LSOR method 
was applied in the x-direction. 


50 100 150 200 250 300 
NUMBER OF ITERATION 


Relaxation parameter and the corresponding number of 
iterations for the converged solution of the rectangular 
plate by LSOR iteration method. 
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Application of the ADI method and the accelerated ADI procedure with a re- 
laxation parameter indicated that a converged solution could be obtained with 157 
iterations for ADI and only 23 iterations for the accelerated ADI with optimum ш. 
Table 5-5 and Figure 5-15 present the relaxation parameter ш and the corresponding 
number of iterations which yielded a converged solution. 


50 100 150 
NUMBER OF ITERATION 


Figure 5-15. Relaxation parameter and the corresponding number of 
iterations for the converged solution of the rectangular 
plate by ADI iteration method. 





Typical convergence histories are illustrated in Figure 5-16 where the conver- 
gence histories of point Gauss-Seidel, line Gauss-Seidel, and point SOR are shown. 
The error or residual is computed according to Equation (5-27). 

Finally, Table 5-2 shows various methods used to obtain a solution, along with 
the number of iterations required for convergence. Also presented in the same table 
are the computation times. А small fraction of the computer time was used to write 
the computed values onto tapes, which were used for plotting the results. 

The analytical solution of the two-dimensional steady-state heat conduction 
given by the partial differential equation (5-26) and the imposed boundary con- 
ditions specified earlier is 


inh [ТО — 9) 
T=T, 2» су osi (=) (5-28) 
L 
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Figure 5-16. Convergence histories. 


The temperature values computed from (5-28) at the locations corresponding 
to the grid points used in the previous computational methods are presented in 
Table 5-6. Comparison of the numerical solutions with the analytical solution is 
considered good. The computed values of temperature using Equation (5-28) were 
performed for n = 1 to n = 20. 


In closing this chapter, the following “general” conclusions are adopted: 


1. Iterative methods for solution of elliptic PDEs are preferred over direct meth- 
ods. 


2. Accelerated methods clearly are superior, since they drastically reduce the 
number of iterations and the computation time, especially if the optimum 
relaxation parameter is known. 


3. A "good" guess on the initial data required to start the solution reduces the 
number of iterations. 
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4. For line iterative methods, application of the finite difference equation in the 
direction of largest change increases the convergence rate. 


5.5 Summary Objectives 


After studying this chapter, you should be able to do the following: 
1. Describe: 


(а) The five-point formula 

(b) The Jacobi iteration method 

(c) The point Gauss-Seidel iteration method 

(d) The line Gauss-Seidel iteration method 

(e) The point successive over-relaxation (PSOR) method 
(f) The line successive over-relaxation (LSOR) method 
(g) the ADI method 


2. Solve the problems for Chapter Five. 
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5.6 Problems 


5.1 А two-dimensional inviscid, incompressible fluid is flowing steadily through a 
chamber between the inlet and the outlet, as shown in Figure P5-1. It is required 
to determine the streamline pattern within the chamber. 


Figure P5-1. Sketch illustrating the chamber and the proposed boundary 
conditions . 





For a two-dimensional, incompressible flow, the continuity equation is expressed 


as 
ou Ov 
dat By 7° (P5-1.1) 
A stream function V may be а such that 
oy 
-— -1.2 
ш = öy (P5-1.2) 
and 
v= E (P5-1.3) 


дт 
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Recall that a streamline is a line of constant stream function. Furthermore, vorticity 
is defined as 


Q= Vx V 
fr hich 
om whic - bv Bu 
* ðr ду 
For an irrotational flow, the vorticity is zero. Therefore, 
до ди 
o a (P5-1.4) 
Substituting (P5-1.2) and (P5-1.3) into (P5-1.4) yields 
8( 8€) 8 (oF) _, 
Ox Ox ду \ dy} 
av oy 
EX + ap = (Р5-1.5) 


The goal in this problem is to obtain the solution of this elliptic partial differen- 
tial equation using the various numerical techniques discussed earlier. The solution 
will provide the streamline pattern within the chamber. 

Since the chamber walls are streamlines, i.e., lines of constant V, we will assign 
values for these streamlines (see Figure P5-1). The assignment of these values is 
totally arbitrary as long as continuity is satisfied. Note that, for this application, 
the boundary conditions are the Dirichlet type, i.e., the values of the dependent 
variable are specified. 

Assume that the inlet and the outlet are 0.2 ft. (per unit depth), and the chamber 
is 5 ft. by 5 ft. The locations of the inlet and the outlet are shown in Figure P5-1. 

The following methods are to be used: 


(a) Point Gauss-Seidel 
(b) Line Gauss-Seidel 
(c) Point SOR 
(d) Line SOR 
(e) ADI 
For all methods, the step sizes are specified as: 


Ar=0.2 , Ay =0.2 , and ERRORMAX = 0.01 


Elliptic Equations 177 


эи эче ече... ——————————————————--———— 


Print the converged solution for each scheme for all y locations at т = 0.0, 1.0, 
2.0, 3.0, 4.0, and 5.0. Use initial data distribution of V — 0.0. 

Plot: (a) The streamline pattern, i.e., lines of constant Ws. Only one plot is 
sufficient since, as you will notice, solutions by various schemes are very similar; 
(b) The relaxation parameter versus the number of iterations for PSOR and LSOR 
schemes. 

In addition, the following tasks are to be investigated, 


І. The effect of the direction for which the finite difference formulation (i.e., LGS 
and LSOR) is applied on the convergence. 


IL. The effect of the initial data on convergence. For this investigation use the 
PSOR scheme with optimum value of the relaxation parameter. Suggested 
values of initial data are (a) 0.0, (b) 25.0, (c) 50.0, and (d) 100.0. In addition 
you may consider a non-uniform initial data distribution. 


5.9 Flow enters at the 0.2 ft. inlet and leaves at the open-ended outlet as shown 
in Figure P5-2. We are interested in computing the streamline pattern within the 
chamber. 

The assumptions stated in problem 5.1 are imposed and, therefore, the governing 
partial differential equation is 


oy OY _, 
дт? dy? 

Obtain the solution using the PSOR technique and step sizes of Az = 0.2 and 
Ay = 0.2. Since the chamber walls are streamlines, we may specify the values of 
the stream function at these boundaries. These values are indicated in Figure P5-2. 
At the outlet, we will assume that the flow is parallel and, therefore, v = 0. This 
assumption implies that OU/Oz = 0 along the right boundary. 

The imposed boundary conditions are summarized below. 


W(I,1) = 0.0 for 1= 1,6 
V(7, 1) = 100.0 for I=7,31 
V(1,J) =0.0 for J = 2,20 
V(I,JM) = 0.0 for І = 1,31 
ov 
Эр (M, J) =00 for J = 2,20 


Print one solution for all the y locations at each increment of one from z = 0.0 
to z = 6.0. 
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Plot (a) the streamline pattern, and (b) the relaxation parameter versus the 
number of iterations. 








н ТЕ ЖИК ЭК ТИН 
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Figure P5-2. Sketch illustrating the open-ended chamber and the pro- 
posed boundary conditions. 





5.3 Consider a fully developed flow in a rectangular duct with a constant stream- 
wise pressure gradient. The cross-section of the duct, along with its dimensions 
and the coordinate system used, is illustrated in Figure P5-3. The z-momentum 


equation is reduced to 

Ou Ou ap 

ра PEN MEER P5-3.1 

"(53 52) 0 (P5-3.1) 
Before attempting to numerically solve this equation, the following nondimen- 

sional variables are introduced: 


е 


|x 
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Upon nondimensionalization, Equation (P5-3.1) becomes 


Фи Qu 


ays + age t=O (P5-3.2) 








Figure P5-3. Nomenclature for problem 5.3. 


The asterisk denoting the nondimensional quantities is dropped from this point 
on and, therefore, quantities are nondimensional unless otherwise specified. It is 
required to numerically solve Equation (P5-3.2) by the point Gauss-Seidel scheme 
subject to the following set of data: 

JM =61 (Maximum number of grid points in y) 

KM = 41 (Maximum number of grid points in 2) 

L=15m and h=10m 
The fluid is oil with a viscosity of 0.4 N.s/m?. Two different values of pressure 
gradient are to be considered: 


(а) $2 =-10N/m?/m, (Ы) р — _95 N/m?/m 


Use a convergence criterion of 0.00001 over the entire domain. 
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The analytical solution is given by 


161? [ dp Е М cosh(mzz/2L) | соѕ(ттту/21) 
EE сано lota o —2]m-)02,4. зө секс дшш сэр шд 
чабу, 2) ur? ( s) E» cosh(mmh/2L m3 


where ua represents the velocity obtained by the analytical solution. Compute error 
distribution within the domain determined by the following relation 


ER = ABS {(u(j, k) — ua(j, k))/ua(5, k)] * 100.0 


Print the numerical solution, analytical solution, and the error within the domain 
for all the z locations and at each y location at increments of 0.5 m. 


5.4 Repeat Problem 5.3, except use the PSOR scheme with the optimum relax- 
ation parameter. Compare the number of iterations required for a converged solu- 
tion and the computation time to that of Problem 8.3 
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Table 5-1. Temperature distribution for the rectangular plate by the point 
Gauss-Seidel iteration method. 
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Method Number of TM seconds 
iterations 

















Table 5-2. The number of iterations and computation time required for 
converged solution by various methods. 















Relaxation Number of TM seconds 











parameter iterations 
1.00 574 6.215 
1.10 478 5.282 
1.20 396 4.354 
1.40 261 3.071 
1.60 152 2.027 
1.70 102 1.550 
1.78 52 1.082 
1.80 55 1.100 
1.90 120 1.727 
1.95 256 3.023 
1.98 668 6.948 











Table 5-3. The relaxation parameter and the corresponding number of 
iterations and computation time for the PSOR method. 
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Relaxation Number of TM seconds 
parameter iterations 




























1.000 308 7.726 
1.100 201 4.057 
1.200 106 2.967 
1.230 78 

1.250 57 

1.260 44 

1.265 36 

1.270 39 

1.280 





1.300 
1.320 


Table 5-4. The relaxation parameter and the corresponding number of 
iterations and computation time for the LSOR method. 


Relaxation Number of TM seconds 
parameter iterations 








Table 5-5. The relaxation parameter and the corresponding number of 
iterations and computation time for the accelerated ADI 
method. 


y 
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100.000 





Table 5-6. The temperature distribution for the rectangular plate by analytical 
method. 


Chapter 6 


Hyperbolic Equations 





6.1 Introductory Remarks 


Hyperbolic equations and methods of solution are investigated in this chapter by 
considering simple model equations. À commonly used technique to solve hyperbolic 
equations in fluid mechanics is the method of characteristics. This method is well 
known and is used for the solution of inviscid supersonic flow fields. However, it 
is often difficult to use this method for three-dimensional problems and problems 
which involve nonlinear terms. Some discussion of the method of characteristics 
is considered in Appendices А and С. This chapter presents various methods of 
solution by finite difference approximations of the hyperbolic PDEs. Both linear 
and nonlinear PDEs are investigated by applying numerical methods to the model 
equations. In addition, various types of error, i.e., dispersion error and dissipation 
error, are explored in the example problems. 


6.2 Finite Difference Formulations 


'The first model equation to consider is the first-order wave equation, 
= = -а=— а> 0 (6-1) 


which is а linear equation for constant speed a. For this simple equation, the 
characteristic lines are straight lines given by the equation x — at = constant. The 
quantity u is convected along these lines with constant speed a. À number of finite 
difference approximations for the first-order wave equation have been studied by 
various investigators. These approximations have been formulated in explicit or 
implicit forms. Some of these methods and their applications are presented in this 
section. 
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6.2.1 Explicit Formulations 


6.2.1.1. Euler's FTFS method. In this explicit method, forward time and forward 
space approximations of the first-order are used, resulting in the FDE: 


ult -u ua ur 

=-a 6-2 
At Az 2) 
von Neumann stability analysis indicates that this method is unconditionally un- 


stable. 


6.2.1.2. Euler's FTCS method. In this formulation, central differencing of O(Az)? 
is used for the spatial derivative, resulting in 


At S 2AT (6:9 


This explicit formulation is also unconditionally unstable. 


6.2.1.3. The first upwind differencing method. Backward differencing of the spatial 
derivative produces a finite difference equation of the form 

ur —иц? ut — ul, 

A = ~g a 4 

At uo NS) 

with O(At, Az). Von Neumann stability analysis indicates that this method is 
stable when c < 1, where c = aAt/Az is the Courant number. For the model 
Equation (6-1), а forward differencing for the spatial derivative must be used if 
a < 0. Therefore, for Qu/0t = а(ди/дт), where a < 0, the ЕРЕ for a conditionally 


stable solution is E А " 

щш —U __ Uil i 
At а Ат 69) 

6.2.1.4. The Lax method. If an average value of u? in the Euler's ЕТС method is 


used, the FDE takes the form 
1 ал, n 
upt = ta + ug) – 2Az Un — wi) (6-6) 
Stability analysis shows that the method is stable when c X 1. 


6.2.1.5. Midpoint leapfrog method. In this method, central differencing of the second 
order is used for both the time and space derivatives, resulting in the FDE 
Zui uipi Z ua 


Sar 0777 А д 
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which is of order {(At)?, (Az)?]. The method is stable when c < 1. As the for- 
mulation indicates, two sets of initial values are required to start the solution. The 
dependent variable at the advanced time level n+ 1 requires the values at time level 
n — 1 and n. To provide two sets of initial data, a starter solution that requires only 
one set of initial data, say at n — 1, is used. The use of a starter solution will affect 
the order of accuracy of the method. 

It has been shown that two independent solutions can be developed as the so- 
lution proceeds forward. In summary, the midpoint leapfrog method has a higher 
(second) order of accuracy; however, this formulation may include some difficulties 
such as the starting procedure, the development of two independent solutions, and, 
if programming is not done carefully, a large increase in computer storage. 


6.2.1.6. The Lax-Wendroff method. This finite difference representation of the PDE 
is derived from Taylor series expansion of the dependent variable as follows: 


ди, u (At)? 


u(z, t+ At) = u(x,t) + mot ta a + O(At)? 
or, in terms of indices, 
ðu Фи (At 
n+l иЗ + — 3 
ur it t At + +> др aA + O(At) (6-8) | 

Now consider the model equation 

ди ди 

Ot = vaa (6-9) 


By taking the time derivative, one obtains 


Фи д [ди ди 207u 
oe «x (98) = -a5- (x) - 52 9 
Substituting (6-9) and (6-10) into (6-8) produces 


ди (At)? 28u 
піп ЫА 
и -4«( 295) At 2 (« ax? 





When central differencing of the second order for the spatial derivatives is used, it 
follows that 


поп иё — ча l arapo [Ui 2u + ме, 
u = up —aât | DAT + (At) cp (6-11) 


This formulation is known as the Lax-Wendroff method and is of order [(At)?, 
(Az)?]. Stability analysis shows that this explicit method is stable for c < 1. 
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6.2.2 Implicit Formulations 


6.2.2.1. Euler’s BTCS method. Implicit formulation of Euler’s backward time and 
central space approximation is unconditionally stable and is of order (At), (Az)?]. 
This approximation applied to model equation (6-1) yields: 


n+l n 
щш_-—щ__ а [и 5 up] ór 
At 2Ar 34-1 i-1 
1 ntl _ n+l 1 ntl __ Qn (6 12) 
g€9i-i — Uy — 969 = —щ z 


Once this equation is applied to all grid points at the unknown time level, a set 
of linear algebraic equations will result. Again, these equations can be represented 
in a matrix form, where the coefficient matrix is tridiagonal. 


6.2.2.2. Implicit first upwind differencing method. А first-order backward difference 


approximation in time and space results in the following implicit scheme which is 
O(At, Az) 


uiuo gm 
= 6-1 
At : Az (6-13) 


This equation can be rearranged as 
cuz; — (rou = yr (6-14) 


Once Equation (6-14) is applied to all the grid points, it will result in a bidiagonal 
system. The solution of a bidiagonal system written in a general form of 


1 
Алиу + Biu; һ = Р; 
is given by 
1 
ati _ Di ~ Аш, 
и; = ————— 


Bi 


6.2.2.8. Crank-Nicolson method. This is a widely used implicit method for which 
the model equation takes the form 


uj — и 26 даъ uh — ubt + Ui — uil (6-15) 
At 2Azr 2Ах 


The order of accuracy is [((At)?, (Az)?]. This formulation also results in a tridiag- 
onal system of equations as follow. 
n+l 


1 1 1 
10 -ut — 49+ = up + 294 — и 1) (6-16) 
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6.3 Splitting Methods 


The methods introduced thus far are simple and their application to linear 
one-dimensional hyperbolic equations is straightforward. Extending these methods 
to multidimensional and/or nonlinear problems may create some difficulties. The 
implicit formulation of a multidimensional problem results in a large number of al- 
gebraic equations with a coefficient matrix that is pentadiagonal or larger. Solving 
such a system requires an excessive amount of computer time. Therefore, methods 
such as ADI, which split the multidimensional problem into a series of equations 
with tridiagonal coefficients, are preferred. Various formulations of ADI or, more 
generally, of approximate factorization discussed previously can be applied to mul- 
tidimensional hyperbolic equations. 


6.4 Multi-Step Methods 


The second problem to address is nonlinearity. Some of the methods presented 
for linear equations are not well suited to the solution of nonlinear problems. Multi- 
step methods, which use the finite difference equations at split time levels, work well 
when applied to nonlinear hyperbolic equations. Some of these methods are intro- 
duced in this section and their applications to linear model equations are illustrated. 
Later, these methods are extended to nonlinear problems. 

These methods may be referred to as predictor-corrector methods as well. In 
the first step, a temporary value for the dependent variable is predicted; and, subse- 
quently in the second step, a corrected value is computed to provide the final value 
of the dependent variable. 


6.4.1 Richtmyer/Lax-Wendroff Multi-Step Method 


The Lax-Wendroff method discussed earlier is split into two time levels. There 
are two variations of this method in the literature. The one referred to as the 
Richtmyer method applies the equation at grid point "i", while the so-called Lax- 
Wendroff multi-step method applies the first step at the midpoint 7+ i In both 
formulations, Lax's method is used at the first time level n + i followed by the 
midpoint leapfrog method at time level n+ 1. The method is second-order accurate 
both in time and space. 

The Richtmyer formulation is 
ntl ae 


lf, n n 
щ iata) -at wi- 
р = -qH ol 


м 2Ат 
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and 3i А 
n "n n 
uw -u ia Шы — Wo 
At 2Ах 
Rearranging terms yields 
+h 1 aAt 
щ = 2 (шы кщн) — 4Ar (иы 7 Ua (6-17) 
and 
aAt +1 +} 
uw = uP — 2Az (чї 2 Du) (6-18) 


This method is stable for aAt/Az < 2. 


The Lax-Wendroff multi-step formulation is 


n+} 1 aft 
шүр = 5 (a + Ut) 7 zac (uaa u) (6-19) 
and 
ал ү n4t n+l 
upt: = ul = "Ат CM а х) (6-20) 


The stability condition is aAt/Az < 1. Note that if Equation (6-19) is substituted 
into Equation (6-20), the original Lax-Wendroff equation given by (6-11) results. 
The same result can be obtained with Equations (6-17) and (6-18). Be careful about 
the step sizes! 


6.4.2 The MacCormack Method 


In this multi-level method, the first equation uses forward differencing resulting 
in the FDE М x " М 
Ww Uu шщ 6-21 
At uv" ( ) 
where * represents a temporary value of the dependent variable at the advanced 


level. The second equation uses backward differencing; thus, 





os SA dei 
i^t Ar 
1 
The value of uw is replaced by an average value, as follows. 


nt} 
ui Tus 


1 
5 (uf +f) 
The two-level MacCormack method is organized as: 


predictor step A 
u = ut — Suh ca] (6-22) 
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and 


corrector step alt 


P lile жүз, тезу MERE) | 
ш =3 (uj + uj) po (uj — uii) (6-23) 


This method is also second-order accurate with the stability requirement of 
алі / Лх < 1. It is well suited for nonlinear equations and is consequently a popular 
method in fluid mechanics. The order of differencing can be reversed for each time 
step, (i.e., forward/backward followed by backward/forward); and, for nonlinear 
problems, this procedure provides the best result. For linear problems, this method 
is equivalent to the Lax-Wendroff method. 

A note of caution. Our classification of various formulations into splitting 
methods is not universal. A multi-step method might be called а splitting method by 
some, or a predictor-corrector method by others. The important point to recognize 
is the distinct procedures of the methods. What was called the splitting method 
applies to multidimensional problems and reduces the finite difference equation to 
a set of equations that are tridiagonal. This procedure is used to increase efficiency; 
the resulting tridiagonal system requires less computer time. The second category 
of methods, which was called multi-step methods, solves problems in a sequence 
of time steps, using various finite difference approximations. These methods are 
desirable for solving nonlinear hyperbolic equations. 

Before proceeding to nonlinear hyperbolic equations, the applications of the 
methods just presented to a simple linear hyperbolic problem are considered. 


6.5 Applications to a Linear Problem 


As a first example, consider the first-order wave equation, 


ди ди 

Ot = E а> 0 (6-24) 
where a, the speed of sound, is selected to be 250 m/s. Assume that at time t = 0, 
а disturbance of half sinusoidal shape has been generated. The initial condition is 
specified as 





u(z,0) =0 0<2z< 50 

: т— 50 
u(z,0) = 100 {sin |= ( 60 )! 50 < z < 110 (6-25) 
u(z,0) — 0 110 < x < 400 


and is illustrated in Figure 6-1. 
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u(x,0) = 0.0 0<х<50 


u(x,0) =100зш|л| 2220) | so x «110 
60 


u(x,0) = 0.0 110< x « 400 





0 100 200 300 400 


Figure 6-1. Initial distribution at t — 0.0 sec. 





Assuming that the disturbance is introduced in a one-dimensional long tube 
with both ends closed, the imposed boundary conditions are 


z-0 u(0,t) =0 


and 
r-L u(L,t) =0 


Due to the simplicity of the problem, only some of the methods discussed earlier 
wil! be used to illustrate the solution procedures. However, the selected methods 
will illustrate the various types of errors associated with each. 

Start by considering an explicit first-order accurate method, such as the first 
upwind differencing technique. In this formulation, the finite difference equation 
applied to (6-24) is 


uj = up — ¢ (up — uP) (6-26) 


where c = aAt/Az. For a stable solution, c € 1. From the finite difference formu- 
lation (6-26), it can be seen that if c = 1, the solution is exact, i.e., 


ntl n 
i — "-1 


и 


To investigate the effect of various step sizes on the solution, three values of the 
Courant number are used. The cases under study are: 
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(1) Ar=50, At=0.02 resulting in c=1 
(2) Ar=5.0, At=0.01 с= 0.5 
(3 А2=5.0, Ағ = 0.005 с = 0.25 


Before analyzing the solutions, recall that first-order accurate methods (where 
second and higher order derivatives in the Taylor series expansion have been dropped 
in the approximation process) produce errors that are dissipative. These errors 
depend on the step sizes; hence, they affect the accuracy of the solution. 

The resulting solutions for c = 1.0 and 0.25 are presented in Tables 6.1a and 6.1b, 
and Figures 6-2 and 6-3. Figure 6-2 clearly illustrates the propagation of solution 
along the characteristic line. Note that in Figure 6-2, the solution is propagated 
with minimum error. That is not surprising, since for c — 1 the solution is exact. 
However, as the step size (At) is reduced so that the Courant number is smaller 
than one, errors appear in the solution. Due to the dissipation error of the method, 
the amplitude of the original (sinusoidal) function is decreased and the solution is 
dissipated to neighboring points. The phenomenon is clearly evident in Figure 6-3. 


Figure 6-2. Solution of the first-order wave equation by the ex- 
plicit first upwind differencing technique. 
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c — 0.25 
Figure 6-3. Solution of the first-order wave equation by the ex- 
plicit first upwind differencing technique. 














0.00 100.00 200.00 300.00 400.00 
x 





Figure 6-4. Comparison of the solutions of the wave equation by 
the explicit first upwind differencing method at t = 0.5 
sec for various Courant numbers. 
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0.00 100.00 200.00 300.00 400.00 
x 


Figure 6-5. Error distributions of the explicit first upwind scheme 
at t — 0.5 sec. 





The effect of the step sizes (the Courant numbers) on the solution of the wave 
equation is shown in Figure 6-4. These solutions are at t — 0.5 sec. It is clear that 
for c — 1.0, the solution is very close to the exact solution (with minimum error). 
As the Courant number decreases the errors increase, as is evident in the decrease 
in the amplitude and in the dissipation of the wave to the neighboring points. In 
conclusion, then, the best result is obtained when the Courant number is at the 
upper limit of the stability condition, ie., when c = 1. А comparison of errors at 
t = 0.5 sec for the three different Courant numbers is illustrated in Figure 6-5. The 
error is defined as the difference between the numerical and analytical solutions. 

It is interesting at this point to investigate the implicit equivalence of Equation 
(6-26) given by (6-14). It is important to recognize that both equations have the 
same order of accuracy, that is, O(At, Az). However, when the modified equations 
for the two formulations are considered, the differences between the two become 
apparent. In fact, the implicit formulation will have more of a dissipation error 
than the explicit formulation. To identify this difference, consider also the solution 
by the implicit formulation for Courant numbers of 1.0, 0.5, and 0.25 shown in 
Figure 6-6. А comparison with Figure 6-4 clearly indicates the larger dissipation 
error associated with the implicit formulation of (6-14). The solutions for Courant 
numbers of 1.0 and 0.25 are given in Tables 6-2a and 6-2b, respectively. The wave 
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propagation for Courant number of one is shown in Figure 6-7. Note that, even at 
c — 1, the solution has considerable dissipation error. Finally, the error distributions 
for the three Courant numbers at £ — 0.5 sec are shown in Figure 6-8. 

Next, a second-order accurate method to the model Equation (6-24) is applied. 
One such method introduced earlier is the Lax-Wendroff method. The finite differ- 
ence formulation applied to the model equation is 


1 1 
up? = uf соба а) + 50? (шл — 20 + uf.) (6-27) 


This method is stable when c < 1. Again, three cases with various step sizes will be 
investigated. A typical solution (c = 1.0) is presented in Table 6.3. The generated 
solutions for At step sizes of 0.02 and 0.005 are shown in Figures 6-9 and 6-10, and 
the solutions at t = 0.5 sec for the three cases are compared to the analytical solution 
in Figure 6-11. Furthermore, the error distributions at t = 0.5 sec for the three 
different Courant numbers are illustrated in Figure 6-12. Note that the solution 
behaves differently when this method is used. Since the algorithm is second-order 
accurate (third and higher order terms have been dropped in the approximation 
process of the finite difference relations), some dispersion error is expected. Indeed, 
the oscillatory behavior of the solution for the smaller Courant number clearly 
indicates the errors developed in the solution. Note that the amplitude of the 
solution remains the same (within small errors). 


0.00 100.00 200.00 300.00 400.00 
x 


Figure 6-6. Comparison of the solutions of the wave equation by the 
implicit first upwind scheme at t = 0.5 sec for several 
Courant numbers. 
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Figure 6-7. Solution of the first-order wave equation by the implicit 
first upwind scheme, c — 1 


Figure 6-8. Error distributions of the implicit first upwind scheme 
at t = 0.5 sec. 
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Figure 6-9. Solution of the first-order wave equation by the Lax- 
Wendroff method, c — 1.0. 


Figure 6-10. Solution of the first-order wave equation by the Lax- 
Wendroff method, c — 0.25. 
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0.00 100.00 200.00 300.00 400.00 
x 
Figure 6-11. Comparison of the solutions of the wave equation by 
Lax-Wendroff method at t = 0.5 sec for various Courant 
numbers. 
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Figure 6-12. Error distributions of the Lax-Wendroff scheme at t = 0.5 sec. 
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Again, the error is smallest at the upper limit value of the Courant number, i.e., 
when the Courant number approaches one. Therefore, the best solution is obtained 
by selecting step sizes which yield a Courant number of one, or close to it. These 
simple applications clearly illustrated the dissipation and dispersion errors discussed 
in Chapter Four. 


Now consider the implicit BTCS scheme. The finite difference formulation given 
by (6-12) is 


1 
сщ — upt 


1 
n+l __ n 
2 ee ala 


This equation, applied to alli at each time level, results in a system of tridiag- 
onal equations. Solutions were obtained with step sizes (At) of 0.02 sec and 0.05 
sec. The results are shown in Figures 6-13 and 6-14. 


The solutions for Courant numbers of 1.0 and 2.5 are presented in Tables 6-4a 
and 6-4b, respectively. Furthermore, the solutions at t = 0.5 sec for several Courant 
numbers are compared to the analytical solution in Figure 6-15, and the error 
distributions are illustrated in Figure 6-16. Note that the solution at higher Courant 
number (larger time step) has produced a poor solution. Therefore, the advantage 
of an implicit scheme due to its less restrictive stability requirement has to be viewed 
with skepticism for some applications. 


A multi-step method popular in aeronautics is the MacCormack method. But 
for linear problems, the method is equivalent to the Lax-Wendroff method. The 
solution is identical to the solution just obtained from the Lax-Wendroff method 
and, therefore, is not repeated here. The two methods are not identical for non- 
linear problems, though, and the MacCormack method will be investigated in the 
application of method to the inviscid Burgers equation. 


As a second example, consider the second-order, one-dimensional wave equation 
СЕМИ la (6-28) 


where a, the speed of sound, is assumed constant. 


Hyperbolic Equations 201 





RENS 
SESS VN 
ppg 


Q "n 
Ay = 
SSS 


Figure 6-13. Solution of the first-order wave equation by the BTCS 
implicit method, c = 1.0. 


Figure 6-14. Solution of the first-order wave equation by the BTCS 
implicit method, c = 2.5. 
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0.00 100.00 200.00 300.00 400.00 
x 
Figure 6-15. Comparison of the solutions of the wave equation by 
BTCS implicit method at t = 0.5 sec for various 
Courant numbers. 


0.00 100.00 200.00 300.00 400.00 
x 


Figure 6-16. Error distributions of the implicit BTCS scheme at 
t — 0.5 sec for several Courant numbers. 
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For the second-order hyperbolic equation, two sets of initial conditions are re- 
quired. These conditions may be expressed as 


u(z,0) = f(z) 
and Әщг,0 
d а ) = g(a) 


where f(x) and g(x) are specified for a particular problem. For this application, a 
и distribution similar to the one imposed on the first problem is used. In addition, 
g(x) = 0 is selected. The initial conditions are stated as 





0.0 0<= < 100 
u(z,0) = {100 [sinr (22%)] 100 < z < 220 
0.0 220 < т < 300 
ane Gu(2,0) oq 
8t | 


and the boundary conditions, which represent solid boundaries, are: 
r-0 u(0,t) = 0.0 
r-L u(L,t) = 0.0 


Since the application of the midpoint leapfrog method in the first example was 
not illustrated, it would be beneficial to consider its application to the problem at 
hand. This method, applied to (6-28), results in the FDE 


up = Qu? — ul! +c? (uy, — 208 uh) (6-29) 


The method is three-step, ie., the dependent variable appears at three time 
levels, n — 1, n, and n+ 1. Therefore, a starter solution is required. To generate a 
second set of data, consider the second initial condition, namely, 


Ou(z,0) _ 0 
m m 
Using a central differencing one obtains 
uri xu up! 
zA =0 or 
upt = up! (6-30) 
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Substituting (6-30) into (6-29) yields 


ult! = Qu? — ul" + (шу ut tuha) or 


1 
upt! = uf + 3e (ще 2u unu) 


which can be used as a starter solution. With the first initial condition provided at 
t — 0 (n = 1), it follows that 


1 
и? = ul + ae (uL, — Qu} + uli) 


where superscript 2 indicates time level 2. With the computed values of u? for all 
1, two sets of data at n = 1 and n = 2 are available for the solution of (6-29). The 
stability requirement of the method is c < 1. 

The analytical solution of (6-28) is well known. The solution has the functional 
form 


u(z,t) = f(x — at) + g(z + at) , 


where the solution propagates with constant speed a along lines z — at = сү and 
z+ at = c» with slopes dx /dt = +a. These аге the characteristic lines. 


Figure 6-17. Solution of the second-order wave equation by the mid- 
point leapfrog method. 





E 
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The numerical solution is presented in Figure 6-17. The initial wave is split into 
two waves (each with one-half the amplitude of the original wave) with the same 
wavelength and are propagated in the opposite directions, i.e., one to the right and 
the other to the left. As the waves reflect from the boundary, the sign of u changes. 
Note that to clarify the plot in Figure 6-17, all negative u were plotted as positive. 
The effect of various step sizes expressed by Courant numbers is shown in Figure 6- 
18. The oscillations (dispersion error) increase as the Courant number decreases. 
Again, as in the first example, the best solution is obtained for c — 1, which is the 
upper limit imposed by the stability consideration. 


100.00 200.00 300.00 


Figure 6-18. Comparison of the solutions of the wave equation by the 
midpoint leapfrog method at t = 0.28 sec. for various 
Courant numbers. 
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One further comment. Equation (6-28) is equivalent to the coupled first-order 
wave equations given by 


ди до 
Ot = азт (6-31а) 
A = а2“ (6-31b) 


Therefore a solution of the original model equation (6-28) may be obtained by 
solving the first-order equations (6-31a) and (6-31b). 

In conclusion, when one broadly compares the implicit and explicit methods just 
explored, it is clear that, for linear hyperbolic equations, the explicit formulations 
provide better solutions than implicit methods. The advantages of implicit methods 
(which are usually unconditionally stable) are lost, since large step sizes produce 
poor results. 


6.6 Nonlinear Problem 


The majority of partial differential equations in fluid mechanics and heat trans- 
fer are nonlinear. The simple linear hyperbolic equation just investigated should 
provide some foundation to approach the nonlinear hyperbolic equations. A classi- 
cal nonlinear first-order hyperbolic equation is the inviscid Burgers equation, which 
will be used as a model equation to investigate various solution procedures. 

In this section, the numerical techniques presented earlier for the linear problem 
will be applied to the nonlinear model equation. The inviscid Burgers equation is 


EM act (6-32) 


ot Oz \ 2 
Qu дЕ 
X7 5 (6-33) 


where E = u?/2. Equation (6-32) can be interpreted as the propagation of а wave 
with each point having a different velocity and eventually forming a discontinuity 
in the domain. This is similar to the formation of shock waves by a series of weak 
compression waves. 


3 
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Figure 6-19. Discontinuity used as initial condition. 


The discussion of various numerical schemes will be accompanied by their ap- 
plications to the example problem posed as follows. А discontinuity described by 


the function 
u(z,0)-21 0zrz20 


u(z,0) =0 20<2<4.0 
shown іп Figure 6-19 is to be used as initial data to investigate its propagation 
throughout the domain. 


6.6.1 The Lax Method 


This explicit method uses forward time differencing of O(At) and central space 
differencing of O(Az)?. The corresponding FDE for model equation (6-33) is 


For stability consideration, и? is replaced by its average at the neighboring points. 
Thus, 


А | S * At 
upt! m 2 (uiii + us) = 25r (Ei = Е? 1) ог 


1 М At к K 
ut = 2 (ui + ui) – 4Az (uh)? FE (071) (630) 
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t= 0.0 sec 


t= 0.6 sec 







t- 1.2 sec 


ett 





t= 1.8 sec 





0.0 1.0 








Figure 6-20. Solution of the inviscid Burgers equation by the Lax 
explicit method, Ar = 0.1 and At = 0.1. 





The solution will be stable when 
|а < 1 (6-35) 
Since the method is first-order, it is expected that the errors will be dissipative. 
The solution for Az = 0.1 and At = 0.1 at several time intervals is presented 
in Table 6.5 and Figure 6-20, which clearly reflects the dissipative nature of the 
solution. Note that the discontinuity is smeared over several grid points. The effect 
of the step size (and the corresponding Courant number) is shown in Figure 6- 
21, which indicates the solutions at t — 1.8 sec for values of At/Az — 1.0 and 


At/Az = 0.5. As in the linear problem, the best result is obtained for & Courant 
number of one. 


6.6.2 The Lax-Wendroff Method 


Here the finite difference formulation of the method is derived from a Taylor series 
expansion, as in the linear case. Consider the expansion 


2 
ut = +4 дш + ам 


i t 8t 88 9 eso) 
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Figure 6-21. Effect of step sizes on the solution of Burgers equation 
by the Lax method. 





The model equation is 


ди дЕ 
St Өх (6-37) 
Therefore, 
Eus 8. (22) ЕЕ А (5) 
ot Ot \ dx Ox \ Ot 
But 
oF oe oe) =-a (35) 
Ot ди + | Ou V Oz дх 
where А = дЕ/ди is known as the Jacobian. Therefore, 
Фи д дЕ д дЕ 
За = 75 (-452) == (452) (6-38) 
For the model equation, where 
E- Zu 


then 


к 
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After the substitution of (6-37) and (6-38) into Taylor series expansion (6-36), one 
obtains 


ur! =ї+(- =) А + : (492) ®” Ju -TO(AtD ог 


д Oz д 
utlu _ (8E 8E 
кош - (2) +3 x (^5:)3 ол? 


Now, the spatial derivatives are approximated by central differencing of order 
two, resulting in the FDE 





8E)" 8E" 
ч“ -щ Baan | [(48)5- (АФ), | at 
At 2AT 





At this point, the approximation 


(435); , oy 7 (48), т. ay eT- a ERE 
Ах i Ат 


for the last term is incorporated and the Jacobians are evaluated at the midpoints, 
which results in 


gaz (At + А?) (Ер. — ED) – zi (AP А?) (EP - Е?) 
Ат 


Note that for the problem at hand, А = u. Finally, the FDE is arranged as follows: 


uw = up — one (Ein — ER) 
wa (ut, + ut) (Efa — ED) - (ul + uh) (EF — ЕТ] (6-39) 


The method is second-order, with a stability requirement of |umax At/Az| < 1. 
Application of the method to the sample problem yields the solution shown in 
Figure 6-22 and Table 6.6, where the step sizes were Az = 0.1 and At = 0.1. These 
step sizes correspond to a Courant number of one. The dispersion error is evident by 
the presence of oscillations in the neighborhood of the discontinuity. Two solutions 
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obtained with various step sizes (and, therefore, Courant numbers) at t = 1.8 
sec are compared in Figure 6-23. When At/Az = 0.5, the oscillations are larger 
and propagate further from the discontinuity. In general, as the Courant number 
decreases, the solution degenerates; the best solution is obtained at a Courant 
number of one. 


6.6.3 The MacCormack Method 


This multi-level method applied to the model equation yields the finite difference 
equations 


. At 
u = up — = n - E) (6-40) 
dh 1 At 
uh = а REGEL) (6-41) 


The stability requirement of the method is |tmax At/Az| < 1. The solution obtained 
at several time intervals with Az — 0.1 and At — 0.1 is shown in Figure 6-24 and 
presented in Table 6-7. This solution, unlike the solution of the Lax method and 
the Lax-Wendroff method, is well behaved. This is due to the splitting procedure 


t= 0.0 sec 
t= 0.6 sec 
t-12 sec 


t= 1.8 sec 


0.0 1.0 


Figure 6-22. Solution of the inviscid Burgers equation by the Lax- 
Wendroff explicit method, Az = 0.1 and At = 0.1. 
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3.0 4.0 





x 


Figure 6-23. Effect of step sizes on the solution of Burgers equation 
by the Lax-Wendroff method. 


t 7 0.0 sec 
{= 0.6 sec 
t= 1.2 sec 


t= 1.8 sec 


rre 


Figure 6-24. Solution of the inviscid Burgers equation by the Mac- 
Cormack explicit method, Az = 0.1 and At = 0.1. 
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and corresponding forward, backward differencing used to approximate the spatial 
derivative. Note that the solution is not identical to that of the Lax-Wendroff 
method, as it was in the linear problem (see Figures 6-22 and 6-24). As with the 
previous methods, the solution degrades as the Courant number decreases from the 
maximum allowable value of one (see Figure 6-25). As expected, the best solution 
is obtained with At/Az == 1.0, i.e., when the Courant number is one. 


6.6.4 The Beam and Warming Implicit Method 


To understand the development of this method, start with the Taylor series expan- 
sions 
Pu 


u(z, t+ At) = u(z,t) + xL А+ эй 


Эн, = +O? (6-49) 
and 


Puj (Az)? 


ди : 
et 4 
дг s + эп анд 2! + O(At) (6-43) 


u(z,t) = u(x, t+ At) - 


3.0 4.0 


Figure 6-25. Effect of step sizes on the solution of Burgers equation by Mac- 
Cormack method. 
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Subtracting (6-43) from (6-42), one obtains 








ди ди 
= ED A E: 
2u(z, t + At) = 2u(z,t) + Ot let CI E 
uj (At) Ou (At)? 3 
Qu zt 2! ~ Ot х+м 2! АИ 








ог, in terms of indices, 


(2) + (б) | At+ (3). E (б) | E + O(At)? 


i i i i 


1 
up =u + 2 








Additional substitution is considered for (0?u/0t?)7?*! using the equation 


QuV Pu)" 8 (09V А 
(=) - (5) +5 (ae) Bees) 


i Li $ 


Thus, 
1[/du\" 3u" 
п+1 BLL oe 22 3 
и =u + 2 Ө) + (ж), At + O(At) (6-44) 
For the model equation, recall that 
ди __дЕ 
Ot | дт 


which, after substituting into (6-44) and rearranging the terms, becomes 


unt! цп 1|/8EV | (8EV 2 
— ARIS S (ж) + (22) | + O(At) (6-45) 


i 


which is written in this form to show the method's second-order accuracy in time. 
At this point, a distinct difference in the implicit and explicit formulation of the 
finite difference equations for the nonlinear model equation is recognized. Since the 
nonlinear term E = u?/2 was applied at the known time level n, the resulting FDE 
in explicit formulation was linear. On the other hand, the resulting FDE in implicit 
formulation is nonlinear and, therefore, a procedure is used to linearize the FDE. 
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From Taylor series expansion, 


E(t + At) = E(t) + ÎE at + O(At)? 


= E(t)+ = 79 + O(At? 
or, in terms of indices, 
дЕ (u^! 
+1 _ 2 
Е" Е" + = (= Xi ^) ace onn 


Recall that ӘЕ/ди = A is the Jacobian (for this model equation, А = и). Therefore, 
(taking the partial derivative of the equation above) 


(2)"- 2) «Ze 


Substitution into (6-45) yields 
upt шә 1[[дЕ\"  (8EV 3 ae 
s a «as eec) 


w-ap seers} ee 


For the term 2. [4 (и! ~ up). a second-order central differencing is used so that 


or 


д ntl nM — At, ut — Ар. Yu З Aja — А? уи? 
Ox [4 (u; ü «)| t 2Ах 2Az 


Note that lagging of the Jacobian is employed, i.e., the value of A at the known 
time level n is used to produce a linear equation. Finally, (6-46) is written by the 
following FDE: 


ur = yt — = At 2 Evi „ыч Pur _ Anun — А? iu 
е 2Ах 2Ат 
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This equation may be rearranged and represented as а tridiagonal system; thus, 


Ab. ma. oy. At 
“Ar iuri upt! + 4^z ыш = 
21A At AS E 
uU олс (Baa E) + Tag mU — gagat (6-47) 


The resulting finite difference equation is second-order accurate and is uncondi- 
tionally stable. 

The solution of the proposed problem at several time intervals is shown in Fig- 
ure 6-26 and Table 6-8. Because the method is second-order accurate, the solution 
has a dispersion error that is indicated by oscillations within the domain. Indeed, 
the oscillations are so large that the solution is clearly unacceptable. To reduce 
the oscillations, a fourth-order smoothing (damping) term is explicitly added to 
the FDE. Since the added damping term is fourth-order, it does not affect the 
second-order accuracy of the method; however, the solution will be stable only if 
0 < e, < 0.125. 





{= 1.8 sec 









1.0 2.0 3.0 4.0 








Figure 6-26. Solution of the inviscid Burgers equation by the Beam 
and Warming implicit method, Az = 0.1 and At = 0.1. 
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The fourth-order damping term has the form 


D = –є, (u$, — Aut, + би? — 4uj_, + uf.) (6-48) 


Further discussion on various damping terms is provided in Section 6.7. The 
resulting solution with the damping term and e, — 0.1 is shown in Figure 6-27 and 
Table 6-9. The oscillations near the discontinuity still persist; however, the overall 
solution is reasonable. The effect of various step sizes on the solution is shown in 
Figure 6-28. The solutions are at t = 1.8 sec and were generated with the damping 
factor of є, = 0.1. For a large time step, i.e., when At/Az = 2.0, the solution has 
too great a dispersion error, as the large oscillations near the discontinuity suggest. 
Here, as with the linear hyperbolic equation, the drawbacks in using the implicit 
schemes to solve nonlinear hyperbolic equations are illustrated. The advantages of 
implicit methods in terms of stability and the large step sizes they allow are lost, 
since the solution for large step sizes becomes unacceptable. 


t= 0.0 sec 
t 7 0.6 sec 
t=1.2 sec 


t= 1.8 sec 


0.0 1.0 А А 4.0 


Figure 6-27. Solution of the inviscid Burgers equation by the Beam and 
Warming implicit method with damping of є, = 0.1, Az = 0.1 
and At = 0.1. 





218 Chapter 6 














0.0 1.0 2.0 3.0 4.0 








Figure 6-28. Effect of step sizes on the solution of Burgers equation 
by the Beam and Warming method with e, == 0.1. 


6.6.5 Explicit First-Order Upwind Scheme 


A first-order forward difference approximation in time and a first-order back- 
ward difference approximation in space yield the following equation. 


ut -ur m E — ER, 
At Az 
or 
" п At 
up = u; — Ат (Е? — Ег) (6-49) 


The formulation is O(At, Az), and it is stable for c < 1. A typical solution is 
shown in Figure 6-29. 


6.6.6 Implicit First-Order Upwind Scheme 


An implicit first-order upwind scheme can be written as 


n ntl z n+l z 
кыш z -5 e E e. (6-50) 
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t= 0.0 sec 
t= 0.6 sec 
t= 1.2 sec 


t= 1.8 sec 


0.0 1.0 : А 4.0 


Figure 6-29. Solution of the inviscid Burgers equation by the explicit 
first-order upwind scheme, Az — 0.1 and At — 





Now a simple lagging scheme is used to linearize Equation (6-50) to obtain 


ntl n 
Wo —j _ 1 sax ( п, ntl m 


At Bag WM Фаш 


which can be rearranged in a bidiagonal form as 


(с\з) ир} — (1 + Aca: ) upt! = ш" (6-51) 


The solution at several time levels is shown in Figure 6-30. Observe that the 
error is larger for the solution obtained by the implicit scheme compared to the 
equivalent explicit scheme. Recall that a similar conclusion was reached earlier in 
the analysis of linear equations in Section 6.5. 


6.6.7 Runge-Kutta Method 


A numerical scheme commonly used to solve initial value problems for ODE's 
is the Runge-Kutta (RK) method. This scheme essentially utilizes the weighted 
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average of several solutions over the interval At in order to improve accuracy of 
solution. To clarify the statement made above, consider the model equation (6-33), 












0.0 10 2.0 30 4.0 





Figure 6-30. Solution of the inviscid Burgers equation by the implicit 
first-order upwind scheme Az = 0.1 and Лі = 0.1. 





Ot ðr 
A first-order forward differencing provides 


upt! = uP — At (£) (6-52) 
дт 


Several approximations are available to evaluate the convective term (дЕ/дх)". For 
example, one may use central differencing of second order to obtain Euler's FTCS 
explicit scheme. Recall that, due to stability consideration, a modification was 
introduced and the resulting FDE is known as the Laz method. 

Now consider evaluating the convective term (дЕ /дх) at several time sub- 
intervals within a time interval At and subsequently obtain the final solution by 
averaging of these values. For example, first evaluate a value of u; using a time 
step of At/2 designated by иб. The superscripts with parentheses will be used 
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to designate values at a time level of o At within the specified time step where 
0 « a « 1. It is common to set the value of variable at time level of *n" to the time 
level designated by (1). 

Now, the formulation is written as 


" 


E] 


(6-53) 


At (ӘЕ\" 
4 = ш (=) (6-54) 


Note that Equation (6-53) is written in order to designate it as the first stage of 
Runge-Kutta method and to be consistent with the order of the method as it will 
be seen shortly. In fact, it is not required to define it in the programming process. 

Again, as discussed previously, any spatial finite difference approximation can 
be used for the convective term (OE/0z). Once „2 is determined, a final solution 


for u?*! is computed from 


ш?! =u? ДІ ү (ж) + (=) "| | (6-55) 


The scheme given by Equations (6-53) through (6-55) is known as a two-stage 
Runge-Kutta method and is second-order accurate; it will be referred to as a second- 
order Runge-Kutta method. 'The order of accuracy is determined by comparison 
of the scheme with Taylor series expansion. Note that, in Equation (6-55), equal 
weight is given in the averaging process of the convective term. In fact, Equation 
(6-55) can be expressed in a general form as 


(1) (2) 
ШУ =u? — At fe (=) +b (=) | (6-56) 


where а and b are weighted factors and, in Equation (6-55), were set to 0.5. Note 
that the sum of weighted factors in the averaging process must be equal to one. 
That is, the sum of a and b in Equation (6-56) must be one. Furthermore, note 
that in evaluation of uf? in Equation (6-54) the time interval was set at midpoint, 
i.e., At/2. In fact, the coefficient of At can be set to any value between zero and 
one. Therefore, it is seen that several (indeed infinite) number of second-order RK 
schemes can be developed. The second-order scheme given by Equations (6-53) 
through (6-55) is the most common. 
А general Q-stage Runge-Kutta scheme can be written as follows: 


i 
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Ө = ш (6-57) 
(1) 
ue = u—oO3At (55) (6-58) 
(2) 
uw = u; — os At (55) (6-59) 
(3) 
ul? = u®—a,At (55) (6-60) 
(Q-1) 
шә = uy — agAt (92) (6-61) 
апа Же 
q= q 
wt = ut ДЕ |У B, (55) (6-62) 
oat Oz 


Note that 8, represent the weight factors such that grand B, = 1 and the coefficient 
a’s are specified within zero and one. 

Among a variety of RK schemes, the fourth-order RK scheme is perhaps the 
most commonly used. A fourth-order scheme for Equation (6-33) can be written as 


Ш) = ш (6-63) 
i = ФА (22) ' (6-64) 
u = uf — zt (22) (6-65) 
Ш) = иді (Ey (6-66) 


and 


up шщ At 





1/(8EV? 1 (9Е\9 1 (9Е\9 1 (any 
3 (3) $6) +2092) so) 90 
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Runge-Kutta schemes are typically expressed in explicit form. Implicit RK 
schemes are computationally expensive and are rarely used. 
Some of the advantages of Runge-Kutta schemes are: 


1. Runge-Kutta schemes are usually expressed as explicit formulations, and, 
therefore, the schemes are easy to program. 


2. Runge-Kutta schemes possess better stability criteria than comparable ex- 
plicit schemes. Recall that, for most linear hyperbolic equations, the stability 
requirement of explicit formulations is c € 1. It can be shown that, for a 
fourth-order RK scheme with central differencing of convective term, the sta- 
bility requirement is c < 22. It is emphasized, however, that the scheme 
may be unstable for nonlinear hyperbolic equations when central differencing 
of convective term is used. Therefore, damping terms are typically included 
to stabilize the solution. To reduce computational cost, these damping terms 
may be evaluated only once at time level of n and augmented to the solution 
after the final stage. 


The primary disadvantages are: 


1. Since several computations are performed for each interval, the scheme re- 
quires significantly more computation time per step. 


2. Error estimates are typically difficult to obtain. 


In the following applications, a second-order central difference approximation is 
used to compute the convective terms, that is, 


OE Еһ- Е 
ðr 2AT 


The solution of the proposed problem in Section 6.6 with a fourth-order RK 
governed by Equations (6-63) through (6-67) is shown in Figure 6-31 and provided 
in Table 6.10. The spatial and temporal steps are 0.1 and 0.1, respectively. The 
solution has developed large and unacceptable oscillations. That is not surprising 
since the central difference approximation used in the formulation possesses a large 
dispersion error. Similar behavior was observed in the solution by the Beam and 
Warming scheme. To reduce the oscillations to an acceptable level, a fourth-order 
damping term must be added. For this purpose, Equation (6-48) is evaluated at 
time “n” and augmented after the last stage. That is, after Equation (6-67), и?! 
is augmented according to uft! = uft!+ D. Now, the solution with the added 
damping term and e, of 0.1 is shown in Figure 6-32 and presented in Table 6-11. 
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0.0 1.0 2.0 3.0 4.0 


x 
Figure 6-31. Solution of the inviscid Burgers equation by the fourth-order 
Runge-Kutta method, Az — 0.1 and At — 0.1. 


0.0 4.0 





Figure 6-32. Solution of the inviscid Burgers equation by the fourth-order 
Runge-Kutta method with є, = 0.1, Az = 0.1, and At = 0.1. 
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Observe that the large oscillations in the solution have been eliminated and that 
the solution is reasonable. In fact, the solution is very similar to that of Beam 
and Warming implicit scheme, shown in Figure 6-27. The effect of step size on the 
solution is shown in Figure 6-33 for two different Courant numbers. 


6.6.8 Modified Runge-Kutta method. 


In order to reduce the storage requirement of the RK scheme, a modification is 
introduced to eliminate the averaging step. Therefore, the equivalent formulation 
for a second-order RK scheme is written as 


uf? = uP (6-68) 
A E (1) 

ug = w- T: (=) | (6-69) 
@ 

unt! = u?— At (ж). (6-70) 


and a fourth-order RK scheme is 
uP = ш" (6-71) 


A 
© = ut -— (6-72) 


(zz) 
(P = а 8 G (6-73) 
(8) 


Ti 
(3) 

uf = a5 (22) (6-74) 
(4) 

uw = uf—At (92) (6-75) 


Again, a central difference approximation of second-order accuracy is used for 
the convective term QE/Oz. The solution by the modified fourth-order RK is shown 
in Figure 6-34 and is provided in Table 6-12. The solution is similar to that of the 
fourth-order RK shown in Figure 6-31. Again, the addition of a damping term is 
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necessary to produce acceptable solution. The solution with the damping term of 
(6-48) and a specified coefficient of є, = 0.1 is shown in Figure 6-35 and given in 
Table 6-13. Note that the addition of a damping term is similar to that of the 
previous section, that is, u?*! = u?*! + D, which is applied after (6-75). 


x 
Figure 6-33. Effect of step sizes on the solution of the inviscid Burgers 
equation by the fourth-order Runge-Kutta method with 
Ee = 0.1. 
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х 


Figure 6-34. Solution of the inviscid Burgers equation by the modified 
fourth-order Runge-Kutta method, Az — 0.1 and At — 0.1. 


0.0 $ А А 4.0 


x 
Figure 6-35. Solution of the inviscid Burgers equation by the modified 
fourth-order Runge-Kutta method with damping of e, = 0.1, 
Az — 0.1, and At — 0.1. 
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6.7 Linear Damping 


At this point further elaboration on the appearance of oscillations within the 
solution domain and methods to alleviate them is appropriate. The root cause of 
such oscillations will be reviewed by considering the simple wave equation. Recall 
the approximation of the wave equation by a first-order scheme. For example, 
consider the explicit first upwind scheme given by 


ur 


i = и? = c(u; = ug) а> 0 
То identify the dominant error term, the modified equation must be investigated, 
which, for the explicit first upwind scheme was derived previously and is given by 


ðu ди 1 дш 1 2 Pu 
Ot + аат = 5aAs(1 = с) 5-2 = g^ (A2) (28 — 3c laa 


The dominant error term is the even derivative term on the right-hand side of the 
equation. Recall that even derivative error terms are associated with dissipation 
error. Thus, sharp gradients within the solution are smeared, resulting in an inaccu- 
rate solution. In order to increase accuracy, i.e., reduce smearing of sharp gradients, 
grid refinement is required. However, that would lead to a computationally inten- 
sive and expensive operation. Indeed, in most practical applications, it would be 
impossible due to limited capacity of available hardware. Thus, it is desirable to in- 
crease the accuracy by incorporating higher order finite difference equations, such as 
second-order methods. Unfortunately, as seen previously, this approach has its own 
disadvantage in that second-order schemes possess a dominant odd-order derivative 
in their modified equations. Such error terms are associated with oscillations, i.e., 
dispersion error. 

A simple scheme to reduce oscillations within the solution is to add second-order 
or fourth-order damping terms, as was shown in the previous section. Generally, 
the coefficients of the damping terms are specified by the user and remain constant 
throughout the domain as well as in the computational process. Therefore, such 
damping terms are referred to as linear damping or equivalently linear dissipation 
terms. The addition of such linear damping terms to the finite difference equation 
is relatively simple. The difficulty, however, is associated with the specification of 
the damping coefficient. It should be noted that, in general, a bound on the value of 
damping coefficients can be determined or estimated by stability analysis. However, 
the optimum value is not known a priori and is problem dependent. One must 
be extremely careful in the specification of the damping term(s), in particular for 
problems where physical dissipation (i.e., viscosity for example) is present. Addition 
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of too much damping into the solution (unintentionally, of course) will clearly pollute 
the viscous region and may smear the sharp gradients in the inviscid region as well. 

Obviously, inaccuracies in the solution of the viscous region would result in inac- 
curate velocity and temperature gradients. Recall that these gradients are used to 
determine skin friction and heat transfer coefficients. The inaccuracies could result 
in predictions of skin friction and heat transfer which may be off by as much as 
10096. Since these quantities are important parameters in the design of machin- 
ery and vehicles, accurate computation of these parameters is extremely important. 
Therefore, it is strongly suggested that the damping coefficient be kept to a mini- 
mum value, just sufficient enough to damp out the oscillations within the solution. 

Before proceeding further, some essential conclusions from numerous investiga- 
tions with regard to linear damping terms are summarized. 


1. Addition of a fourth-order damping term to a second-order scheme does not 
affect the formal order of accuracy of the algorithm. 


2. Fourth-order damping terms are generally added explicitly, that is, they are 
added to the right-hand side of the equations. Therefore, as mentioned previ- 
ously, stability analysis will impose an upper limit on the value of the damping 
coefficient. It is then clear that when performing computations by implicit 
schemes where larger step sizes (or correspondingly larger Courant numbers) 
can be used, the amount of added damping may be insufficient to damp out 
the oscillations. To overcome this limitation, a second-order damping term is 
added to the left-hand side of the equation (in addition to the fourth-order 
damping term on the right-hand side). The selection of a second-order implicit 
damping term will preserve the tri-diagonal nature of the implicit formulation. 


3. The addition of damping terms not only eliminates or reduces oscillation in the 
solution, it helps stabilize the solution. That is, a solution at larger step sizes 
may be obtained which otherwise would have been unstable. In applications 
where density is being computed, oscillations in the solution may result in 
negative values of density. Addition of damping terms could help to alleviate 
this difficulty. | 


4. A typical fourth-order damping term for a one-dimensional problem may be 
expressed as 
Фи 
Р”. = -e(Azf oa (6-76) 
This term is added explicitly to the right-hand side of the finite difference 


equation. А negative sign is required to produce positive dissipation. The 
fourth-order derivative in (6-76) is approximated by a central difference ex- 
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pression as follows: 
a*u 
(Ar) 37 = шоо — 4ш + бшщ — denier + ua (6-77) 


The damping term given by (6-76) is easily extended to multidimensional 
problems. For a two-dimensional problem, for example, it may be written 


D. = азу EI D a (6-78) 


A second-order implicit damping term may be dim to the left-hand side of 
an implicit formulation, generally defined by 


Фи 
Р; = e(Az) a5 (6-79) 


The second-order derivative may be approximated by 


e 
(Ar) = uii — 2щ + wa (6-80) 


‚ Stability analysis performed on simple model equations provides a bound on 


the values of explicit damping coefficients є, and provides a relation between 
the explicit and implicit damping coefficients. The value/relation given in this 
section is provided as a general benchmark value to provide an estimate on the 
values of the coefficients. Clearly, these values will vary from one scheme to 
another. To obtain a more accurate value for a particular scheme, a stability 
analysis will be required. For example, an upper limit value of e, = i for the 
Beam and Warming scheme is obtained. It should be recalled that stability 
analysis is performed on linear equations. Therefore, the actual values for 
nonlinear problems may be more restrictive. 


If a formulation includes both a fourth-order explicit damping term as well as 
a second-order implicit damping term, a typical relation is given by €; = 2e,. 
Of course, the difficult task of specification of є, still remains. The typical 
values given above can be used as a starting point. Obviously one would like 
to select the damping coefficients є, and є; as small as possible to damp out 
oscillations with minimum infusion of numerical viscosity into the solution. 
User experience with numerical schemes, specific application and physical 
insight is probably the best guide in the selection of values for the damping 
coefficients. 


3 
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6. In applications where viscous effects are confined to a particular region (for ex- 

ample, the boundary layer region) physical viscosity may be sufficient enough 

to prevent oscillations in that region. Therefore, the damping terms are turned 

on only in the inviscid regions where formation of shock waves, i.e., large gra- 
dients could cause oscillations in the solution. 


A logical procedure by which one may increase the accuracy of linear damping 
terms is by introduction of techniques in which the amount of damping is selectively 
added in regions where required. For this purpose, one would introduce a sensor 
which detects the gradients in the flowfield, e.g., computes the pressure gradient. 
Now, in regions where the gradient is large, the damping term is activated. Fur- 
thermore, the amount of added damping can be varied according to information 
provided by the sensor, ie., in regions with severe gradients, а large amount of 
damping is added whereas in regions with moderate gradient, a smaller amount of 
damping is introduced. 

Permitting such a dependency is logical from the standpoint of accuracy. Damp- 
ing is increased in the vicinity of a discontinuity to maintain monotonicity, whereas 
damping is decreased in smooth regions, which otherwise would increase the trunca- 
tion error. À procedure may also be devised whereby a second-order scheme switches 
to a first-order scheme by the use of a sensor. Recall that a typical first-order Scheme 
is oscillation free; therefore, in the vicinity of large gradients, oscillations will not 
develop. The sensor in this case, which essentially plays the roll of limiter param- 
eter, is defined as a flux limiter. These are used extensively in Total Variation 
Diminishing (TVD) schemes. Further discussion of flux limiters is postponed to 
Section 6.10. 


6.7.1 Application 


Consider the sinusoidal disturbance of Section 6.5 with a = 250 m/sec. The 
Lax-Wendroff scheme applied to the wave equation is given by 


1 1 
up? = up = соба -шЧы) + 52 (ula — 202 + uh) (6-81) 


The solution as illustrated in Figure 6-10 includes oscillations within the domain. 
The solution obtained with a spatial step of 5.0 and temporal step of 0.01 seconds 
at time levels of 0.15, 0.3 and 0.45 seconds is shown in Figure 6-36. 
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t=0.0 sec 
t = 0.15 sec 
t=0.3 sec 


{= 0.45 sec 





Figure 6-36. The solution of the wave equation by the Lax-Wendroff scheme. 


Note that the initial profile is given by Equation (6-25). Now consider the addition 
of an explicit second-order damping term given by (6-80). Thus, the Lax-Wendroff 
scheme is expressed as 


1 1 
upt! = ul тоби — ua) + Felu —2щ + uf) + De 


where 
D, = e (uj, — 2uj + ut 3) 

The solutions with damping factors є, of 0.03, 0.06 and 0.12 are shown in Figure 
6-37. The step sizes specified previously for the solution shown in Figure 6-36 are 
used in this solution as well. Solution is also attempted with =, = 0.40; however, 
the damping coefficient of 0.40 exceeds the requirement imposed by the stability 
condition and an unstable solution is developed. Аз а comparison, the solution is 
shown in Figure 6-37(d). 

As discussed previously, note that the addition of a damping (dissipation) term 
will reduce the amplitude of the wave. That is clearly evident in Figure 6-37. The 
larger the amount of damping, the larger the decrease in the amplitude. Thus, the 
amount of damping must be kept to a minimum, just sufficient enough to damp out 
the oscillations. 


* 
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Figure 6-37. The solution of the wave equation by the Lax-Wendroff 
scheme with a second-order damping term. 





6.8 Flux Corrected Transport 


The addition of damping terms was suggested in the previous section in order 
to eliminate or reduce oscillations within the domain in the neighborhood of sharp 
gradients. Consider now an extension of the procedure whereby a second equation is 
added. In essence, the finite difference equation is modified to a predictor /corrector 
type, where in the predictor step a damping term is added and in the corrector step 
a certain amount of damping which may have been excessive is removed. Such a 
scheme is known as the Flux Corrected Transport (FCT) and was develped in Ref. 
[6-1]. The term which is introduced in the corrector step to remove the excessive 
damping is known as an anti-diffusive term. 
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To illustrate the procedure, consider the Lax-Wendroff scheme applied to the 
wave equation given by 


1 1 
ut -u- gc ia =) + 3€ a —2uj ui) 


А second-order damping term of the form 
D = &(uj,, — 2u? + и?) (6-82) 


may be added such that the finite difference equation is written as 


* 1 n 1 n 
щ = ш – zen — uf.) + (e+ 3€). ~ 2uj + uj) (6-83) 
Equation (6-83) is the predictor step, which provides an intermediate value for u. 
Now, a corrector step where an anti-damping term is included is used to provide 
the value of u at time level n -- 1. The equation is expressed as 


upt! = uf — eut, — 2щ + ut) (6-84) 


Expressions for the damping coefficients €, and &; may be developed for a specific 
scheme applied to a model equation. Such expressions for the Lax-Wendroff scheme 
applied to the continuity equation are recommended in Ref. [6-2], where 


BS za +2) (6-85) 
and 1 
£9 = 601 - с?) (6-86) 


In order to preserve the conservative form of the equation for the general case of a 
nonlinear problem, the anti-diffusive term may be applied at i points, i.e., 


—— (шз = 0,1) (6-87) 


where 
Un = €2(uj,, — ui) (6-88) 


and 


ul 


= ex(ui — ui) (6-89) 
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Further investigations, however, suggest the use of alternate expressions for (6- 
88) and (6-89). These expressions are developed in order to prevent the injection 
of maxima or minima into the solution at the anti-diffusive step. The expressions 
to be used in (6-87) are 


Ñi, = Sgn(Au, )Max(0.0, min[Au, ; Sgn(Au, 1),& | ^ui, |, 


Sgn(Au,, Au, al} (6-90) 


where 
"TM * 
Au, 1 = Щ+1 —. и; 


+ 


— * 
Au; = Uiz 7 Ui 


Sgn(A) = A/ABS(A) 


and 
44 = Sgn(Au, у) Мах{0.0, min[Au,, , Sgn(Au,,,), єз | Au. |, 
Sgn(Au,_;)Au,_3]} (6-91) 
where 
Au, ц = uj — U 
and 


EX NDS 
Aug = uj — uis 


6.8.1 Application 


The FCT formulation of (6-83) and (6-84) is applied to the previous example 
as described in Section 6.5. The solution with the damping coefficients of 0.026 and 
0.002 for є; and £2, respectively, is shown in Figure 6-38. 
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Figure 6-38. The solution of the wave equation by the Lax- Wendroff 
scheme with FCT. 





6.9 Classification of Numerical Schemes 


It is appropriate at this point to review/introduce some additional termi- 
nologies and to further classify equations utilized in conjunction with numerical 
approximations of hyperbolic equations. Initially, the concepts are introduced with 
the least amount of reference to mathematical details and equations. Subsequently, 
various formulations are explored. 


6.9.1 Monotone Schemes 


It was previously shown that certain first-order schemes, such as the upwind 
differencing scheme, produce oscillation-free solutions even in the presence of large 
gradients. Oscillation-free schemes are generally known as monotone schemes. It 
can be proven that monotone schemes are only first-order accurate. Therefore, as 
seen previously, monotone schemes are dissipative and, in general, a discontinuity 
would be smeared over several grid points, even though grid refinement will reduce 
the smearing somewhat. A formal requirement of monotonic scheme is stated by: 
(1) as the solution proceeds in time, no new local extremes are developed; and (2) 
the local minimum is non-decreasing whereas the local maximum is non-increasing. 
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6.9.2 Total Variation Diminishing Schemes 


Define the total variation of a variable such as u by 
ди 
TV(u) = |155 ldz 
w= fiS 
where in a discrete form, the total variation of numerical solution may be expressed 
by 
+оо 
TV(u") = У | ui | 
A numerical scheme is said to be Total Variation Diminishing (TVD) in time if 


TV (u^!) € TV(u") 


TVD schemes can be classified as either a first-order TVD scheme or a second- 
order TVD scheme. 

It is beneficial at this point to introduce some essential remarks about the TVD 
schemes, some of which will be explored in the upcoming section. 


1. It can be shown that all monotone schemes are first-order TVD schemes, i.e., 
monotone schemes are a subset of TVD schemes. 


2. А general explicit formulation for the wave equation may be expressed as 


upt! = шр + Aj 4 Aus – B, Au; j (6-92) 
where 
Ам, = Ui — u; and Au; і —Uu—ui 


and the coefficients A and B are to be determined for a specific scheme. The 
scheme is said to be TVD if the following sufficient conditions are satisfied: 


A44 20 (6-93) 
Bi 20 (6-94) 
and 


3. TVD property is valid only for homogenous scalar hyperbolic conservation 
equations. Extension to non-homogeneous hyperbolic equations is limited to 
special cases. 
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4. Second-order TVD schemes can be developed by the use of flux limiters. In 
such schemes, the formulation is second-order within the smooth region of 
the domain whereas it switches to first-order in regions of high gradients to 
prevent any oscillations. 


5. Аз in any other scheme, implementation of boundary conditions may create 
some difficulty. Generally it is difficult to prove the TVD property for the 
combined interior and boundary formulation. 


6. The formal extension of TVD property to systems of nonlinear equations and 
multi-dimensional systems has not been established. However, numerical ex- 
periments with these systems have shown that the TVD property may be 
preserved. Therefore, TVD schemes for multi-dimensional systems are com- 
monly used. 


T. TVD schemes possess desirable properties for the computation of domains 
with discontinuities. However, they are more expensive in comparison to 
schemes employing simple linear dissipation terms. 


8. TVD schemes eliminate oscillations within the domain while shock smearing 
is reduced. 


9. TVD schemes which are based on central difference approximations of the con- 
vective terms as well as the flux limiters are usually referred to as symmetric 
TVD schemes. Similarly, TVD schemes which employ one-sided differences 
are referred to as upwind TVD schemes. 


6.9.3 Essentially Non-Oscillatory Schemes 


Generally speaking, the so-called Essentially Non-Oscillating (ENO) schemes 
use similar principles as those of TVD schemes. The main difference between the 
two schemes is that some ENO schemes can retain the same order of accuracy for 
the entire domain. These schemes are not used as extensively as the TVD schemes; 
therefore, no further discussion will be presented. 


6.10 TVD Formulations 


Numerous TVD schemes have been developed by various investigators over 
the last several years and more are being introduced at present. The various TVD 
schemes can be broadly categorized and subcategorized. First, TVD schemes may 
be classified as first-order TVD schemes, second-order TVD schemes which are 
usually referred to as high resolution schemes, and predictor-corrector type TVD 
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schemes. Furthermore, in each category, the formulation may be explicit or im- 
plicit. In terms of the finite difference approximation, the resulting formulation 
may be classified as symmetric or upwind. Furthermore, for each formulation, dif- 
ferent functions may be available for the flux limiters. Thus, within each category, 
numerous formulations can be written. Since the objective at this point is to famil- 
iarize the reader with typical TVD schemes, only a selected number of schemes are 
introduced. Interested readers should consult Refs. [6-3] through [6-10]. 


6.10.1 First-Order TVD Schemes 


Consider the inviscid Burgers equation given by Equation (6-33) as 


ди OE _ 


uat Эг 0 (6-96) 


An explicit, first-order upwind algorithm can be written by the following: 


м ( Fa EP for ay <0 
up! = up — e (6-97) 
T | Æ- E}, for 05,4 20 
where о may be defined as in Ref. [6-10] by 
uy if Au, | =0 
Cu =) ре р (6-98) 
irl i А n 
un, up if Au X 0 
Equation (6-97) can be expressed in а combined form by the following: 
B n 1А 
uj = uf — 252"! = Sona, 1) (Eis - E) 
1 At 
“SAG + Sgn(a, ,))(E? — Ег) (6-99) 
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where a,_1 is defined similar to that of (6-98) by 


ut if Ди, =0 
deb mu. (6-100) 
dicerc ue 
u и; 


Relations (6-98) and (6-100) can be used to recast Equation (6-99) in different 
forms. Commonly used forms of the equations are as follows: 


n n 1 
uj = uP — 2Ar A [o Aut - lol Аш. +p Aus } 
+ | а | Au; |] (6-101) 
1At 
ut = ul 57 (Еу — ED) + (EP — ЕР.) | оу | Aut, 


* [o4 | Au; i] (6-102) 


upt =u? = (Е + E? )- 16:4 | Au, — (E? + Ep) 
+[а |А) (6103) 
-i At 
u = A, (Eh HS Ерл) | Oel | Aw; Н | о | Au; 4] (6-104) 


Equation (6-103) is often used in conjunction with flux limiters. It is commonly 
rewritten as 


ur = yn EIE hz] (6-105) 
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where 

кы = SIT + EP) | оиу | Аш] (6-106) 
апа 1 

hPa = zE + Er) | ay | Au; 4] (6-107) 


The expressions defined above by “h” are known as the numerical flux functions. 

Recall that, in order to establish the TVD nature of the scheme, the requirements 
specified by (6-93) through (6-95) need to be checked. Thus, Equation (6-101) 
should be rewritten in the general explicit form of Equation (6-92). For this purpose, 
Equation (6-101) is rearranged as 


n+l n 


1 At 1 At 
щ = Uy + SAN 05,4 | -ai AU — 2A Qi- | Fo -,)Au; i 


or 
up = uf + АА - В, Ди (6-108) 
where 
1At ' 
А = 521 о | =O) (6-109) 
and 
1 Aż 
By = SAM о; | o4) (6-110) 
Furthermore, define 
lAt 
Buy = ГУТ" (1 о; | +о) (6-111) 


Recall that a numerical scheme is said to possess TVD property if the following 
conditions are satisfied: 


A4420 (6-112) 


B,,20 (6-113) 


and 
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OSA, +В <1 (6-114) 


Requirements (6-112) and (6-113) are always satisfied as seen by (6-109) and (6- 
110). Requirement (6-114) is rearranged with the use of (6-109) and (6-111) to 
provide 


A 
оо р [e 1 (6-115) 


which is a Courant number type requirement. Thus, it is seen that the first-order 
upwind scheme has TVD property and must satisfy the Courant number restriction 
imposed by (6-115). 

Now consider formulation (6-104) given by 


1 


1 At 
uj = up — Ар Ein Бе) + 2 


At " 
A; в; | Аи, 

- oy, | Aut 4) (6-116) 
Observe that Equation (6-116) is composed of a central difference approximation of 


the convective term plus a correction term which is dissipative. Equation (6-116) 
may be split and solved in a multi-step fashion by the following: 


а 1 At 
щ = uy — 2A; Em = Ер) (6-117) 
and 
- ., Lat, " 
ut = uf + SA i+} T 4) (6-118) 
where 
фы =| Өө | Аш, (6-119) 
d, а | Aut, (6-120) 


The expressions defined by (6-119) and (6-120) are known as the flux limiter func- 
tions. These quantities introduce dissipation which eliminate oscillations within the 
solution. The scheme given by (6-117) and (6-118) suggests a simple procedure by 
which TVD dissipation can be incorporated to a numerical scheme. That is, an 
equivalent step similar to (6-118) may be added to an existing code in order to 
include TVD dissipation without major modifications. 
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6.10.2 Entropy Condition 


Weak solutions (solutions with discontinuities such as shocks) of the conservation 
laws, e.g., inviscid Burgers equation, subject to an imposed initial data may not be 
unique. For example, the solution may produce a nonphysical expansion shock 
accompanied by a decrease in entropy. To exclude nonphysical solutions and to 
seck a physically relevant solution, additional conditions must be imposed. Such a 
requirement in fluid mechanics is provided by the second law of thermodynamics, 
which simply states that the entropy cannot decrease. Recall that the increase 
of entropy is due to irreversible processes such as viscosity or shock waves among 
others. In order to obtain a unique solution of the governing equation, an additional 
condition is imposed, known as the entropy condition. 

It should be noted that some schemes provide unique solutions where the en- 
tropy condition is automatically satisfied. For example, it has been shown that 
[6-11, 6-12], monotone schemes applied to a single conservation law always corre- 
sponds to a physically relevant condition. On the other hand, not all TVD schemes 
automatically satisfy the entropy condition. In order to enforce the entropy re- 
quirement, a dissipative mechanism must be present in the numerical scheme. In 
the previous scheme given by Equation (6-105), the term | а | provided such a 
mechanism. However, a difficulty may appear when o becomes zero. 'To overcome 
this problem, a is replaced by an entropy correction term denoted by v, where 


Ja | fo |a|>e 


ф = (6-121) 


o? + e 





for |а |< є 


The positive constant є is selected within the range of 0.0 < є < 0.125. 


6.10.3 Application 


The nonlinear problem proposed in Section 6.6 will be used to illustrate the 
application of a first-order TVD scheme. Recall that the objective of the proposed 
problem is to solve the Burgers equation subject to an initial condition which in- 
cludes a discontinuity as shown in Figure 6-19. The TVD formulation given by 
(6-117) and (6-118) is utilized to obtain the solution. The spatial and temporal 
step sizes are 0.1 and 0.1, respectively, which result in a Courant number of one. 
The solution at time increment of 0.6 seconds is shown in Figure 6-39 and is pre- 
sented in Table 6-14. The lack of any oscillation within the domain of solution is 
clearly evident. 
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Figure 6-39. The solution of inviscid Burgers equation by the 
first-order TVD scheme, Az = 0.1 and At = 0.1. 


6.10.4 Second-Order TVD Schemes 


As in the case of the first-order TVD schemes, there are numerous second- 
order TVD formulations. Only a selected number of schemes are introduced in this 
section. Additional schemes are discussed in Ref. [6-6]. 


One way to increase the order of accuracy from first-order to second-order is to 
introduce a modified flux E as proposed by Harten, Ref. [6-7] where 


Ё =Е+С (6-122) 


The function G is defined so as to provide a second-order TVD, referred to as 
limiter. 

The governing equations are written in a similar form as Equation (6-105). 
Therefore, 


upt! = ир - A [к — һу i] (6-123) 
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where 1 

p = [E +E + oie} (6-124) 
and 1 

Ma = 5 [Er + КЕ + | (6-125) 


where ¢ is the flux limiter function. The introduction of various limiters will be 
accompanied by the application of the second-order TVD scheme to the example 
problem of Sec. 6.6. 


6.10.4.1 Harten-Yee Upwind TVD Limiters. In this scheme, the flux limiter function 
is defined as 


Piri = (Gi: + Gi) > (о; + Bu, (6-126) 
with 
ly| fo |y|ze 
vy) = 2 2 (6-127) 
ше fo |y|«e 


agre (6-128) 


Buc iE (6-129) 
0 for Ащы =0 


The limiter G may be specified as follows: 
С; = S « max(0, min[o;,; | Aui , 5*0; Aul) (6-130) 


where 


Аш 


S= Sgn(Au,,1) = | Ашу: | 
it, 


246 : Chapter 6 





and 


1 At 
FHL = 300.44) ж Az (oth 


The flux limiter given by (6-126) has also been modified [6-3] as follows 


фы = с (о) (Giri + С; – № (о + Bis) Au, (6-131a) 
Фр = o (a4) (Git Gii) - Y (aig + By) Aut, (вз) 
where ‚ „ | 
° (+) = 39 (ш) + д (еен) 
апа 
Gia = G; 
PONS SE. Aun 
Buy = о (о) Ашы ' шір 20 
е 2 Аш = 0 


А variety of limiters have been introduced to evaluate С. Several choices are as 
follows 


С; = minmod (Au, j Аш) (6-132) 


G, = Au; y Au; + Аи. ^u; | (6-133) 
Au; + Au, i 


If Au, + Au; = 0, then С, —0 


Au, | (A24) + + Au; (дч, +] 


i (Ats) + (At) +2 aA (6-134) 

G; = minmod 2A, , , 2A, ; (Аш. +44.) (6-135) 

G = S « max [0, min (2 |Au,, |, S « Av, ,) шіп (uil, 25» ана, 
Recall that, 


minmod (a,b,c,...,n) = S«max(0, min(la|, S*b, S*c,..., S «n)] 
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where S = sgn(a). 

The solution for the second-order TVD scheme given by Equation (6-123) and 
the flux limiter function (6-131) and limiter G given by (6-132) is shown in Figure 
6-40 for several time levels and provided in Table 6.15. The solution at time level 
of 1.8 sec is also shown in Figure 6-41 where the effect of step size on the solution 
is illustrated. The solutions using limiters (6-132) through (6-136) are compared in 
Figure 6-42. Note that the solution by limiter (6-134) is less than desirable! The 
solution by limiter (6-132), which is the simplest choice, appears to be the best 
choice as well. 


6.10.4.2 Roe-Sweby Upwind TVD Limiters. The flux limiter function is defined as 


At 
ding = S ang 1+ то р— Гар Паша (6-137) 


ө = [ERa SE р-а |] Og (6-137b) 


Several choices have been proposed for the function G, among which are: 





С; = minmod (1,r) (6-138) 
_т+]|т| 

Gi = eum (6-139) 

С; = max(0, min(2r, 1), min(r, 2)] (6-140) 


where 


Xx Щ+ї+о — Uito 
Au, 


o = Sgn (0444) 


If at a point Au,, j is zero, then r is set equal to zero in order to prevent a division 
by zero. 

The solution by limiter (6-138) is shown in Figure 6-43, and solutions by limiters 
(6-138) through (6-140) are shown in Figure 6-44. It is observed that the solution 
with limiter (6-138) provides the better solution of the three limiters examined. The 
solution with limiter (6-138) is also presented in Table 6-16 for several time levels. 
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Figure 6-40. Solution of the inviscid Burgers equation by the second-order 
TVD method with the Harten-Yee upwind limiter (6-132), 
Az = 0.1 and At = 0.1. 


Figure 6-41. Effect of step sizes on the solution of the inviscid Burgers 
equation by the second-order TVD method with the Harten- 
Yee upwind limiter (6-132). 
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Limiter 6-132 
Limiter 6-133 
Limiter 6-134 
Limiter 6-135 
Limiter 6-136 


0.0 1.0 2.0 
x 


Figure 6-42. Solution of the inviscid Burgers equation by the second-order 
TVD method with the Harten-Yee upwind limiters at t = 1.8 
sec, Ат = 0.1 and At = 0.1. 


t= 0.0 sec 
t= 0.6 sec 
= 1.2 sec 


t= 1.8 sec 


Figure 6-43. Solution of the inviscid Burgers equation by the second-order 
TVD method with the Roe-Sweby upwind limiter (6-138), 
Az = 0.1 and At = 0.1. 





250 Chapter 6 











—dfX— Limiter 6-138 
—O— Limiter 6-139 
—D— Limiter 6-140 





4.0 


Figure 6-44. Solution of the inviscid Burgers equation by the second-order 
TVD method with the Roe-Sweby upwind limiters at t = 1.8 
sec, Az = 0.1 and At = 0.1. 





6.10.4.3 Davis-Yee Symmetric TVD Limiters. The flux limiter function is defined as 


bit} d y Е (a4) Gag tv (о) (дщ. = б) (6-141а) 
%а = [E бер+ (д) (47 64)] Eam 


Again, several choices are available for the limiters as follow 


Сыр = minmod 12да, р , ui, 24и, 5 (ui Aus) (6-142) 
Gu} = minmod [^u (Au, Аш] (6-143) 
С, = minmod [^us , ^u, 4] + minmod [дщ ; Аш] — Aui, (6-144) 


The solution by the second-order TVD scheme given by Equation (6-123) with 
flux limiter function defined by (6-141) and limiter (6-142) is shown in Figure 6-45 
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for several time levels and is presented in Table 6.17. The solutions by limiter (6- 
142) through (6-144) are shown in Figure 6-46. The solutions with all three limiters 
are similar and well behaved. 


6.11 Modified Runge-Kutta Method with TVD 


In the previous sections, it was observed that schemes which utilize central 
difference approximation of second-order will develop oscillations in the vicinity of 
large gradients. That is, of course, due to the dispersion error in these schemes. 
The Beam and Warming implicit scheme and the Runge-Kutta scheme or the mod- 
ified Runge-Kutta scheme are examples of such schemes. To eliminate or reduce 
the oscillations and thereby improve the solution, damping terms are added, as 
discussed previously. Since TVD essentially performs in a similar fashion, that is, 
it eliminates or reduces oscillations in the solution, it can be added to the finite 
difference equations to provide a mechanism for reducing oscillations. An example 
of this procedure is the addition of a fourth-order damping term to the modified 
Runge-Kutta scheme discussed in Section 6.6.8. Typically TVD is added at the 
final stage. Thus, the formulation (6-71) through (6-75) repeated here 


uf) = up (6-145) 
(1) 
(2) n At (=) 
u^ = w- | (6-146) 
: 4 V0z J, 
(2) 
u = u- м (=) (6-147) 
(3) 
u = ш- At (55) (6-148) 
(4) 
up = ш —А? (2) (6-149) 
is augmented by the following step. 
At 
n+l ntl n n 
up mri XS ( M $4) (6-150) 


where any one of the flux limiter functions given by (6-131), (6-137), or (6-141), 
along with appropriate limiters, can be used. The solution with Davis-Yee limiter 
(6-142) is provided in Table 6-18. 

Note that this simple approach can be easily implemented into any existing code 
which requires the addition of a numerical damping. 
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t- 0.0 sec 






t- 0.6 sec 






1= 1.2 sec 





{= 1.8 sec 





0.0 1.0 2.0 3.0 4.0 





Figure 6-45. Solution of the inviscid Burgers equation by the second-order 
TVD method with the Davis- Yee symmetric limiter (6-142), 
Ат = 0.1 and At = 0.1. 










—fs— Limiter 6-142 
—O— Limiter 6-143 
—P—- Limiter 6-144 










0.0 1.0 2.0 3.0 
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Figure 6-46. Solution of the inviscid Burgers equation by the second-order 
TVD method with the Davis-Yee symmetric limiters at 
t = 1.8 sec, Az = 0.1 and At = 0.1. 
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6.12 Summary Objectives 


After studying this chapter you should be able to do the following: 


1. Describe: 


с e 


а. 


. Euler's FTFS explicit method 

. Euler's FTCS explicit method 

. The explicit first upwind differencing method 
. The Lax method 


e. The midpoint leapfrog method 


. The Lax-Wendroff method 

. Euler's BTCS implicit method 

. The implicit first upwind differencing method 
. The Crank-Nicolson method 

. Splitting methods 

. Multi-step methods 


1. The Richtmyer/Lax-Wendroff multi-step method 


. The MacCormack method 

. À Jacobian 

. The Beam and Warming implicit method 
. The Runge-Kutta method 

. The modified Runge-Kutta method 

. À smoothing (damping) term 

. Flux corrected transport scheme 

. Monotone schemes 

. TVD schemes 

. Essentially non-oscillating schemes 


. Entropy condition 


2. Solve the problems for Chapter Six. 
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6.13 Problems 


6.1 А wave is propagating in a closed-end tube. Compute the wave propagation 
up to t = 0.15 sec by solving the first-order wave equation. Assume the speed of 
sound to be 200 m/sec. The wave has a triangular shape (see Figure P6-1) which 
is to be used as the initial condition at t = 0.0. Solve the problem by the following 
methods. 









0.0 
0.0 5.0 15.0 25.0 





Figure P6-1. Initial wave distribution for problem 6.1. 


(a) First upwind differencing 
(b) Lax-Wendroff 
(c) Euler’s BTCS implicit 
Three sets of step sizes are specified as follows: 
(D Az-10 (IM=71),  At- 0.005 (NM = 31) 
(I Ar=10  (IM-71), Ағ 0.0025 (NM = 61) 
(Ш) Az-10  (IM-71,  At-00015 (NM -121) 


Print the solution at intervals of 0.025 sec up to t — 0.15 sec. 


6.2 Use each of the following methods to solve the Burgers equation: 
(a) Lax 
(b) Lax-Wendroff 
(c) MacCormack 
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(d) Beam and Warming 


The initial condition is specified as: 


u(z,0) = 5.0 0.0 € x < 20.0 
u(x, 0) = 0.0 20.0 < x < 40.0 
Print the solution at intervals of 0.4 sec up to £ = 2.4 sec. The following step-sizes 
are suggested: 
(1) Ar =1.0, At = 0.1 
(П) Az-10,  At-02 


6.3 Ап initial velocity distribution representing a compression wave is given by 
the following: 


1 А x < 0.25 
и(х,0) =+4 1.25 2 , 0.25 <= < 1.25 
0 ; r125 


The inviscid Burgers equation is used to solve for the wave propagation within a 
domain of 0.0 € z < 40. The solution is sought up to 6.0 seconds. Note that 
the initial wave is compressed (steepens) with time and subsequently forms a shock 
wave. Within the specified time and space intervals, no shock reflection occurs, and 
therefore, the boundary conditions are simply specified as 


u(0.0, t) = 1.0 
u(4.0,t) = 0.0 


Use the Lax-Wendroff scheme with a spatial step of 0.05 m to obtain the solutions 
for the following cases: 
(I) At = 0.01 
(П) At = 0.025 
(III) At = 0.05 
(IV) At=0.1 


(a) Print the solution for Case IT at time levels of 0.0, 2.0, 4.0, and 6.0 seconds. 
(b) Plot the solutions for all cases at time levels of 0.0, 2.0, 4.0, and 6.0 seconds. 


(c) Discuss the effect of the time step on stability, accuracy, and efficiency. 
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6.4 Use the Lax-Wendroff scheme with a second-order damping term to solve the 
wave propagation described in Problem 6.3. Use spatial and temporal steps of 
0.05 m and 0.025 seconds, respectively. Investigate the numerical solutions for the 
following damping coefficients, є. 


(M) £201 
(П) є=0.2 
(Ш) є= 0.3 


(a) Print the solution for Case І at time levels of 0.0, 2.0, 4.0, and 6.0 seconds. 


(b) Plot the solutions for all three cases at time levels of 0.0, 2.0, 4.0, and 6.0 
seconds. 


(c) Discuss the effect of the damping coefficient on the solution. 


6.5 Solve the wave propagation described in Problem 6.3 by the Lax-Wendroff 
scheme with added flux-corrected transport. Use spatial and temporal steps of 0.05 
m and 0.025 seconds, respectively. Print and plot the solution at time levels of 0.0, 
2.0, 4.0, and 6.0 seconds. 


6.6 An initial velocity distribution is given by 


1.0 z < 0.75 
u(z,0) = 4 1.75 - = 0.75 < z < 1.75 
0.0 xz > 1.75 


Compute the wave propagation up to 6.0 seconds within a domain of 0.0 € rz x 5.0. 
For the specified domain and time intervals, we will enforce the following boundary 
conditions: 


u(0.0,t) = 1.0 
u(5.0,t) — 0.0 


The governing equation is the inviscid Burgers equation and the numerical scheme 
to be used is the Beam and Warming implicit method. The spatial and temporal 
steps are 0.05 m and 0.025 seconds, respectively. The following tasks are to be 
investigated. 
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(Т) Beam and Warming scheme with no damping term. 
(II) Beam and Warming scheme with a fourth-order damping term and є = 0.1. 


(III) Beam and Warming scheme with added flux-corrected transport. (Use є = 
—0.1 and e; = —0.2.) 
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Table 6-1a. Solution of the first-order wave equation by the explicit first upwind 
differencing scheme, Ax=5.0, At=0.02, c=1.0. 
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Table 6-1b. Solution of the first-order wave equation by the explicit first upwind 
differencing scheme, Ax=5.0, At=0.005, c=0.25. 
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Table 6-2a. Solution of the first-order wave equation by the implicit first upwind 
differencing scheme, Ax=5.0, At=0.02, c=1.0. 
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X 












































0.0 . . . . 
10.0 0.000 0.000 0.000 0.000 0.000 0.000 


20.0 0.000 0.000 0.000 0.000 0.000 0.000 
30.0 0.000 0.000 0.000 0.000 0.000 0.000 
40.0 0.000 0.000 0.000 0.000 0.000 0.000 
50.0 0.000 0.000 0.000 0.000 0.000 0.000 
60.0 50.000 1.770 0.034 0.001 0.000 0.000 
70.0 86.603 12.778 0.621 0.019 0.000 0.000 
80.0 100.000 36.264 3.865 0.214 0.008 0.000 
90.0 86.603 63.138 13.090 1.249 0.074 0.003 
100.0 50.000 79.939 29.470 4.625 0.418 0.026 
110.0 0.000 71.891 49.131 12.188 1.633 0.143 
120.0 0.000 57.494 64.406 24.566 4.778 0.579 
130.0 0.000 31.585 68.367 39.696 11.020 1.824 
140.0 0.000 13.151 59.547 53.022 20.772 4.647 
150.0 0.000 4.305 42.941 59.706 32.853 9.849 
160.0 0.000 1.151 25.914 57.434 44.435 17.746 
170.0 0.000 0.259 13.259 47.676 52.121 27.647 
180.0 0.000 0.051 5.833 34.458 53.587 37.733 


190.0 0.000 0.009 2.238 21.873 48.708 45.584 
200.0 0.000 0.001 0.759 12.299 39.433 49.156 
210.0 0.000 0.000 0.230 6.177 28.627 41.653 
220.0 0.000 0.000 0.063 2.793 18.754 41.783 
230.0 0.000 : 0.000 0.016 1.146 11.152 33.319 
240.0 0.000 ~ 0.00 0.004 0.429 6.055 24,286 
250.0 0.000 0.000 0.001 0.148 3.017 16.256 
260.0 0.000 0.000 0.000 0.047 1.387 10.036 


270.0 0.000 0.000 0.000 0.014 0.591 5.739 
280.0 0.000 0.000 0.000 0.004 0.234 3.051 
290.0 0.000 0.000 0.000 0.001 0.087 1.514 
300.0 0.000 0.000 0.000 0.000 0.030 0.703 
310.0 0.000 0.000 0.000 0.000 0.010 0.307 
320.0 0.000 0.000 ^ 0.000 0.000 0.003 0.126 
330.0 0.000 0.000 0.000 0.000 0.001 0.049 


340.0 0.000 0.000 0.000 0.000 0.000 0.018 
350.0 0.000 0.000 0.000 0.000 0.000 0.006 


360.0 0.000 0.000 0.000 0.000 0.000 0.002 
370.0 0.000 0.000 0.000 0.000 0.000 0.001 
380.0 0.000 0.000 0.000 0.000 0.000 0.000 
390.0 0.000 0.000 0.000 0.000 0.000 0.000 


400.0 


Table 6-2b. Solution of the first-order wave equation by the implicit first upwind 
differencing scheme, Ax=5.0, At=0.005, c=0.25. 
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Table 6-3. Solution of the first-order wave equation by the explicit Lax-Wendroff 
differencing scheme, Ax=5.0, At=0.02, c=1.0. 
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Table 6-4a. Solution of the first-order wave equation by the implicit BTCS 
differencing scheme, Ax=5.0, At-0.02, c=1.0. 
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t=0.50 







0.000 0.000 
0.089 0.082 
0.144 0.173 
0.158 0.272 
0.162 0.367 
0.185 0.436 
0.213 0.461 
0.231 0.442 
0.212 0.391 
0.439 0.329 
1.725 0.385 
5.107 0.925 
11.168 2.545 
19.504 5.845 
28.552 11.062 
36.257 17.775 
41.012 24.954 
42.200 31.322 
40.152 35.802 
35.784 37.814 
30.177 37.342 
24.277 34.806 
18.753 30.859 
13.983 26.189 
10.108 21.387 
7.110 16.881 
4.882 12.926 
3.279 9.632 
2.160 7.003 
1.398 4.980 
0.891 3471 
0.559 2.374 
0.346 1.597 
0.212 1.057 
0.128 0.689 
0.076 0.442 
0.045 0.278 
0.026 0.169 
0.014 0.096 
0.006 0.043 
0.000 0.000 















































Table 6-4b. Solution of the first-order wave equation by the implicit BTCS 
differencing scheme, Ах=5.0, At=0.05, с=2.5. 
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t-0.0 t-0.3 t-0.6 =0.9 t-1.2 t=1.5 t=1.8 


1.00000 1.00000 1.00000 д 1.00000 1.00000 1.00000 
1.00000 1.00000 Е А 1.00000 1.00000 1.00000 
1.00000 1.00000 : j 1.00000 1.00000 1.00000 
1.00000 1.00000 j : 1.00000 1.00000 1.00000 
1.00000 1.00000 : А 1.00000 1.00000 1.00000 
1.00000 1.00000 ] : 1.00000 1.00000 1.00000 
1.00000 1.00000 ; А 1.00000 1.00000 1.00000 
1.00000 1.00000 il Я 1.00000 1.00000 1.00000 
1.00000 1.00000 ; 3 1.00000 1.00000 1.00000 
1.00000 0.99994 А К 1.00000 1.00000 1.00000 
1.00000 0.92578 А 1.00000 1.00000 1.00000 
0.00000 0.32428 : 1.00000 1.00000 1.00000 
0.00000 ( i | 0.99605 0.99929 1.00000 
0.00000 ; Д $ 0.77501 0.88082 0.99992 
0.00000 В А A 0.20861 0.32732 0.94819 
0.00000 } . } 0.01943 0.03965 0.47212 
0.00000 i i ў 0.00089 0.00281 0.07313 
0.00000 . . i 0.00000 0.00011 0.00624 
0.00000 . р ; 0.00000 0.00000 0.00039 
0.00000 ; А А 0.00000 0.00000 0.00001 
0.00000 Ё А А 0.00000 0.00000 0.00000 


Table 6-5. Solution of inviscid Burgers equation by the Lax scheme, 
Ax = 0.1, At = 0.1. 


t-0.0 t=0.3 - t=0.6 t=0.9 t=1.2 t=1.5 t=1.8 


1.00000 1.00000 1.00000 1.00000 А 1.00000 1.00000 
1.00000 1.00000 1.00000 1.00000 А 1.00000 1.00000 
1.00000 1.00000 1.00000 1.00000 ; 1.00000 1.00000 
1.00000 1.00000 1.00000 1.00000 : 1.00000 1.00000 
1.00000 1.00000 1.00000 1.00000 А 1.00000 1.00000 
1.00000 1.00000 1.00000 1.00000 А 1.00000 1.00000 
1.00000 1.00000 1.00000 А 1.00000 1.00000 

1.00000 1.00000 1.00000 К 1.00000 

1.00000 1.00000 1.00000 i 1.00000 

1.00000 1.00000 1.00000 А 1.00000 

1.00341 1.00002 1.00000 i 1.00000 

0.33616 1.06496 1.00105 1.00000 

0.03165 1.16745 1.00002 

0.00000 0.00024 1.00712 

0.00000 0.00000 М 0.32363 

0.00000 0.00000 R 0.00000 

0.00000 0.00000 . 0.00000 

0.00000 0.00000 k 0.00000 

0.00000 0.00000 . 0.00000 

0.00000 0.00000 А 0.00000 

0.00000 0.00000 ў 0.00000 


Table 6-6. Solution of inviscid Burgers equation by the Lax-Wendroff scheme, 
Ax = 0.1, At - 0.1. 
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t-0.6 t-0.9 t-i.2 (=1.5 


1.00000 1.00000 1.00000 

1.00000 1.00000 1.00000 

1.00000 1.00000 1.00000 

1.00000 1.00000 1.00000 

1.00000 4 1.00000 

1.00000 А 1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

0.98402 

0.12585 

0.00000 А 

0.00000 А . 0.53880 
0.00000 Е . 0.00000 
0.00000 А А 0.00000 
0.00000 { А 0.00000 
0.00000 А ; 0.00000 
0.00000 А ; 0.00000 
0.00000 . А 0.00000 
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t-1.8 


1.00000 
0.98088 
0.12221 


Table 6-7. Solution of inviscid Burgers equation by the MacCormack scheme, 


Ax = 0.1, At = 0.1. 


x t-0.0 t-0.3 t-0.6 t-0.9 t=1.2 t=1.5 


0.00 1.00000 А 1.00000 1.00000 1.00000 1.00000 
0.20 1.00000 . 1.00000 1.00004 1.00107 1.01163 
0.40 1.00000 А 1.00000 1.00027 1.00530 1.03858 
0.60 1.00000 А 1.00004 1.00170 1.02115 1.09095 
0.80 1.00000 А 1.00033 1.00898 1.06480 1.13787 
1.00 1.00000 А 1.00251 1.03761 1.13405 1.06811 
1.20 1.00000 . 1.00558 1.11041 1.13168 0.84434 
1.40 1.00000 . 1.07161 1.17653 0.89280 0.93520 
1.60 1.00000 A 1.19184 0.98016 0.83288 1.24605 
1.80 1.00000 5 1.10403 0.71707 1.29572 0.72217 
2.00 1.00000 : 0.56385 1.35769 А 1.07562 
2.20 0.00000 . 1.50247 0.54340 : 1.10630 
2.40 0.00000 А 0.04774 1.31217 . 0.63963 
2.60 0.00000 . 0.00000 0.00396 ў 1.30304 
2.80 0.00000 К 0.00000 0.00000 . 0.52559 
3.00 0.00000 ; 0.00000 0.00000 i 0.00000 
3.20 0.00000 . 0.00000 0.00000 k 0.00000 
3.40 0.00000 ] 0.00000 0.00000 A 0.00000 
3.60 0.00000 А 0.00000 0.00000 | 0.00000 
3.80 0.00000 . 0.00000 0.00000 А 0.00000 
4.00 0.00000 А 0.00000 0.00000 . 0.00000 


t-1.8 


1.00000 
1.05227 
1.10826 
1.12052 
0.99854 
0.83563 
1.02225 
1.18901 
0.73017 
1.10264 
1.11638 
0.60736 
1.47633 
0.27484 
1.59021 
0.23271 


Table 6-8. Solution of inviscid Burgers equation by the Beam-Warming scheme, 


Ax = 0.1, At = 0.1. 
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t=0.0 t=0.3 t-0.6 t-0.9 t-1.2 t=1.5 


1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
1.00000 1.00000 1.00000 : 1.00000 1.00000 
1.00000 1.00000 1.00000 ‚ 1.00000 1.00000 
1.00000 1.00000 1.00000 А 1.00000 1.00000 
1.00000 1.00000 1.00000 А 1.00000 1.00000 
1.00000 1.00000 1.00000 А 1.00000 1.00000 
1.00000 1.00000 0.99999 1.00000 1.00000 1.00000 
1.00000 1.00001 0.99997 0.99997 1.00001 1.00000 
1.00000 0.99966 1.00022 1.00008 0.99995 1.00000 
1.00000 1.00486 0.99621 1.00033 1.00041 0.99988 
1.00000 1.08229 1.01119 0.98931 1.00077 1.00080 
0.00000 0.41905 1.13208 1.01986 0.98603 1.00042 
0.00000 { 0.12621 1.04333 1.04934 0.99240 0.99702 
0.00000 . -0.00594 -0.06268 0.78578 1.11332 1.00320 
0.00000 i 0.00147 0.00843 -0.07988 0.42860 1.14567 
0.00000 . 0.00027 -0.00119 0.00893 -0.03864 0.10703 
0.00000 Ё 0.00000 0.00005 -0.00087 0.00336 -0.00336 
0.00000 k 0.00000 -0.00002 0.00010 -0.00028 -0.00034 
0.00000 . 0.00000 0.00000 0.00000 0.00002 0.00011 
0.00000 А 0.00000 0.00000 0.00000 0.00000 -0.00002 
0.00000 i 0.00000 0.00000 0.00000 0.00000 0.00000 


Table 6-9. Solution of inviscid Burgers equation by the Beam-Warming scheme 
with a damping of £, = 0.1, Ax = 0.1, At = 0.1. 


t-0.0 t-0.3 t-0.6 t=0.9 t=1.2 t-1.5 t-1.8 


1.00000 1.00000 1.00000 1.00000 1.00000 
1.00000 1.00000 1.00040 1.00922 1.05810 
1.00000 1.00005 1.00320 1.03779 1.12298 
1.00000 1.00069 1.01809 1.10047 1.12165 
1.00006 1.00612 1.06796 1.15003 0.95036 
1.00109 1.03563 1.14897 1.03556 0.84019 
1.01201 1.12073 1.12066 0.81144 1.12040 
1.07384 1.18303 0.83816 1.03705 1.08015 
1.20528 0.92345 0.91948 1.18274 0.71304 
1.05811 0.78059 1.27003 0.65292 1.26079 
1.23969 0.61833 1.34386 0.60444 1.24083 0.82269 
0.31216 1.44482 0.50268 1.23605 0.83760 0.90897 
0.00001 0.08645 1.33564 0.71803 0.89331 1.19113 
0.00000 0.00000 0.01752 1.05190 1.04211 0.52733 
0.00000 0.00000 0.00000 0.00259 0.71646 1.33155 
0.00000 0.00000 0.00000 0.00000 0.00026 0.41765 
0.00000 0.00000 0.00000 0.00000 0.00000 0.00001 
0.00000 0.00000 0.00000 0.00000 | 0.00000 0.00000 
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 


Table 6-10. Solution of inviscid Burgers equation by the 4th-order Runge-Kutta 
scheme, Ax = 0.1, At = 0.1. 
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t-0.0 t-0.3 t-0.6 t-0.9 t-1.2 1=1.5 t-1.8 


0.00 1.00000 100000 1.00000 1.00000 1.00000 1.00000 1.00000 
0.20 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
0.40 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
0.60 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
0.80 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
1.00 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
1.20 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
1.40 1.00000 1.00000 0.99999 1.00000 1.00000 1.00000 1.00000 
1.60 1.00000 0.99944 0.99993 1.00007 0.99999 0.99999 1.00000 
1.80 1.00000 1.00576 0.99742 0.99999 1.00024 0.99996 0.99999 
2.00 1.00000 1.06444 1.01050 0.99377 1.00026 1.00032 0.99995 
2.20 0.00000 0.43611 1.10320 1.01209 0.99394 0.99990 1.00021 
2.40 0.00000 -0.05882 0.15709 1.02820 1.02810 1.00041 0.99754 
2.60 0.00000 -0.00092 -0.00831 -0.04253 0.79695 1.07728 1.00726 
2.80 0.00000 0.00000 0.00159 0.00697 0.07710 0.46160 1.10930 
3.00 0.00000 0.00000 0.00025 -0.00110 0.00898 -0.04324 0.14324 
3.20 0.00000 0.00000 0.00000 0.00005 -0.00091 0.00399 -0.00764 
3.40 0.00000 0.00000 0.00000 -0.00002 0.00010 -0.00035 0.00013 
3.60 0.00000 0.00000 0.00000 0.00000 0.00000 0.00002 0.00006 
3.80 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 -0.00001 
4.00 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 



























Table 6-11. Solution of inviscid Burgers equation by ће 4th-order Runge-Kutta 
scheme with a damping of &, = 0.1, Ax = 0.1, At = 0.1. 









t-0.0 t-0.3 t-0.6 t=0.9 t=1.2 1=1.5 1=1.8 


0.00 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
0.20 1.00000 1.00000 1.00000 1.00000 1.00040 1.00928 1.05858 
0.40 1.00000 1.00000 1.00000 1.00005 1.00322 1.03810 1.12386 
0.60 1.00000 1.00000 1.00000 1.00069 1.01823 1.10129 1.12209 
0.80 1.00000 1.00000 1.00006 1.00616 1.06855 1.15102 0.94802 
1.00 1.00000 1.00000 1.00109 1.03592 1.15018 1.03457 0.83768 
1.20 1.00000 1.00003 1.01208 1.12181 1.12118 0.80721 1.12496 
1.40 1.00000 1.00129 1.07449 1.18466 0.83359 1.04035 1.08148 
1.60 1.00000 1.02443 1.20731 0.92044 0.92000 1.18761 0.70484 
1.80 1.00000 1.17415 1.05852 0.77694 1.27816 0.64191 1.27060 
2.00 1.00000 1.24551 0.60973 1.35491 0.59200 1.25058 0.81721 
2.20 0.00000 0.30458 1.45922 0.48984 1.24544 0.83496 0.90978 
2.40 0.00000 0.00000 0.07750 1.345277 0.71734 0.89268 1.20179 
2.60 0.00000 0.00000 0.00000 0.01331] 1.05015 1.05521 0.51539 
2.80 0.00000 0.00000 0.00000 0.00000 0.00150 0.70288 1.35335 
3.00 0.00000 0.00000 0.00000 0.00000 0.00000 0.00010 0.39710 
3.20 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
3.40 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
3.60 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
3.80 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
4.00 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 




























Table 6-12. Solution of inviscid Burgers equation by the modified 4th-order 
Runge-Kutta scheme, Ax = 0.1, At = 0.1. 
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t-0.6 t-0.9 t=1.2 t=1.5 t=1.8 


1.00000 1.00000 i 1.00000 1.00000 

1.00000 : 1.00000 1.00000 

1.00000 ; 1.00000 1.00000 

1.00000 З 1.00000 1.00000 

1.00000 | 1.00000 1.00000 

. 1.00000 1.00000 1.00000 

1.00000 1.00000 i 1.00000 1.00000 

j 0.99999 1.00000 1.00000 1.00000 1.00000 
0.99944 0.99992 1.00007 0.99999 0.99999 1.00000 
1.00589 0.99736 0.99998 1.00024 0.99996 0.99999 
1.06655 1.01063 0.99355 1.00029 1.00032 0.99994 
1.10830 1.01148 0.99374 0.99996 1.00021 

0.15137 1.03343 1.02767 1.00052 0.99750 

-0.00771 -0.04733 0.79890 1.07963 1.00741 

0.00155 0.00741 -0.07855 0.45866 1.11457 

0.00026 -0.00114 0.00907 -0.04276 0.13713 

0.00000 0.00005 -0.00091 0.00391 -0.00682 

0.00000 -0.00002 0.00010 -0.00034 0.00003 

0.00000 0.00000 0.00000 0.00002 0.00007 

0.00000 0.00000 0.00000 0.00000 -0.00001 

0.00000 0.00000 0.00000 0.00000 0.00000 


Table 6-13. Solution of inviscid Burgers equation by the modified 4th-order 
Runge-Kutta scheme with a damping of &, = 0.1, Ax = 0.1, At = 0.1. 


t-0.0 t-0.3 t-0.6 t-0.9 t-1.2 t=1.5 t-1.8 


1.00000 1.00000 1.00000 100000 1.00000 1.00000 
1.00000 Я 1.00000 1.00000 1.00000 1.00000 
1.00000 i 1.00000 1.00000 1.00000 1.00000 
1.00000 $ 1.00000 100000 1.00000 1.00000 
1.00000 . 1.00000 A 1.00000 1.00000 
1.00000 ‘ 1.00000 À 1.00000 1.00000 
1.00000 А 1.00000 А 1.00000 1.00000 
1.00000 1 1.00000 | 1.00000 1.00000 
1.00000 ; 1.00000 / 1.00000 1.00000 
1.00000 : 1.00000 А 1.00000 1.00000 
1.00000 i 1.00000 : 1.00000 1.00000 
0.00000 ; 0.99996 А 1.00000 1.00000 
0.00000 . 0.13381 B 1.00000 1.00000 
0.00000 . 0.00000 А 0.86603 1.00000 
0.00000 i 0.00000 . 0.00004 0.50000 
0.00000 . 0.00000 А 0.00000 0.00000 0.13397 
0.00000 . 0.00000 А 0.00000 0.00000 0.00000 
0.00000 . 0.00000 А 0.00000 0.00000 0.00000 
0.00000 р 0.00000 А 0.00000 0.00000 0.00000 
0.00000 . 0.00000 . 0.00000 0.00000 0.00000 
0.00000 ; 0.00000 А 0.00000 0.00000 0.00000 


Table 6-14. Solution of inviscid Burgers equation by the first-order TVD scheme, 
Ax 70.1, At = 0.1. 
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t-0.3 t-0.6 t-0.9 t-1.2 


0.00 1.00000 1.00000 1.00000 1.00000 1.00000 
0.20 1.00000 1.00000 1.00000 1.00000 1.00000 
0.40 1.00000 1.00000 1.00000 1.00000 1.00000 
0.60 1.00000 1.00000 1.00000 1.00000 1.00000 
0.80 1.00000 1.00000 1.00000 1.00000 1.00000 
1.00 1.00000 1.00000 1.00000 1.00000 1.00000 
1.20 1.00000 1.00000 1.00000 1.00000 1.00000 
1.40 1.00000 1.00000 1.00000 1.00000 1.0000 
1.60 1.00000 1.00000 1.00000 1.00000 1.00000 
1.80 1.00000 1.00000 1.00000 1.00000 1.00000 
2.00 1.00000 1.00000 1.00000 1.00000 1.00000 д 
2.20 0.00000 0.48462 1.00032 1.00000 1.00000 1.00000 1.00000 
2.40 0.00000 0.00000 0.03052 1.01351 1.00000 1.00004 1.00000 
2.60 0.00000 0.00000 0.00000 0.00023 0.97055 0.99796 0.99878 
2.80 0.00000 0.00000 0.00000 0.00000 0.00000 0.48130 1.00409 
3.00 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.03080 
3.20 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
3.40 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
3.60 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
3.80 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
4.00 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 










































Table 6-15. Solution of inviscid Burgers equation by the second-order TVD scheme 
with a Harten-Yee limiter, Ax = 0.1, At 0.1. 











t-0.0 t-0.3 t-0.6 t-0.9 t-1.2 t=1.5 t-1.8 


0.00 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
0.20 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
0.40 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
0.60 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
0.80 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
1.00 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
1.20 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.0000 
1.40 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
1.60 1.00000 1.00000 1.00000 1.00000 1.00000 1.00005 0.99990 
1.80 1.00000 1.00000 1.00000 1.00162 0.99915 0.99975 1.00062 
2.00 1.00000 1.19231 0.99664 0.99714 1.00333 0.99968 0.99887 
2.20 0.00000 0.35138 1.19100 0.96737 0.98957 1.00756 1.00074 
2.40 0.00000 0.00000 0.03827 0.93191 1.20954 0.97366 1.00421 
2.60 0.00000 0.00000 0.00000 0.00022 0.56346 1.42878 0.97672 
2.80 0.00000 0.00000 0.00000 0.00000 0.00000 0.16949 1.23845 
3.00 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.01495 
3.20 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
3.40 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
3.60 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
3.80 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
4.00 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 



































Table 6-16. Solution of inviscid Burgers equation by the second-order ТУР scheme 
with a Roe-Sweby limiter, Ax = 0.1, At = 0.1. 
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1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

А 0.00000 
4.00 0.00000 


t-0.6 


1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
0.99997 
0.12361 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 


t-0.9 


1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00778 
0.00767 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 


t-1.2 


t=1.5 


1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
0.48455 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 


t=1.8 
1.00000 


0.12361 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
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Table 6-17. Solution of inviscid Burgers equation by the second-order TVD scheme 
with a Davis-Yee limiter, Ax = 0.1, At = 0.1. 


t=0.0 


1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 


t=0.3 


1.00000 
1.00000 
1.00000 


t-0.6 


1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
0.99997 
0.98977 
0.22436 
0.00002 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 


t-0.9 


1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
0.99987 
0.94295 
0.06731 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 


t-1.2 


1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
0.99951 
0.77552 
0.01048 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 


t=1.5 


1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
0.99999 
0.99797 
0.49126 
0.00067 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 


t-1.8 


1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
0.99997 
0.98949 
0.22744 
0.00002 
0.00000 
0.00000 
0.00000 
0.00000 


Table 6-18. Solution of inviscid Burgers equation by the modified 4th-order 
Runge-Kutta scheme with a Davis-Yee limiter, Ax = 0.1, At = 0.001. 













Chapter 7 


Scalar Representation of the 
Navier-Stokes Equations 


7.1 Introductory Remarks 


In the previous chapters, simple scalar model equations were used to investigate 
solution procedures for parabolic, elliptic, and hyperbolic equations. It is beneficial 
at this point to study a scalar model equation which is of similar character as the 
Navier-Stokes equations. That is, the model equation is unsteady and includes both 
convection and diffusion terms. Such an equation is the viscous Burgers equation. 

Before proceeding with the model equation and numerical schemes, a summary 
of approximation for each term in the model equation is reviewed. (1) The time 
derivative is typically approximated by either a forward difference or a backward 
difference approximation resulting in an explicit or an implicit formulation, re- 
spectively. This approximation is typically first-order, even though second-order 
accuracy may be used. (2) There are several methods by which the convective 
term can be approximated. That includes central difference approximation, for- 
ward/backward difference approximations, TVD formulation, and the Runge-Kutta 
scheme. Furthermore, the addition of damping terms or TVD terms may be required 
for some of the schemes in order to reduce or to eliminate oscillations (due to dis- 
persion error) in the solution. (3) The diffusion term is typically approximated 
by a central difference (usually second-order) formulation. A limited number of 
numerical schemes will be investigated in this chapter. 

This chapter also serves as a divider between the introductory material and 
intermediate/advanced topics. The introductory topics were primarily studied by 
scalar model equations. Furthermore, coordinate transformation and complex ge- 
ometries were avoided. In the upcoming chapters these issues will be addressed and 
the equations of fluid motion in various forms will be investigated as well. 
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7.2 Model Equation 


The viscous Burgers equation may be written in a general form as 


Ze at (a+ pt = v (7-1) 


where a and 3 are some prescribed parameters. When a = a, the speed of sound, 
and 8 = 0, the familiar linear Burgers equation is produced, i.e., 


ди ди EM Фи 
д дт Ox? 


Note that a and v are assumed to be constants. When a = 0 and 8 = 1, the 
standard nonlinear Burgers equation is produced as 


(7-2) 


Э + salt = Vari (7-3) 
This equation may be rearranged such that 

ди OE Әди 

Ot t дт” iss (7-4) 


where E = (1/2)u?. 


A two-dimensional Burgers equation may be expressed by the following 


ди +u ди +v ди =p ди ди (7. 5) 
8t ^ On Әу Or Oy 7 
nus av 8v д ay ә 
vU vU v v v 
a xU 5) (7-6) 


Observe that Equations (7-5) and (7-6) represent the т and y components of the 
momentum equation for an incompressible flow in the absence of a pressure gradient. 
If the incompressible continuity equation is incorporated into Equations (7-5) and 
(7-6), the conservative form of the equations is obtained as follows 


ди 2 _ (Pu, Pu 

E +»; ЕЛА )+ iy аус v (23 Эг? +99) (7-7) 
апа 5 а ji 

ра ут ае E 

EY +5 2 (uv) +5 zo ) =, (25 + i) (7-8) 
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Equations (7-7) and (7-8) can be written in a vector form by the following 


8Q дЕ OF _ | #Q ~ 
Ot ` ðr ду Ox? 5 y 


ае]. n] ерд 


Before proceeding with а review of the numerical schemes, the equations of 
fluid motion are briefly reviewed. А summary of the equations of fluid motion is 
provided in Appendix D, and the nondimensional form and the transformation of 
the equations from physical space to computational space are given in Chapter 11. 


(7-9) 


where 


7.8 Equations of Fluid Motion 


The equations of fluid motion include conservations of mass, momentum, and 
energy. These equations in a differential form are known as the Navier-Stokes 
equations. The nondimensionalized conservative form of the equations are: 


1. Continuity: 
др" +4 $t д „жу 
д + эЧ) + рут”) + os (hu!) = 0 (7-10) 


2. X-component of the momentum equation: 


д *„* ЕРК Ta 
ay Og (puw) = 











д 
ap eu u +р')+ 


0 ,, д, д, 
ap Tid БЕ ay (72) + 57, (Tae) (7-11) 


3. ки of the momentum equation: 








LA *u*v* à .2 ЫТЫ РЯ 


д 


эк ТЫ + эу) + эру) (7-12) 


4. E dp of the momentum equation: 











СИС Ca *vtw* д «62 a 
PE За саб ш") + gpw +p") = 


дт * 


* д * 
ðr Loya ду* EE * By (Tee) (7-13) 
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5. Energy: 
д + 9 д ж * 9 + + д * 9 9 * 9 
áp (Pet) + a е + piu’) + s (over piu’) + 
д Ф * % 4 * à eve est * 9 * 
az  w'ei pw") = 5, lt тї, + UTi HWT — Gl + 
д 








* 9 + фф + +t +6 * + * 
[u' Tis + v ry, wn, — чу] + [U Tis + v rs, + ште — q;) 


ду* Oz* 


These equations may be written in a vector form as 
dQ’ дЕ дЕ" 0G' OE, д6 0G, 


0r + On ду Or бт Oy бг 
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(7-14) 


(7-15) 


where 
p 
p'u* 
ау E p'v* 
pw 
pre; 
pu’ 0 
2 * 
pu xp Tis 
E* = | риё Ер = | Try 
раги" Th 
(p'et + p')u' u'ri. + V*Tiy + wr, gi qz 
p'v' 0 
PTL eve * 
pu'u Toz 
2 
Е" = | pu" +p Еу = | Ty 
puw Tus 
tot * * + ues *„* * „б * 
(р*е} + p*)v и*ту„ + 9 To, + ш*ту„ — 
pw 0 
p'w'u* Th 
* __ жалу Ж. * 
С° = | рш M Gy = | т 
pw +p Tis 
(p'et  p')w* u'Tz, + VTi + ШТА, — di 
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When the right-hand side of Equation (7-15) is set equal to zero, the Euler equation 
is produced, i.e., 

00 OE' дЕ 2С 

+ satay 

Ott дт Oy д2 
This vector equation is a hyperbolic equation. The Navier-Stokes equations are 
in general a mixed hyperbolic (in inviscid region), parabolic (in viscous region) 
equation. Note that both sets of equations, i.e., (7-15) and (7-16), are solved by 
marching in time. When the Navier-Stokes equation is reduced by imposing the 
steady-state assumption, then it is classified as a mixed hyperbolic (in the inviscid 
region), elliptic (in the viscous region) equation. It is clear that for the steady-state 
forms of the equations, space marching procedures are utilized. 

The brief review of the Navier-Stokes equations was presented above to identify 
the similarity of the terms in Equation (7-15) to that of the scalar model equation 
given by (7-4). In the subsequent sections, several numerical schemes are presented 
for the solution of the viscous Burgers equation. The numerical schemes are ex- 
tended to a system of equations in the following chapters. 








(7-16) 


7.4 Numerical Algorithms 


In this section a limited number of numerical schemes for the solution of the 
model scalar equation (7-1) is investigated. 


7.4.1 FTCS Explicit 


In this explicit formulation, a first-order forward difference approximation and 
second-order central difference approximation for the time derivative and spatial 
derivatives are used, respectively. Hence, the FDE of the PDE given by (7-2) is 


upt! — ul Uis ura uia — 200 + ui, 
et =I A ee pp — 3 7-17 
ADU te д> O ADM (00 


with a truncation error of ((At), (Az)?]. The amplification factor for this FDE was 
obtained in Chapter 4 as 


С = [1 + 20(соѕ0 — 1)] — I [esin 6] 
which resulted in the following stability requirements: 


d< and Re, < 2/c (7-18) 


юрю 
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7.4.2 FTBCS Explicit 


In this explicit scheme, a first-order forward difference approximation for the 
time derivative and a second-order central difference approximation for the diffusion 
term is used. When a first-order backward difference approximation (a > 0) for the 
convective term is employed, then the FDE is expressed as 


ntl n n n n n n 
Ы ШЛА ү Щу = 2u; + шщ 


At Ar wt (Аг)? (9) 


However, the first-order approximation of the convective term may introduce ex- 
cessive dissipation error (artificial viscosity) such that it is of the same order as 
the natural viscosity. As a result, an accurate solution is not achieved. To over- 
come this problem, one may use a second-order approximation. However, as it was 
shown previously in Chapter 6, this approximation may produce dispersion error 
with oscillations near discontinuities. To solve this problem, damping terms must 
be added. The addition of damping is problem-dependent, and it should be handled 
with extreme care. The third alternative is to use a third-order scheme resulting in 
the following finite difference equation for (7-2): 


n+l n n n n n n n 
ul —u du (“ч — UR Ч T Зи? + Зи “з 


At 2Ar 7 6(Az) 


_ QUigi 206 + ura 2 
= ae An) (7-20) 


7.4.3 DuFort-Frankel Explicit 


The DuFort-Frankel method is obtained by modification of Richardson’s scheme. 
Second-order central difference approximations for all the derivatives are used in this 
method. The FDE is 


n n n n-1 ntl n 
тщ oii Чез ршн (ш tu) +u 
2Ахт (Az) 


and the truncation error is O[(At)?, (Az)?, (At/Az)?]. This FDE may be rear- 


ranged as 
á 1—24\ „_ c+2d\ , c—2dY n 
= (ба) EE (123) SPIS (i33) Ae M) 


The stability requirement of the scheme is c < 1. 
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7.4.4 | MacCormack Explicit 


This multi-step or predictor-corrector scheme is performed in two steps as fol- 
lows: 


1. uj =u - а (щы — uf) + v—— = 2u? + ир) (7-22) 


(Az dy (uh +1 


"n 1 n * At * 
2. upt! = 2 и; + и; = UAE (uj — du (uii = 


The method is second-order accurate with the stability requirement of 


щі) +u 2u; + щ_\) (7-23) 


At S 
Az * (Ат)? 
Equations (7-22) and (7-23) may be written in a delta form as: 
At п п n 
Аш = -ap (щы cu ш) + "um y (и — 207 + uj.) (7-24a) 
1. 
uj = uj + Au? (7-24b) 
* At * * At * * * 
Au; = чал (uj — uj_,) + “(Ат (щы — 2щ + ubi) (7-25а) 
2. 
uri =; (и? + uf + Аш) (7-25b) 


7.4.5 MacCormack Implicit 


This scheme is an implicit analog of the explicit method just described. The 
formulation is as follows: 


(1 + ME) бщ = Au? + A бщ (7-26a) 
1. 
u; = uf + buy (7-26b) 
where Auf is computed from Equation (7-24a). 
At nil __ * At ntl 
(1 +A =) бщ! = Ащ + AR butt (7-27a) 
2. 


1 
uf" = S (up + uj + bur?) (7-27b) 








Scalar Representation of the Navier-Stokes Equations 279 


In this equation, Auj is provided from Equation (7-25a). The parameter, A, 
used in Equations (7-26a) and (7-27a) is selected such that 
1 Vv Az 
2 к=. A GN HEC Qe . 
шк l (wt 2 At’ o9)] 
Equations (7-26a) and (7-27a) form bidiagonal systems which can be solved effi- 
ciently by various routines. The method is unconditionally stable and second-order 
accurate as long as the diffusion number v[At/(Az)?] is bounded for the limiting 
process for which At, Ax approaches zero. 


7.4.6 BTCS Implicit 


This implicit formulation utilizes a first-order backward difference approxima- 
tion for the time derivative and a second-order central difference approximation for 
the spatial derivatives. The resulting FDE is 


шщ! — up + ош -ut a ut -2u ur 
At 2Az (Ах)? 
which may be rearranged as 
1 1 
2 (5° +) + (1+ 2d)uptt + (5¢ — Фа = uP (7-28) 


This formulation will result in a system of equations with a tridiagonal coefficient 
matrix. As seen in Chapter 3, an efficient method for solving such a system is 
available. 


7.4.7 BTBCS Implicit 


In this implicit scheme, a first-order backward difference approximation for the 
time derivative and a second-order central difference approximation for the diffusion 
term are used. As stated previously, the convective term may be approximated by 
a backward difference approximation which is either first-, second-, or third-order 
accurate (a > 0). Again, the use of the first-order approximation may introduce 
too much artificial viscosity, whereas a second-order approximation may cause some 
oscillations (dispersion error) in the solution. The finite difference formulations are 
as follows: 


a. First-order approximation of the convective term 


ntl n ntl n+l n+l n+l n+l 
U U ш UPL C pT 2u; +u 
At Ar (Az)? 
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which may be rearranged as a tridiagonal system as 





At At] nas At at 
-v 1+2 n+l 
| “(Ат ane] wt + 41+ “As? pt |“ 
At n 
b. Second-order approximation of the convective term 
up = и? " alt= 4и" + Зи?! ^ yu — 2upt! ¥ upt 
At 2(Ах) Е (Ат)? 


which is rearranged as 


At At ntl At At un! 
E Br “ait eg + Заз 


At „ “ЗД. 
- y] t ntt тю) 


Note that, in order to preserve the tridiagonal nature of the system, the i — 2 
point was moved to the right-hand side and evaluated explicitly. 


c.  Third-order approximation of the convective term 


ntl n+l n+l n+l ntl nil 
uw u а uM — ur L ii L Su + 3u ws 
At 2AT 6Ат 


n+l n+l HA 
U-2uj + ue 





(Az)? 
which is rearranged as 
At At] аз At At | мн 
ripe e ose yt адз Uu 
At At At , 
fares + 5] upi = uy 79 Az? (7-31) 


7.5 Applications: Nonlinear Problem 


Various algorithms described in the previous section are now used to illustrate 
their applications. In order to generalize the schemes just introduced, the nonlinear 
Burgers equation will be used. After all, the Navier-Stokes equations are nonlinear 
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and, therefore, this application should provide some fundamental insight into the 
procedures and steps required for the solution of the Navier-Stokes equation. 
The nonlinear Burgers equation is 


T pul = и (7-32) 


Hence, 


Ou ди ди 
+ и = 


ott дт' ðr”? 








(7-33) 


In Reference [7-1], 35 different analytical solutions of Burgers equation are given. 
One such stationary solution will be used to verify the numerical solutions and 
estimate the accuracy of the methods. The selected solution is 


s 2sinhz* 


E ~ cosh z* — e-* (7-84) 


which is shown in Figure 7-1 and tabulated at various time levels in Table 7-1. The 
notation “*”, which is used to designate the nondimensional quantities, is dropped 
in the following discussions. Equation (7-33) may be expressed in a conservative 
form as 


ди дЕ u 
a * Өт os i2 
where 
Е = ш 


S aeu ete (7-36) 


where 


Note that the second term, i.e., convection term in either of the Equations (7-35) 
or (7-36), introduces nonlinearity into the equation. 
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Figure 7-1. Analytical solution given by Equation (7-34) at various 
time levels. 





7.5.1  FTCS Explicit 


When Equation (7-36) is approximated by FDE (7-17) introduced previously, 
one obtains 


upt! — yp — u} un — 20" + и? 
A? u+ 1 (4 $ i-1 Е 
At ур 2Ах (Ат)? REST) 


An important point about Equation (7-37) is explored as follows. When an explicit 
scheme is used, the nonlinear term in Equation (7-36) is evaluated at the known 
location and, therefore, no linearization is required. That is not the case when 
an implicit formulation is employed; as a result, a linearization procedure must be 
introduced. An alternate way to evaluate the coefficient A in Equation (7-37) is to 
use an average value, in which case the formulation becomes 

v 


uiu _ Uy u; bu _ 
tz 5 (Ata + AR, 2 p c SEES: (7-38) 





The FTCS explicit formulation may be directly applied to Equation (7-35), in 
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which case the FDE becomes 


upt -up ER, Ебу ub 200 + up 
АГ + 2A: 7 (Azy (099) 
Again, since the nonlinear term E is applied at the known time level "n", no 


linearization is required. Either one of the FDEs, (7-37), (7-38), or (7-39) ux be 
used to obtain a solution. 


To start the solution, an initial condition must be specified. This initial condition 
is taken from the analytical solution at t = 0.1 and is shown in Figure 7-1. The 
spatial domain is taken to be between —9 and 9. The boundary conditions at z = —9 
and т = 9 are specified as и = 2.0 and и = —2.0, respectively. This imposition is an 
approximation. Indeed, the value of u at the boundaries will change as a function 
of time. However, these changes are small (see for example Table 7-1) and, for the 
sake of simplicity, they will be neglected. If the exact values of u at the boundaries 
are desired, they may be obtained from Equation (7-34) and input to the numerical 
code. 


The next consideration is the selection of step sizes. The FTCS explicit Scheme 
requires the following constraints for stability: 


ds; and Re, < 2/с 


For the result given in Table 7-2 obtained from the formulation of (7-39), the fol- 
lowing step sizes which satisfy the stability requirements are used: 
Ar = 02 


At = 0.01 


The solution starts from t = 0.1 and proceeds to t£ = 1.0 and is illustrated in 
Figure 7-2. 


It is interesting to compare the solutions obtained by the three finite difference 
equations of (7-37), (7-38), and (7-39). For this purpose, the error distributions at 
time levels of 0.4 and 1.0 are shown in Figures (7-3) and (7-4), respectively. Observe 
that the formulation (7-38) has the least error and that the errors decrease as the 
solutions proceed in time. The error is simply defined as the difference between the 
analytical solution and the numerical solution. 
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x 
Figure 7-2. Solution of the viscous Burgers equation by FTCS 
explicit scheme of Equation (7-39). 





Comparison of error distributions for FTCS 
formulations at t == 0.4. 
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Figure 7-4. Comparison of error distributions for FTCS 
formulations at t = 1.0. 





7.5.2  FTBCS Explicit 


This formulation is similar to the method just used, except a first-order back- 
ward approximation is employed for the convective term. The resulting FDE for 
PDE (7-35) is 

upt — up + E- Eh, ш 2щ + uti 


^i Az (Ат)? ш) 
and for (7-36) is 
uj = и д» po ME ui = ui = 207 + Uia (7-41) 


The argument on linearity, stability, and imposition of initial and boundary condi- 
tions discussed previously applies to this scheme as well. 


7.5.3  DuFort-Frankel Explicit 
Application of Equation (7-21) to the model equation (7-36) yields 


ur — up? га дыш Ш — (и + upt?) ruta 
3A: Шр" (Ат)? 
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This equation may be rearranged as 





1—24 с+ 2d c — 2d 
ntl fT) yn ч аьа Еу С 
| (3 + ai) 36: (s * ai) = ($ + z) БА (542) 
where Ads At ; " ^t 
CT AE ш = (Ат)? 
When Equation (7-35) is used, the following ЕРЕ is obtained: 
чн! —щ Epa ЕР, uy (Ш + ult) + up, 
2At 2Ахт (Ат)? 


From which 





А 1—2dY „_ 2d n n С 
bn (; m ai) iti € + я) (ulin + Mba) -gya E-E) (7-43) 


As seen previously in Chapter 3, a minor difficulty is encountered with regard to 
the starting procedure. This scheme requires two sets of initial conditions. Various 
procedures may be used to provide the second set of necessary data. Usually, a 
one-step scheme such as FTCS explicit is used to provide the required second set 
of data. However, the stability requirement of the starter solution must be checked 
to ensure a stable initial set of data. 

For the results shown in Table (7-3), the second set of data was also provided 
by the analytical solution. 


7.5.4  MacCormack Explicit 


Application of this multi-step scheme given by Equations (7-24) and (7-25) to 
the model equation (7-35) provides the following FDEs: 


А At At А - a 
Аир! = (н — Е?) + {Агу (“н — 2u; + uia) (7-44а) 
uy = up + Au? (7-44b) 
and 
* At + + At * * * 
Au; = -5z E — Е) + {Ату н — 2u; + uii) (7-45a) 


uptl = (шщ + uf + Aut) (7-4%) 
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7.5.5 MacCormack Implicit 


In this implicit formulation, the FDEs are 


( + XA) Su — MA but, = Aut (7-46a) 

uy = uy + бщ (7-46b) 
and 

( + хх) би! — Mb out эм = Aut (7-47a) 

uf? = ущ + uf + ut) à (7-47b) 


The right-hand sides of Equations (7-46a) and (7-47a), i.e., Au? and Auj, are 
evaluated by Equations (7-44a) and (7-45a). The parameter À is selected such that 


TEENS 


Equations (7-46a) and (7-47a) form upper and lower bidiagonal systems, respec- 
tively. To clearly identify the bidiagonal system, define the following: 


Thus, Equation (7-462) may be expressed as 
a;óu; + би = Au; (7-48) 


Now apply this equation to grid points from i = 2 to i = IM М1, to obtain the 
following equations: 


i=2 : азби + би = Aus 
= 3 : азби + зби = Aus 
4=1ІММ2 : агммобитмм» + бім мабшммі = АЧмм? 


1—IMMI : атмм1бшмм + Ымм1бшм = Ашмм\ 


288 Chapter 7 








In the last equation, биту is provided by the boundary condition. Since in this 
example the boundary condition at ГМ is specified as a constant, бийм will be zero. 
Now, the equations above are combined in a matrix formulation as 


аз b, би; Au» 
Q3 bs би Aus 

QIMM2 Ымм? би*мм2 AuIMM2 

амм биїмм1 Ашмм1 


This system is an upper bidiagonal system which may be solved efficiently by 
the following: 
би] = (Au) Sod (бщ) 
а; 


Now, consider Equation (7-47а), which may be expressed as 


абир! + би?! = Аш (7-49) 
For grid points i = 2 to i = IM М1, the following equations will result: 
i=2 : азби! + but! = Ли} 
i—3: азби! -b6u5*! = Лиз 
i—IMM2 : аемәбитымә + bimmaduti¢us = Ач мм» 
i—IMM1: — амм\бшүму + ыммубитимә = Autmu 


Since at the boundary i = 1, the value of и is assigned a constant value of 2 for 
all time levels; therefore би?! = 0. The system of equations above form a lower 
bidiagonal system as 


1 
Q2 but Au; 
bz Q3 bunt! Aui 

Ымм? атмм? бийм? Ашммә 

DIMMI = @immi бийм! Aviva 


The solution of this system is given by 
Au; — bifu 


n+l 4-1 
би = 
а 
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7.5.6 BTCS Implicit 


The implicit formulation previously described is applied to the model equation 
(7-36) where lagging of the Jacobian is used for linearization purposes. The FDE is 


upt! — u? A Anu = am) »" us - 2 + upt 
At è 2r VT (Ат)? 
which is rearranged as 
At n At 2H -+ At up 
[бер tA Tar] beray y 
At aA |. < 
+ [се + A | unt = ui (7-50) 


Equation (7-50) may be expressed as a general tridiagonal system by the following 
relations: 


АЁ gn At 
a= (Asp C 2Az 
At 
bi =1+2—— {Аг 
At QA 

а= — (Asi + ^ 2A; 
and 

Di = ul 
Hence, 


aunt} + Ьир! + сит = Di 
This tridiagonal system is easily solved by the method introduced in Chapter 3. The 
solution is presented in Table 7-4. The stepsizes used are Az = 0.2 and At = 0.01. 


7.5.7  BTBCS Implicit 


The implicit formulations, where backward difference approximations of first, 
second, or third order is used for the convective terms, may be expressed as 


1 ntl 1 
aut} + butt + eua] = D, 
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where 
pu б є (а) 
b = і (А0) 
а= "aute (А) 

апа 


D, =ч? 4-6, (aT ua) 


The coefficients 0; through 6, are defined as 


Order of Approximation 
for the 
the Convective Term 


eode —— [1[i[9[9] 
AOE: 
ЕЗ 






Second-Order Bz 


Third-Order 
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A comparison of errors by the three approximations described above is shown in 
Figure (7-5). The error is determined as the difference between the analytical and 
numerical solutions. As expected, the third-order accurate approximation of the 


convective term provides the solution with the least error. 


7.5.8 Modified Runge-Kutta 


The modified Runge-Kutta scheme, described in Section 6.6.8, is now applied 
to Equation (7-35). There are several methods by which the viscous term can be 
incorporated into the finite difference equation. In the first scheme, the viscous 


terms are evaluated at each stage, resulting in the following equations. 


Ш) = u 


Q) (1) 


(2) (2) 
(3) = и? — At (=) + At (23) 


(7-51) 


(7-52) 


(7-53) 
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QOAC(OEND At (Pu 
49 = 4-3 (2) +F(B) a 

(4) 2, \ (4) 
uM = ub—At (55) + At (as) (7-55) 

TEM 8EY Ewa -E 
(=) = ae (7-56) 
Ou Witi — 2щ + uii 

PET. pil 


A solution by the modified Runge-Kutta scheme given by Equations (7-51) 
through (7-55) is provided in Table 7.5. 

А second method of approximation of the viscous term is to evaluate it only at 
the first stage and to use it at the subsequent stages. Finally, a third method is 
to compute only the convective term using the modified Runge-Kutta scheme and, 
subsequently, add the viscous term after the final stage, that is, 


Фи n+l 
upt! = 1 + At (22 


Obviously, the second and third methods identified above require less computation 
time; however, accuracy may be compromised. 


—Q-— 1 st-order 
—fr— 2nd-order 
—NM—  3ird-order 


-9.00 -6.00 -3.00 0.00 3.00 6.00 9.00 
x 


Figure 7-5. Comparison of errors for the BTBCS implicit scheme 
at t = 1, for Az = 0.2, At = 0.01. 
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7.5.9 Second-Order TVD Schemes 


Numerous TVD schemes along with their applications were presented in Chap- 
ter 6. The general formulation is reviewed in this section, and a sample application 
is illustrated. Recall that the concept of TVD is introduced to eliminate or reduce 
oscillations in the solution due to dispersion error. In fact, a TVD scheme oper- 
ates similarly to that of the addition of a damping term. For equations such as 
(7-35), which contains both convective and diffusive terms, TVD is considered on 
the convective term only. Recall some of the criteria for TVD schemes presented in 
Section 6.9.2. The finite difference equation following (6-123) through (6-125) may 
be expressed as 


n n At n n At n n п 
и; +H u; — (hi; - һ 1) + (Аз)? (uii ux 2u; + и i) (7-58) 


Az 
» 1 
where Nyy = [Ем + ЕР + Ф| (7-59) 
1 
and Ia = g [EF + Bhi + ony] (7-60) 


Several flux limiter functions were introduced in Chapter 6 for Harten-Yee up- 
wind TVD, Roe-Sweby upwind TVD, and Davis-Yee symmetric TVD. These func- 
tions are given by Equations (6-131), (6-137), and (6-141), respectively. Further- 
more, several limiters are provided for each of these limiter functions. 


A solution by the Davis-Yee symmetric TVD and limiter (6-143) is illustrated 
in Figure (7-6) and provided in Table 7.6. 


Comparison of the numerical solutions obtained by various methods and ana- 
lytical solution reveals the accuracy of the methods and, indeed for the stepsizes 
used, all methods considered provide accurate solutions. 


For the specified stepsizes of Az = 0.2 and At = 0.01, all schemes investigated 
are stable. Comparison of errors at time levels 0.4 and 1.0 are shown in Figures 7-7 
and 7-8. The schemes employed are the FTCS explicit, the Dufort-Frankel explicit, 
the MacCormack explicit, the BTCS implicit, and the modified Runge-Kutta. Note 
that the error is decreased as the solution proceeds forward in time for all three 
schemes. 


It is also interesting to note that the BTCS implicit scheme produces more error 
compared to the FTCS explicit scheme. Recall that a similar conclusion was reached 
in Section 6.6.6. 
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ЖЕНИНННИИЕЕБ 


-9.00 -6.00 -3.00 0.00 3.00 6.00 9.00 


х 
Figure 7-6. Solution of the viscous Burgers equation by the Davis- 
Yee symmetric TVD scheme and limiter 6-143. 
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Figure 7-7. Comparison of errors at time level 0.4 for the FTCS 
explicit, DuFort-Frankel explicit, MacCormack 

explicit, modified Runge-Kutta, and BTCS implicit. 
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X 
Figure 7-8. Comparison of errors at time level 1.0 for the FTCS 
explicit, DuFort-Frankel explicit, MacCormack 
explicit, modified Runge-Kutta, and BTCS implicit. 





7.6 Summary Objectives 


After studying the material in this chapter, you should be able to do the fol- 
lowing: 
1. Describe: 
a. Burgers equation and its relation to Navier-Stokes equation 
. Linearization of Burgers equation 
. FTCS explicit scheme 
. FTBCS explicit scheme 
. DuFort-Frankel explicit scheme 
. MacCormack explicit scheme 
. MacCormack implicit scheme 
. BTCS implicit scheme 
i BTBCS implicit scheme 
j. Modified Runge-Kutta scheme 
k. Second-order TVD scheme 


2. Solve the Problems for Chapter Seven. 


BO с сос OO c 
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7.7 Problems 


7.1 Solve the viscous Burgers equation by the following schemes: (a) FTCS ex- 
plicit, (b) MacCormack explicit, (c) BTCS implicit. The domain of interest is 
—9 < х < 9, and the initial distribution of u is given as 


2sinhz 
cosh z — e-91 


i.e., at ё = 0.1. Compare the numerical solutions to the analytical solution given by 


2sinhz 


u = -m 
cosh т — e^t 


Assume that the values of u at the boundaries are fixed according to 
т=—9 и = 2.0 
т= 9 u = —2.0 


Use stepsizes of Az = 0.2 and At = 0.01. Print and plot the solutions for all z 
locations at t — 0.1 (initial distribution), 0.4, 0.7, and 1.0. 

To investigate the effect of stepsizes on accuracy and stability, consider the 
following cases: 


(a) Ax = 0.2 At = 0.02 
(b) Az — 0.2 At — 0.05 
(c) Az = 0.5 At = 0.01 
(d) Az — 0.5 At = 0.05 


7.2 Consider a fluid with a temperature of T, and a constant velocity of u travelling 
from left to right in a channel. The temperature at the end of the channel is suddenly 
changed to Ту and is maintained at that constant value. It is required to compute 
the time-accurate solution for the temperature distribution within the channel. The 
governing equation is given by the one-dimensional energy equation as 


or or QNT 


& Ba os 
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where a is the thermal diffusivity, which is assumed constant for this problem. The 
initial and boundary conditions are specified as 


t=0 ; T(x,0) = T. 





t20, r-0 у == 
r=L Plat, 
(a) Nondimensionalize the equation by 
. tu, . 2 ‚ u . T-T 
A4 = — L—— T'2— 
deri ies; рат TOUT. 
and define 
а 
^ Lu, 


(b) Obtain the analytical solution. 


(c) Use a first-order backward differencing of the convective term and a second- 
order central difference approximation of the diffusion term to write an explicit 
formulation. The time derivative is approximated by a first-order accurate 
differencing. 


(d) Repeat (c), but use a second-order backward differencing for the convective 
term. 


(e) Repeat (c), but use a second-order central differencing for the convective term. 
(f) Repeat (e), but write an implicit formulation. 


(g) Obtain the numerical solutions with the formulations developed in (c), (d), 
(e), and (f). Use a time step of 0.01 sec. and 21 equally spaced grid points, 
ie., IM — 21. Assume a fluid with a diffusivity of 0.04 m?/sec., a velocity of 
0.2 m/s, temperature of T, = 20°С. The sudden change in temperature T) at 
the boundary is T, = 100 °С and the length of the channel is 2 m. 


Print the solutions at time levels of 1.0, 2.0, and 3.0 seconds for all schemes. 
Plot a typical temperature profile at these time levels from the solution of (c). 
Plot the error distributions at a time level of 3.0 sec. for all schemes, where 


Error — ABS(TA- TN) 
TA => Analytical solution 


TN => Numerical solution. 
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7.3 A fluid with a temperature of T, and a constant velocity of u, is travelling 
from left to right in a channel of length L. The temperature at the end of the 
channel is suddenly changed to Ту and is maintained at the constant value of Th. 
The governing equation for this one-dimension flow is given by 


where a is the thermal diffusivity assumed to be a constant. The initial and bound- 
ary conditions are specified as 








tu, т u Т ~ Т, 
* MU A clt жс үч Т* = 
pups ше Жый >, ТТ, 
and define 
а = — 
Lu, 


For the following, the nondimensional equation is to be used. 
(b) Obtain the analytical solution. 


(c) Use a second-order central differencing for the spatial derivatives to write an 
explicit, first-order in time finite difference equation. 


(d) Repeat (c), but use nonequal grid spacing. Denote the variable spatial step 
as follows: 


z(t — 1) z(i) z(i4- 1) 


= AzL(i) Rn. AzR(i) e 


where AzL(i) = z(i) — z(i— 1) 
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(I) 


Ш) 
(III) 


and AzR(i) = z(i + 1) — z(i) 
The ratio of stepsizes is defined as 


_ AzR(i) 
* = AZL() 





To simplify the formulation, use 
AzL(i)- Ar ,  AzR(i)-4Ar 


However, bear in mind that Az and ү will change from grid point to grid 
point. 


In this problem, the grid point clustering near the boundary at z = L is 
desired to better resolve the temperature gradient within that region. The 


grid point clustering procedure suggested in problem 3.9 may be used in this 
problem. 


Obtain the numerical solutions for the following set of data: 
Т. = 20°С , T, 210vC , w—02 m/sec. 
а = 0.04 m/sec. , L=2m 


At —0.01sc. , ІМ = 21 
Use the formulation developed in (c) 


Use the formulation developed in (d) with a clustering parameter £ of 1.2. 
Repeat (II) with 8 — 1.1. 


Print the solutions at time levels of 1, 2, and 3 seconds. Plot the temperature 
and error distributions at a time level of 3 seconds, where the error distribution is 
determined as defined in problem 7.2, part (g). 


Scalar Representation of the Navier-Stokes Equations 


t-0.4 


2.0003 
2.0005 
2.0007 
2.0011 
2.0016 
2.0024 
2.0036 
2.0054 
2.0081 
2.0121 
2.0180 
2.0269 
2.0401 
2.0597 
2.0889 
2.1321 
2.1955 
22871 
2.4144 
2.5724 
2.6931 
24717 
1.1513 
-1.1513 
-2.4717 
-2.6931 
-2.5724 
-2.4144 
-2.2871 
-2.1955 
-2.1321 
-2.0889 
-2.0597 
-2.0401 
-2.0269 
-2.0180 
-2.0121 
-2.0081 
-2.0054 
-2.0036 
-2.0024 
-2.0016 
-2.0011 
-2.0007 
-2.0005 
-2.0003 


Table 7-1. Analytical solution given by 


-2.3022 
-2.2538 
-2.1895 
-2.1347 
-2.0934 
-2.0639 
-2.0434 
-2.0293 
-2.0198 
-2.0133 
-2.0089 
-2.0060 
-2.0040 
-2.0027 
-2.0018 
-2.0012 
-2.0008 
-2.0005 
-2.0004 
-2.0002 


Equation (7-34). 


-2.0917 
-2.0656 
-2.0457 
-2.0314 
-2.0214 
-2.0145 
-2.0098 
-2.0066 
-2.0044 
-2.0030 
-2.0020 
-2.0013 
-2.0009 
-2.0006 
-2.0004 
-2.0003 
-2.0002 





t=0.1 
2.0000 
2.0007 
2.0010 
2.0015 
2.0022 
2.0033 
2.0049 
2.0074 
2.0110 
2.0164 
2.0245 
2.0366 
2.0549 
2.0823 
2.1237 
2.1866 
2.2833 
2.4335 
2.6715 
3.0565 
3.6826 
4.5374 
3.4945 
-3.4945 
-4.5374 
-3.6826 
-3.0565 
-2.6715 
-2.4335 
-2.2833 
-2.1866 
-2.1237 
-2.0823 
-2.0549 
-2.0366 
-2.0245 
-2.0164 
-2.0110 
-2.0074 
-2.0049 
-2.0033 
-2.0022 
-2.0015 
-2.0010 
-2.0007 
-2.0000 


t=0.4 


2.0000 
2.0002 
2.0005 
2.0010 
2.0016 
2.0024 
2.0036 
2.0054 
2.0081 
2.0120 
2.0180 
2.0268 
2.0399 
2.0594 
2.0884 
2.1312 
2.1940 
2.2846 
2.4107 
2.5678 
2.6881 
2.4558 
1.1250 
-1.1250 
-2.4558 
-2.6881 
-2.5678 
-2.4107 
-2.2846 
-2.1940 
-2.1312 
-2.0884 
-2.0594 
-2.0399 
-2.0268 
-2.0180 
-2.0120 
-2.0081 
-2.0054 
-2.0036 
-2.0024 
-2.0016 
-2.0010 
-2.0005 
-2.0002 
-2,0000 


t=0.7 
2.0000 
2.0001 
2.0003 
2.0006 
2.0010 
2.0017 
2.0026 
2.0039 
2.0059 
2.0088 
2.0132 
2.0196 
2.0290 
2.0429 
2.0632 
2.0923 
2.1331 
2.1874 
2.2512 
2.2993 
2.2408 
1.8347 
0.7564 
-0.7564 
-1.8347 
-2.2408 
-2.2993 
-2.2512 
-2.1874 
-2.1331 
-2.0923 
-2.0632 
-2.0429 
-2.0290 
-2.0196 
-2.0132 
-2.0088 
-2.0059 
-2.0039 
-2.0026 
-2.0017 
-2.0010 
-2.0006 
-2.0003 
-2.0001 
-2.0000 
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t=1.0 
2.0000 
2.0001 
2.0002 
2.0004 
2.0007 
2.0011 
2.0018 
2.0028 
2.0043 
2.0064 
2.0096 
2.0143 
2.0211 
2.0310 
2.0450 
2.0646 
2.0905 
2.1209 
2.1462 
2.1339 
1.9952 
1.5465 
0.6091 
-0.6091 
-1.5465 
-1.9952 
-2.1339 
-2.1462 
-2.1209 
-2.0905 
-2.0646 
-2.0450 
-2.0310 
-2.0211 
-2.0143 
-2.0096 
-2.0064 
-2.0043 
-2.0028 
-2.0018 
-2.0011 
-2.0007 
-2.0004 
-2.0002 
-2.0001 
-2.0000 


Table 7-2. Solution of the viscous Burg- 
ers equation by the FTCS 
scheme. 
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t-0.1 

2.0000 

2.0007 

2.0010 

2.0015 

2.0022 

2.0033 

2.0049 

2.0074 

2.0110 

2.0164 

2.0245 

2.0366 

2.0549 

2.0823 

2.1237 

2.1866 

2.2833 

2.4335 

2.6715 

3.0565 

3.6826 

4.5374 

3.4945 

-3.4945 

-4.5374 

-3.6826 -2. А 
-3.0565 -2. -2.3018 
-2.6715 -2.2525 
-2.4335 -2.2851 -2.1880 
-2.2833 -2.1942 -2.1334 
-2.1866 -2.1313 -2.0925 
-2.1237 -2.0885 -2.0633 
-2.0823 -2.0595 -2.0430 
-2.0549 -2.0399 -2.0291 
-2.0366 -2.0268 -2.0196 
-2.0245 -2.0180 -2.0132 
-2.0164 -2.0121 -2.0089 
-2.0110 -2.0081 -2.0059 
-2.0074 -2.0054 -2.0039 
-2.0049 -2.0036 -2.0026 
-2.0033 -2.0024 -2.0017 
-2.0022 -2.0016 -2.0010 
-2.0015 -2.0010 -2.0006 
-2.0010 -2.0005 -2.0003 
-2.0007 -2.0002 -2.0001 
-2.0000 -2.0000 -2.0000 


t-0.]  t-04 


2.0000 2.0000 
2.0007 2.0002 
2.0010 2.0005 
2.0015 2.0010 
2.0022 2.0016 
2.0033 2.0024 
2.0049 2.0036 
2.0074 2.0054 
2.0110 2.0081 
2.0164 2.0121 
2.0245 2.0180 
2.0366 2.0269 
2.0549 2.0400 
2.0823 2.0596 
2.1237 2.0887 
2.1866 2.1318 
2.2833 2.1951 
2.4335 2.2868 
2.6715 2.4153 
3.0565 2.5800 
3.6826 2.7277 
4.5374 2.5747 
3.4945 1.2556 
-3.4945 -1.2556 
-4.5374 -2.5747 
-3.6826 -2.7277 
-3.0565 -2.5800 
-2.6715 -2.4153 
-2.4335 -2.2868 
-2.2833 -2.1951 
-2.1866 -2.1318 
-2.1237 -2.0887 
-2.0823 -2.0596 
-2.0549 -2.0400 
-2.0366 -2.0269 
-2.0245 -2.0180 
-2.0164 -2.0121 
-2.0110 -2.0081 
-2.0074 -2.0054 
-2.0049 -2.0036 
-2.0033 -2.0024 
-2.0022 -2.0016 
-2.0015 -2.0010 
-2.0010 -2.0005 
-2.0007 -2.0002 
-2.0000 -2.0000 





Table 7-3. Solution of the viscous Burg- Table 7-4. Solution of the viscous Burg- 
ers equation by the DuFort- ers equation by the BTCS 
Frankel scheme. scheme. 


Scalar Representation of the Navier-Stokes Equations 








t-0.7 
2.0000 
2.0001 
2.0003 
2.0006 
2.0010 
2.0017 
2.0026 
2.0040 
2.0059 
2.0089 
2.0132 
2.0196 
2.0291 
2.0431 
2.0634 
2.0927 
2.1338 
2.1887 
2.2537 
2.3042 
2.2498 
1.8471 
0.7634 
0.7634 
-1.8471 
-2.2498 
-2.3042 
-2.2537 
-2.1887 
-2.1338 
-2.0927 
-2.0634 
-2.0431 
-2.0291 
-2.019% 
-2.0132 
-2.0089 
-2.0059 
-2.0040 
-2.0026 
-2.0017 
-2.0010 
-2.0006 
-2.0003 
-2.0001 
-2.0000 





t=0.1 
2.0000 
2.0007 
2.0010 
2.0015 
2.0022 
2.0033 
2.0049 
2.0074 
2.0110 
2.0164 
2.0245 
2.0366 
2.0549 
2.0823 
2.1237 
2.1866 
2.2833 
2.4335 
2.6715 
3.0565 
3.6826 
4.5374 
3.4945 
-3.4945 
-4.5374 
-3.6826 
-3.0565 
-2.6715 
-2.4335 
-2.2833 
-2.1866 
-2.1237 
-2.0823 
-2.0549 
-2.0366 
-2.0245 
-2.0164 
-2.0110 
-2.0074 
-2.0049 
-2.0033 
-2.0022 
-2.0015 
-2.0010 
-2.0007 
-2.0000 


t=0.4 


2.0000 
2.0002 
2.0005 
2.0010 
2.0016 
2.0024 
2.0036 
2.0054 
2.0081 
2.0121 
2.0180 
2.0268 
2.0400 
2.0595 
2.0885 
2.1315 
2.1945 
2.2856 
2.4128 
2.5726 
2.6995 
2.4780 
1.1414 
-1.1414 
-2.4780 
-2.6995 
-2.5726 
-2.4128 
-2.2856 
-2.1945 
-2.1315 
-2.0885 
-2.0595 
-2.0400 
-2.0268 
-2.0180 
-2.0121 
-2.0081 
-2.0054 
-2.0036 
-2.0024 
-2.0016 
-2.0010 
-2.0005 
-2.0002 
-2.0000 


t=1.0 
2.0000 
2.0001 
2.0002 
2.0004 
2.0007 
2.0011 
2.0018 
2.0028 
2.0043 
2.0065 
2.0097 
2.0143 
2.0212 
2.0311 
2.0453 
2.0651 
2.0912 
2.222 
2.1486 
2.1380 
2.0016 
1.5541 
0.6130 
0.6130 
-1.5541 
-2.0016 
-2.1380 
-2.1486 
-2.1222 
-2.0912 
-2.0651 
-2.0453 
-2.0311 
-2.0212 
-2.0143 
-2.0097 
-2.0065 
-2.0043 
-2,0028 
-2.0018 
-2.0011 
-2.0007 
-2.0004 
-2.0002 
-2.0001 
-2.0000 










































Table 7-5. Solution of the viscous Burg- 
ers equation by the modified 
Runge-Kutta scheme. 
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t=0.7 
2.0000 
2.0006 
2.0007 
2.0009 
2.0013 
2.0019 
2.0028 
2.0041 
2.0061 
2.0090 
2.0135 
2.0200 
2.0297 
2.0439 
2.0646 
2.0942 
2.1354 
2.1898 
2.2512 
2.2805 
2.1980 
1.7891 
0.7461 
-0.7461 
-1.7891 
-2.1980 
-2.2805 
-2.2512 
-2.1898 
-2.1354 
-2.0942 
-2.0646 
-2.0439 
-2.0297 
-2.0200 
-2.0135 
-2.0090 
-2.0061 
-2.0041 
-2.0028 
-2.0019 
-2.0013 
-2.0009 
-2.0007 
-2.0006 
-2.0000 


t=0.1 
2.0000 
2.0007 
2.0010 
2.0015 
2.0022 
2.0033 
2.0049 
2.0074 
2.0110 
2.0164 
2.0245 
2.0366 
2.0549 
2.0823 
2.1237 
2.1866 
2.2833 
2.4335 
2.6715 
3.0565 
3.6826 
4.5374 
3.4945 
-3.4945 
4.5374 
-3.6826 
-3.0565 
-2.6715 
-2.4335 
-2.2833 
-2.1866 
-2.1237 
-2.0823 
-2.0549 
-2.0366 
-2.0245 
-2.0164 
-2.0110 
-2.0074 
-2.0049 
-2.0033 
-2.0022 
-2.0015 
-2.0010 
-2.0007 
-2.0000 


t-0.4 


2.0000 
2.0006 
2.0008 
2.0011 
2.0017 
2.0025 
2.0037 
2.0055 
2.0082 
2.0122 
2.0182 
2.0271 
2.0404 
2.0601 
2.0895 
2.1329 
2.1967 
2.2886 
24162 
2.5710 
2.6421 
2.3669 
1.0982 
-1.0982 
-2.3669 
-2.6421 
-2.5710 
-2.4162 
-2.2886 
-2.1967 
-2.1329 
-2.0895 
-2.0601 
-2.0404 
-2.0271 
-2.0182 
-2.0122 
-2.0082 
-2.0055 
-2.0037 
-2.0025 
-2.0017 
-2.0011 
-2,0008 
-2.0006 
-2,0000 


-1.5183 
-1.9615 
-2,1124 
-2.1381 
-2.1211 
-2.0918 
-2.0660 
-2.0462 
-2.0319 
-2.0217 
-2.0148 
-2.0100 
-2.0067 
-2.0045 
-2.0031 
-2.0021 
-2.0015 
-2.0011 
-2,0008 
-2.0007 . 
-2.0006 
-2.0000 


Table 7-6. Solution of the viscous Burg- 
ers equation by the second- 
order TVD scheme. 









Chapter 8 


Incompressible Navier-Stokes Equations 


8.1 Introductory Remarks 


The equations of motion for a homogeneous fluid in the absence of a finite 
rate chemical reaction or mass diffusion are based on three physical conservation 
laws. If a fluid is composed of various chemical species with mass diffusion and/or 
chemical reaction, additional conservation laws may be required, e.g., conservation 
laws for species. Since, for most engineering applications, the average measurable 
values of the flow properties are desired, the assumption of continuous distribution 
of matter is imposed. This assumption is known as continuum and is valid as long 
as the smallest length in а physical domain is much larger than the mean free path 
of molecules. 

The fundamental equations of fluid motion in differential form are derived from: 


1. Conservation of mass (continuity) 
2. Conservation of linear momentum (Newton's second law) 
3. Conservation of energy (first law of thermodynamics) 


The resulting system of equations is known as the Navier-Stokes equations and was 
introduced in Chapter 7. 

For applications for which the density remains uniform throughout the domain, 
the assumption of incompressible flow is invoked. Therefore, for an incompressible 
flow, the density is constant and no longer an unknown. Furthermore, variations 
in the coefficient of viscosity are essentially negligible and it is assumed constant 
as well 'The incompressible Navier-Stokes equations can be obtained from the 
Navier-Stokes equations for the limiting case of M — 0 (a -> oo). Before the 
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governing equations are reviewed, some essential remarks with regard to the in- 
compressible Navier-Stokes equations are in order. First, the energy equation is 
decoupled from the system of equations composed of the continuity and momentum 
equations. Therefore, the velocity and pressure fields are computed initially, and 
subsequently the energy equation may be solved for the temperature distribution if 
required. Second, due to the reduction of unknowns within the domain, the com- 
puter storage and memory requirements are reduced. Third, depending on the for- 
mulations employed, a specific numerical scheme must be utilized which will permit 
coupling the velocity and the pressure. Fourth, using the Navier-Stokes equations! 
to solve for incompressible flowfields is not computationally efficient. In addition 
to the storage and memory requirements identified earlier, the computational time 
would be excessive due to the stability requirement of the numerical schemes. For 
example, as was seen in the previous chapter, the time step for most schemes is 
limited by Courant number. А typical restriction of most explicit schemes for the 
Navier-Stokes or Euler equations in the computational space may be expressed as 


Ar 
(CFL), — (Andaa 7p «1 


From which 

Ат < хан. 

(An) max 
where 
(Aq) max = Neu + nv + ayn? + nè 

(The exact details will be shown later.) Note that as the speed of sound, “a”, ap- 
proaches infinity (as for incompressible flow), An/(Ay)max will approach zero. Thus, 
an extremely small time step is required. To reach a steady state solution, a tremen- 
dous amount of computations will be required. Therefore, efficient solution of in- 
compressible flows requires utilization of appropriate incompressible Navier-Stokes 
equations. However, the application of the incompressible Navier-Stokes equations 
requires special considerations with regard to domain discretization, boundary con- 
ditions and solution procedures. The implications described above, along with the 
special considerations, are explored in the following sections. 


8.2 Incompressible Navier-Stokes Equations 
In this section, the incompressible Navier-Stokes equations are reviewed. As 
mentioned previously, since the energy equation is decoupled from the continuity 


Note that whenever one refers to Navier-Stokes equations, it normally implies unsteady com- 
pressible Navier-Stokes equations. 
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and momentum equations, its discussion will be postponed to the latter part of this 
chapter. Generally speaking, the governing equations for an incompressible flow 
may be expressed in two different formulations based on the dependent variables 
used. First is the primitive variable formulation expressed in terms of the pressure 
and velocity. The second form of the equations is the so-called vorticity-stream 
function equations which are derived from the Navier-Stokes equations by incorpo- 
rating the definitions for the vorticity and the stream function. This formulation is 
primarily used for two-dimensional applications. Obviously the implication is due 
to the definition of stream function, which exists for a two-dimensional (planar or 
axisymmetric) flow only. It should be noted that for a three-dimensional flow, it is 
possible to extend the approach of stream function by the use of the so-called vec- 
tor potential [8.1]. However, additional complications arise. Therefore, extension 
of the vorticity-stream function formulation for three dimensions is not explored 
further. Interested readers are encouraged to consult Refs. [8.2] through [8.4]. For 
three-dimensional applications, the extension of the equations in primitive variable 
formulation is recommended. 

Either one of the formulations described above can be expressed in dimensional 
or nondimensional form. Furthermore, they may be either in conservative or non- 
conservative form. For completeness, various forms of the incompressible Navier- 
Stokes equations without body forces are provided. 


8.2.1 Primitive Variable Formulations 


(I) Dimensional, conservative form 


1. Vector form 
V-V=0 (8-1) 


av ~ Vp 
С 47-(00)4 Р Luv -2 
a VV) +P иу (8-2) 


2. Two-dimensional Cartesian coordinate (Extensions to three-dimensions 
is straightforward) 


Qu , Ov 

ðu Of. p д _ [Pu Pu 

8t + áz ( + 2) + 8 (uv) 2v (л + iat) (8-4) 
д 
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(II) Dimensional, nonconservative form 


1. Vector form 


V.V-0 
21 AUC T = иу? 


2. Two-dimensional Cartesian coordinate 


wu. t vov. 292^ 


BY se OM yg ЖУ л. 
Qt дт "Sy оду Әт? ôy? 


(III) Nondimensional, conservative form 


ди ди ди 1p «(25 as) 


1. Vector form 























у*.ў'=0 
ave * (Ie +e __ 1 $2174 
sp tV (VS +V ub AA 
2. Two-dimensional Cartesian coordinate 
ди ду 
Oy* 
д^ д, д 1 (ut дм 
э ap SERA “=a ata 
ду is (uty юр) 1 Ov" E д?у* 
Or Oz РІ Re (Әх ду 


(IV) Nondimensional, nonconservative form 


1. Vector form 
V*.y* 20 
8V* 


MAI S V*. vov: tot — $2375 
or + ( Vt +V mV V 
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(8-6) 


(8-7) 


(8-8) 


(8-9) 


(8-10) 


(8-11) 


(8-12) 


(8-13) 


(8-14) 


(8-15) 


(8-16) 


(8-17) 
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2. Two-dimensional Cartesian coordinate 























ди д’ 
ад ыса: 8-18 
ax ду | no 
ди? Ou’ ди, | Op 1 (Ow д? 
* * ud ыш = РУ ч NT -19 
де ap t" ду* ic дт Re (s j y"? A19) 
ду" ду ду Әр 1 (92у д? 
М у Р ш =. = 8-20 
ôt’ TW ðr Tu ду, ду, Re & Ы Oy*? (8-90) 
The variables in the equations above are nondimensionalized as follows, 
+ fuos Laz ee 
EE TL тт 
(8-21) 
« u * v " D 
Чоо ио рохи, 


where L is a characteristic length, and oo and uo are the reference (e.g., freestream) 
density and velocity, respectively. The nondimensional parameter Reynolds number 
is defined as 
Re = Posts 
Hoo 

It should be emphasized that other reference variables can be used to nondi- 
mensionalize the equations. For example, one may nondimensionalize the pressure 
with respect to the free stream pressure, poo, or nondimensionalize the velocity with 
respect to the free stream speed of sound (for high speed flows). Therefore, in re- 
viewing various publications, one should pay close attention to the procedure by 
which the equations have been nondimensionalized. At this point, a comment with 
respect to nondimensionalization of time is in order. For applications where the 
Reynolds number is high (ie., Re >> 1), time is nondimensionalized with respect 
to tus,/L as defined previously. That is due to the fact that in these types of 
problems, the convective term dominates the viscous term and L/u,, is a natural 
representation of the time interval for the problem, i.e., the time by which a particle 
with the free stream velocity of us is convected a characteristic length of Г. On 
the other hand, for a low Reynolds number flow (i.e., Re < 1), diffusion dominates 
over convection and L?/v is a more appropriate factor to nondimensionalize time. 
Thus, t* = tv/ I. 

Аз an example, the nondimensional momentum equation in conservative form 
using the nondimensionalized time defined for diffusion-dominating problems be- 
comes 


P + Re|v -(V*V*) + V'p'] = v?V* (8-22) 
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8.2.2 Vorticity-Stream Function Formulations 
The vorticity at a fluid point is defined as twice the angular velocity and is 
Q=W=VxV 
which, for a two-dimensional flow, is reduced to 


ðv ди 
Ox ду 
Now, for а two-dimensional, incompressible flow, а function may be defined which 
satisfies the continuity equation. Such a function is known as the stream function 
and, in Cartesian coordinate system, is given by 


О, = (8-23) 


0v 
и= Эу (8-24) 

-2% 
v=- (8-25) 


From a physical point of view, the lines of constant p represent stream lines, and 
the difference in the values of y between two streamlines gives the volumetric flow 
rate between the two. 

In order to derive the vorticity transport equation, the pressure is eliminated 
from the momentum equations by cross-differentiation. Differentiation with respect 
to y of Equation (8-9) yields 


Su | диди, дш vdu #и_ 1p (Pu Puy „м, 
дуд. = dy Ox Ordy дуду Oy! рд=ду дуд? ду? 
whereas the differentiation with respect to z of Equation (8-10) yields 


0v дидә Ov | Ou Au Ou 1 д?р Ov Ay 
v (Z + ix) (8-27) 


rôt  ürór ^ “Or? OrOy ^ OzÜy рӨтду 
Subtract Equation (8-27) from Equation (8-26) to obtain 


ә (ди_д\ д (ди Ov), a (ди ov), (ди dv) (Ou. д 
Ot \ðy дт Чөл ду Ox ду \ðy дт Ox ду/\ду Ox 


_,|& (du 8v, 8 (du v 
7 [0х2 \ðy дт ду? \ду дт 
Note that the fourth term on the left-hand side is zero by continuity. Now, upon 
substitution of the vorticity defined by (8-23), one obtains 
д9, an. д0 — » (53 z5) 


+ и-— +v s * Oy 


Ж “дл tay = S 
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where the subscript z is dropped from 2,. Thus, in the remainder of this sec- 
tion, О will designate the z-component of the vorticity, unless otherwise specified. 
Equation (8-28) is known as the vorticity transport equation and is classified as a 
parabolic equation with the unknown being the vorticity (2. 

Now, reconsider the definition of vorticity given by 


ðv ди 
9 = —— – — - 
2 5 (8-29) 
Substitution of relations (8-24) and (8-25) yields 
Oy Fy 
Ө? + ay =-Q (8-30) 


This equation is known as the stream function equation and is classified as an 
elliptic PDE. The unknown is the stream function V, whose 2 is provided from 
the solution of Equation (8-28). Once the stream function has been computed, the 
velocity components may be determined from relations (8-24) and (8-25). 

The vorticity equation may be expressed in a nondimensional form by using 
the nondimensional quantities defined previously and a nondimensional vorticity 
defined as QL 


= 
чә 


The nondimensional form of the vorticity equation can be expressed as 


99 an’, an 1 ёо. OQ 
de “а T e mu (Gort бут) (9580 
Similarly, the nondimensional form of the stream function equation given by Equa- 
tion (8-30) is 
ut 9?" М 
az t ay? -9 (8-32) 


where 


ee 


Uo L 
A summary of the vorticity-stream function formulations is provided below. 


(I) Dimensional, conservative form in Cartesian coordinate 


20 + (ий) + PD =v e m) 


(8-33) 
Oy д? 


- -34 
anu Q (8-34) 
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(II) Dimensional, nonconservative form in Cartesian coordinate 


at Ox ду —s- \ dz? дё 
дзр Әр 
dz? + д^ С 


(III) Nondimensional, conservative form in Cartesian coordinate 











ón* 8 д, 1 (Om а 
or tag nme Ese) 
Sut a 
Oz ^ Oy? EE 


(IV) Nondimensional, nonconservative form in Cartesian coordinate 


an + ‚д0* + ‚д9* = i oo + P 
0t “Өг C" By Re (Әт Әу? 
9?" uy ET 

0r? ду" 5 


8.2.3 Comments on Formulations 
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(8-35) 


(8-36) 


(8-37) 


(8-38) 


(8-39) 


(8-40) 


Before proceeding to the numerical algorithms, a few comments with regard to 
the incompressible Navier-Stokes equations expressed in either the primitive variable 


or the vorticity-stream function formulation are in order. 


1. Primitive variable formulation 


(a) The governing equations are a mixed elliptic-parabolic system of equations 
which are solved simultaneously. The unknowns in the equations are velocity 


and pressure. 


(b) There is no direct link for the pressure between the continuity and momentum 
equations. To establish a connection between the two equations, mathematical 
manipulations are introduced. Generally speaking there are two procedures 
for this purpose. The first is that of the Poisson equation for pressure which is 
developed in the next section; and the second is the introduction of artificial 
compressibility into the continuity equation. This procedure will be addressed 
shortly in Section 8.5.1.1. Note that this difficulty does not exist for the com- 
pressible Navier-Stokes equations. That is because there is a linkage between 
the continuity and momentum equations through the density which appears 


in both equations. 
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(c) Specification of boundary conditions and in particular for pressure may be 


nonexistent. To overcome this difficulty, a special procedure must be intro- 
duced. 


(d) Extension to three dimensions is straightforward with the least amount of 
complications. 


2. Vorticity-stream function formulation 


(a) By introduction of new variables, namely the vorticity and the stream func- 
tion, the incompressible Navier-Stokes equations are decoupled into one ellip- 
tic equation and one parabolic equation which can be solved sequentially. 


(b) Vorticity-stream function formulation does not include the pressure term. 
Therefore, the velocity field is determined initially and, subsequently, the 
Poisson equation for pressure (which is described in the next section) is em- 
ployed to solve for the pressure field. 


(c) Due to lack of a simple stream function in three dimensions, extension of the 
vorticity-stream function formulation to three dimensions loses its attractive- 
ness. 


8.3 Poisson Equation for Pressure: Primitive Vari- 
ables 


In this section an equation is developed which may be used for the computation 
of the pressure field. Te reason for incorporating the Poisson equation for pressure, 
which is usually used in lieu of the continuity equation, is the lack of a direct link for 
pressure between continuity and momentum equations. А typical numerical scheme 
for the solution of the Poisson equation for pressure is investigated in the subsequent 
sections. For the time being, the steps required to obtain such a formulation are 
illustrated. The conservative form of the z- and y-components of the momentum 
equation obtained ia are 


Ou 2 2 

Ar +2 L4. c = 1 ум -41 

дї © v 5 (ue) Re ew 
Ot дт (un) ду (v ) z Lr v 2) 


Equations (8-41) and (8-42) are differentiated with respect to = and y, respectively, 
to provide 


8 (ди e On, 
Ji (2) + za“ u?) + — a2 + a- 2 (уч) (8-43) 
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and 





9 (8v n p. 183 
5x (2) +a arð Бла + 55 a ) + 222 dy? Re ay ——(V*v) (8-44) 
Addition of equations (8-43) and "e M 
ð (Ou dv D. a д? » @р д?р 
а (95 Fa) + aa + Rae (ww) + уо”) + + nh 
=L |2 (v4 уз 
= Re | sz и) + By (V v| (8-45) 


The right-hand side is rearranged as 


ә (Pu Pu), д (Pv | дъ\_ (du dv), д (Ou, д 
ðr \ ðr? ду? Oy \ ðr? д2) дх? \ðr ду Oy? \дт ду 


Finally, Equation (8-45) can be rewritten in the form of Poisson equation 


8p p әр ё „д Z an d po o 
833875 Bat) ~ 25:50009) — ap) + Re [ai (D + (D) 
ду (8-46) 
where ди д 
u v 
D= at a 
D 


is known as dilatation. 

It is obvious that for an incompressible flow, the dilatation term is zero by 
continuity. However, due to numerical considerations, this term will not be set to 
zero in Equation (8-46). Indeed it must be evaluated within Equation (8-46) to 
prevent error accumulation in the process of iterative solution of the equation, as 
well as to prevent nonlinear instability. 


8.4 Poisson Equation for Pressure: Vorticity-Stream 
Function Formulation 


Consider the conservative form of the momentum equation given by Equa- 
tions (8-14) and (8-15) as repeated here with the asterisk dropped, 


ate PRU 4 4S Эу"? = Re AA 55) (8-47) 
2y 2 
A + Zw) + Žo 2) +2 -x (52 z) (8-48) 
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Equation (8-47) is now differentiated with respect to т to provide 
д {ди д ди д [др д [ av ðu) 1д0„ 
дт (9) + дт (2.22) i дт (2) М дх («де e) е ГРЕТА 0 
or 


д (ди А диди |, ди д?р дидо , O?v Ov Ou ү Ou 1 д узы) 
д (ðr) “drdz “Әл? Ox Oz dy Өдтду Әз Әу Өтду  Reðr 

















The second term (only one) and the fifth term are combined to provide 


= (2и m =0 
x dy) 


due to continuity. Similarly, term three (only one) and term six are added to yield 
u yOu 8 (du, ov) _ 
д=ду I С 


Thus, one has 


д [ди ди Ou доди Фи Ap 1 
Sq ou ou ðu | диди T 

(2) (3) +4922 t On dy Т “Өтду Or! Re EA и) (8-49) 
Similarly, the y-component of momentum becomes 


д (dv Ov 3v дидо Ov д?р а 
x (5) (50) VAT уб "Ray + ай mes) C0 


Addition of Equations (8-49) and (8-50) yields 
B (Bu cB (ou. z PETIT Fu 
Ot \ðr ду Oz Oy Ox Ox? = Ox Oy 
Ou dv д?р д?р 1j д, 
tv te + S=) +u (22 + 2) = Re ele u) + a v) (8-51) 
Note that the first, fifth, and sixth terms each contain the continuity equation and 


therefore disappear 
O (Ou. Oo Weer 
Ot \Әх Oy) 


Pu Pv ð AA 
Oz? ðrðy ðr ду 
and 
Ede be Eug 
Oxüy Oy? ду\дт 
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The right-hand side is now rearranged to provide 


B (au Pu), D (Dv ә) Pu Fu Fv | oy 
Or? ду? Or  0y] Or Ardy? дудт? дт? 


д? ди | ðv А ди | dv a 
© ðr? \ Ax ду Oy? \дх ду) 
Therefore Equation (8-51) is reduced to 
du\? [дф ди Ov Әр д?р 
(2) + (&) + ара = - (52 + л) (8-52) 


Now, the left-hand side can be further reduced by considering the continuity equa- 
tion as follows 


CRORE 
@-@/--@® 


Substituting into Equation (8-52) yields 


Op д?р ðuðv диду 
- (52 ant 5) =2 (2: = a) (8-53) 








from which 


This equation can be written in terms of the stream function by using relations 
(8-24) and (8-25) 


_ [д?р 4 op д?р = Oy _ Oy Ow дф 
Or? Әу Oy? j \ дт? дхду) V дтду 
д?р д?р OY (ay 8y \? 
Әх? Tap ду? =" (29) (5*)- (25) | (6:54) 


Observe that Equation (8-54) is in nondimensional form. However, it may be ex- 
pressed in a dimensional form as 


p Op uy (8 ay V 
an^ x ay = (2) ( e) - eA (8-55) 








or 
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8.5 Numerical Algorithms: Primitive Variables 


The incompressible Navier-Stokes equations in primitive variables expressed 
in various forms were reviewed in Section 8.2.1. From a physical point of view, 
a problem may be classified as steady state or unsteady. Obviously, for a steady 
state problem, time dependent terms are omitted from the governing equations. 
However, due to numerical considerations, the solution of steady incompressible 
Navier-Stokes equations, in general, incorporates a pseudo-transient scheme. In 
this technique a nonphysical time dependent term is added to the continuity equa- 
tion and, along with the momentum equation, an equivalent unsteady system of 
equations is constructed. Subsequently, unsteady forms of the equations are solved 
numerically. Note that the basic philosophy of the pseudo-transient method was 
explored previously in Chapter 5 where the relation between the iterative solution 
of an elliptic equation and the time marching solution of a parabolic equation was 
identified. It was observed that the solution during the iterative process leading up 
to the converged solution is physically meaningless and is only a vehicle to reach the 
desired steady-state solution. A similar philosophy is used in the pseudotransient 
method. Namely, a time dependent term is added, thus allowing time marching of 
the solution until the steady state solution is achieved. It is therefore obvious that 
time plays the role of iteration in this type procedure with no physical significance. 
Consequently it can be argued that the numerical procedure for both categories 
of steady and unsteady flows is similar. However, a few important points, some 
of which were mentioned previously, are outlined at this time. First, for unsteady 
problems a physically correct and reasonably accurate initial condition must be 
provided; whereas for steady problems, the solution may start with an assumed 
(i.e., arbitrary) set of initial data. For example one may impose the free stream 
conditions over the entire domain to initialize the numerical procedure. Second, the 
numerical time step for an unsteady problem must be consistent with the physical 
time and with regard to changes which could occur during that time period. On the 
other hand, as mentioned previously, the intermediate solutions of steady problems 
are physically meaningless and, therefore, for steady-state solutions the maximum 
allowable time step imposed by the stability requirement can be used. 


In light of the above discussion and based on the similarity of the numerical ap- 
proaches for steady and unsteady flows, selected numerical schemes commonly used 
for steady problems will be explored in detail Extension to unsteady problems 
is rather straightforward. The concern, however, lies in the specification of ini- 
tial conditions, time step, and, in some applications, the specification of boundary 
conditions. 


Before proceeding with specific numerical schemes, it is essential to emphasize 
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a difficulty which exists with respect to the solution of the incompressible Navier- 
Stokes equations. To make the point clear, revisit the governing equations given 
by 

ди Ov — 


Эт + ду 0 (8-56) 
ðu д,» д _ 1 (u Pu 
ðv д Ops _ 1 (v ду 
atat” (5599) (8-58) 


Obviously, the system of equations given by (8-56) through (8-58) includes three 
unknowns: u, v, and p. If one considers a simple explicit formulation, it would seem 
logical to use Equation (8-57) to solve for u (where p and v are lagged), whereas 
one would solve Equation (8-58) for v. Now, one is left with Equation (8-56) to 
solve for the pressure, but unfortunately pressure does not appear in that equation! 
This difficulty is overcome, however, by manipulation of the continuity equation to 
include the pressure term. Two procedures have been introduced for this purpose. 
One procedure involves the manipulation of the momentum equation along with 
the continuity equation. The mathematical details were described previously which 
resulted in the Poisson equation for pressure. А second procedure incorporates 
the addition of a time-dependent pressure term to the continuity equation, i.e., to 
Equation (8-56). This approach is generally known as the artificial compressibility 
method which is investigated in the following section: 


8.5.1 Steady Flows 


In this section various numerical schemes commonly used to solve the steady 
incompressible Navier-Stokes equations within the pseudotransient category are ex- 
plored. The schemes include the application to the artificial compressibility formu- 
lations, as well as to the Poisson equation for pressure in the subsequent sections. 


8.5.1.1 Artificial Compressibility 


The application of the scheme to the steady incompressible Navier-Stokes equa- 
tions was introduced by Chorin (Ref. [8-5]). The continuity equation is modified by 
inclusion of a time-dependent term and is given by 


Op 1[ди dv 
2 (4) =0 8- 
P 2 (Sta) Pn) 
where T can be interpreted as the "artificial compressibility" of the fluid. Following 
the equation of state the compressibility can be related to a pseudo-speed of sound 
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and to an artificial density by the following relations 


1 
Tg 
а=? 

р 


where all the quantities are іп nondimensional form. Note that in the limit, as 
one approaches steady state, i.e., t — oo, Equation (8-59) is indeed reduced to the 
incompressible continuity equation. 


Thus, the steady incompressible Navier-Stokes equations (two-dimensional Carte- 


sian coordinates) are expressed in a pseudotransient form as 


др „(ди дӧо\ — 

8t +a (5: + 5.) =0 (8-60) 
ðu д,, д _ 1 (u ди 
at + +р) + 5,9) = Re (s + 25) (8-61) 
Ov 1 (ду Av 
8t ta 3 d) + By Li +p) = — n: (3 + Ss) (8-62) 


Note that Equations (8-60) through (8-62) are in nondimensional form, where the 
asterisk denoting nondimensional quantities has been dropped. The nondimensional 
quantities were defined previously and in addition 


2 P 
а“ жаз 
where 
Р 
É Poo 


The numerical solutions of the system of equations composed of Equations (8-60) 
through (8-62) can be placed in two categories depending on the grid system em- 
ployed. In the first category, the equations are solved on a regular grid whereas the 
second category involves the solution of the equations in a staggered grid. 


8.5.1.2 Solution on Regular Grid 


To facilitate the application of the finite difference formulations, the conservative 
form of the governing equations from Equations (8-60) through (8-62) are written 
in a flux vector form as 


8Q дЕ OF _ 
"uns ду Du zz, INI (8-63) 


ail 
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where 








and 


Obviously, Equation (8-63) is a nonlinear system of equations. Аз was seen previ- 
ously, explicit formulation of nonlinear equations can be formulated with no diffi- 
culty. However, when implicit formulations are utilized, a linearization procedure 
must be introduced. For this purpose, consider the following Taylor series expansion 


E" = Е" + DP At + O(At)? 


which may be rewritten as 


дЕдО 


n, 2 2 
Е" = Е + 20 эе + 00 
p 8EAQ 
2 
pri -F +56 Ty At + O(A) 
from which 
Е"! = КЕ" + 5042 + o(At)? (8-64) 
and 
AQ =Q - Q" 
Terms such as 50 are known as flux Jacobian matrices. The Jacobian matrices 
дЕ дЕ 


20 and 90 will be denoted by А and B, respectively. The Jacobian matrix А is 


given by 
8Q: д0» д93 
Aw OE En Es] _ | дЕ дЕ, OE, 
ala, Q»; Qs] 8Q1 д0» 9Qs 
8E, ӘБ DB, 
29, д0» 0Q; 


The elements of the Jacobian matrix are determined as follows. First, the compo- 
nents of vector E are written in terms of the components of Q and are subsequently 
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differentiated. Recall that the vectors Q and E are 


























p Qi au а? Е; 
Ә= |а |= | Q| and Е= | wtp] =| 9+0, | = | Е, 
v Qs uv Q2Q3 Ез 
Thus, 
ӘБ, OQ) _ 4 
д0, Qi 
8E, _ (Qs) _ „ 
0Q» д0» 
OE, O(dQ) _ 
доз 2093 
The remaining elements are determined in a similar fashion resulting in 
0 a 0 
А= |1 2и 0 
0 v u 
Similarly, the Jacobian matrix B is obtained as 
00 a? 
B-|0v u 
10 2v 
Now Equation (8-63) can be written as 
AQ д д E. 27 
UAE T a; + АДО) + bye + BAQ) = БЕЛУ О (8-65) 


Consequently, one may rearrange (8-65) to provide 
8 8 мг 89 


дЕ" OF" М [20 20 
at |-52 - Әу + (ae 5] 





Or 


А OB мг æ 
еш [ш чс. AQ = RHS 8-66 
{rae [S44 ду zaa) NE (8-60) 
Among the various options available for the finite difference formulation of Equation 
(8-66), an implicit formulation is investigated initially and, subsequently, other 


schemes are explored. 


Incompressible Navier-Stokes Equations 319 


Prior to writing an implicit finite difference formulation, two points must be 
noted. First, for the two-dimensional problems under consideration, the implicit 
formulation will result in à block pentadiagonal system of equations. Ás seen previ- 
ously, the solution of such a system is expensive. 'To overcome this problem, approx- 
imate factorization, which was introduced previously, will be implemented. Second, 
to overcome any possible instability in the solution, artificial viscosity (damping 
terms) will be added to the equations. Thus, with the stated considerations, Equa- 
tion (8-66) is formulated as 


А NÆ в мё 
[гем (B4- EE) ja (02 —.9 lao rs 


The solution will proceed in two steps as 


[r+ At (ae - ud aa) + «(Ах)?= А AQ 


Әт Redz? 
= RHS - є, Cor + (A95 5j]? (8-67) 
and И 
[rea (E - хб, Fa) + (Аш) і 5a AQ - AQ* (8-68) 


Note that implicit and explicit damping terms have been added to Equations 
(8-67) and (8-68), where є; and e, are damping coefficients to be specified by the user. 
Typical values of the damping coefficients for the Burgers equation was investigated 
in Chapter 6. 

Now, a second-order central difference approximation is applied spatially to 
Equation (8-67) to provide 


AQ; ; AE dA Qt; - Aij AQL 13) 


N As 
^ Re (Az)? To (^Qia- 2AQi; + АО) + (АО; = 2AQ;i; T Аб 1j) 


xs м _ Bay Biag Kin - Kya 4 N Qi - 2Qi; + Qi 


2Ахт 2Ay Re (Az)? 


N Qiu 20:3 + Qua 


+ m C E ОУ = e [Qs — 40; 13 +60 – 40:13 + 2) 


+ (Qij-a — AQij-i + Qij – 40:1 + Quisa)} (8-69) 
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Equation (8-69) is now rearranged to provide a block tridiagonal system as follows 
At N At К 2N At . 
|- (эд) 4 - (Жат) и «| AQ |r ы (ж asy) E ге] AQi; 


At N At 
i [C3 Ау = (z ax) + el Абу = RHS; (8-70) 


Similarly, Equation (8-68) is expressed in a block tridiagonal form: 
At N At 2N At 
|- (s) Bija- (s ds) + «| AQij-1 + [+ (cosy) = ze] AQ; 


At N A 
P (25) UE кз. od a Аф = AQ; (8-71) 


Equations (8-70) and (8-71) are written in a compact form as 


САМ, АФ; 5; + СА ;AQi; + CAB,AQi,,; = RAS; (8-72) 
and 
CBM,;4Qi5-1 + CB yjAQi5 + CAP, До; 541 = AQi; (8-73) 
where 
At N At 
CAM; — С) 4—1, — Re (Az)? © 
2N At 
CA; ; = I+ — Re (Ат)? — 26; 
At N At 
САВ, = (др) Аны еа +4 
At N At 
CBM; = – (sas) Bij-1 – Re (Ау)? + ei 
2N At 
СВ; = [4 Re (Ay)? — 26; 
At N At 
CBR; = (s) бн — Re (Ay)? +e 


A procedure to solve block tridiagonal systems such as (8-72) and (8-73) is provided 
in Appendix E. 

Other numerical techniques investigated previously in Chapters 3 and 7, such as 
Dufort-Frankel, Beam and Warming implicit, or Crank-Nicolson schemes, may be 
applied to Equations (8-67) and (8-68) as well. For example, the Crank-Nicolson 
scheme is briefly described in the following section. 





pn 
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8.5.1.3 Crank-Nicolson Implicit 


Recall that the Crank-Nicolson formulation requires an averaging of the terms 
at time levels of n and n + 1. Thus, the formulation applied to Equation (8-63) 


yields 
А n n+l n ntl 
AQ | 1|(aEY , (9EY"| 1 [Гәғү", (ar 
At 2 |\ ar Oz 2 | \ dy ду 
_11 o % nil 
Linearization such as (8-64) is employed to provide 


50 : (92) +3 eg GU AAQ)| + sl) -2 (F^ + вло) 





11 д? CM 
= э АП {+ aj (ar - Q +2Q ) 
from which 
да+ 1м lo 459 + ә + 5,09 - zs (o aM 5) AQ| 
2 Ox a2 t Oy? 


Г дЕ" or PQ PQ 
= a |- ür бу + Re Ж (эл + ae) 








or 


м [дА 0B мүге PQ » 
US [oem (59+ a ||| Ае - nus (8-74) 


Application of approximate factorization and addition of damping terms results 


+ =At (s - Nm aa) +904279 а 


іп 


ðr Re Az? 
= RHS — є, аз) + (Ay)*— 5j]? (8-75) 
ii OB NO 
|а за: (92 ерт) +904007 9 


Now central difference approximations are applied to Equations (8-75) and (8-76) 
to provide block tridiagonal systems. 
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8.6 Boundary Conditions 


Physical boundaries of а specified domain upon which boundary conditions are 
generally required or where the values of the dependent variables must be deter- 
mined as a part of the overall solution can be categorized into five groups. They are: 
Body surface, far-field, symmetry line (or surface in 3D), inflow, and outflow bound- 
aries. Various categories of physical boundaries are illustrated in Fig. 8-1. Physical 
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Figure 8-1. Illustration of typical boundaries. 





or numerical specification and implementation of the boundary conditions along 
various boundaries are generally challenging. Specification of the boundary condi- 
tions for incompressible Navier-Stokes equations is no exception. Of course physical 
considerations usually provide some clues on boundary conditions, some of which 
are relatively simple to implement. For example, at a solid surface the condition 
of no slip is used to specify the boundary condition on the velocity. However, the 
specification of boundary conditions for the velocity components at the inflow, out- 
flow, or the far-field is not usually straightforward. Obviously the manner by which 
any boundary condition is specified would depend largely on the physics as well as 
the domain of the problem. For example, if the far-field boundary is truly set far 
from the region where all of the "flow activity” takes place, one may indeed impose 
the freestream conditions along the boundary. However, if the far-field boundary is 
relatively close to the “action,” then the far-field boundary may be treated as an 
inflow/outflow boundary depending on the sign of the normal (to the boundary) 
component of the velocity. Primarily two factors must be considered as one sets the 
boundary conditions on the inflow and outflow. First, the velocity and/or pressure 
at the outflow is usually not known a Priori and must be determined as the overall 
solution evolves. Second, due to the influence of the interior solution on the inflow 
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or the far-field (if treated as inflow) conditions, updating of the boundary values 
may be required. Of course, these factors are due to the physical phenomenon of 
signal propagation, i.e., for an incompressible flow, a disturbance is propagated in 
all directions! Therefore, it is clear that the specification of the boundary conditions 
is very much dependent on the specific problem of interest. That is, the location 
of the inflow, outflow, and far-field boundaries with respect to the location where 
changes in the flow properties occur. With these comments in mind, some of the 
options available in the specification of boundary conditions are reviewed. 

Recall that the incompressible Navier-Stokes equations in primitive variable for- 
mulation in two space dimensions involve three unknowns, namely, u, v, and p. In 
this section the boundary conditions for the velocity and pressure are investigated. 
Discussion of the necessary boundary conditions for the vorticity-stream function 
formulation is deferred until Section 8.9. 


8.6.1 Body Surface 


No slip velocity boundary conditions are used at the body surface. Therefore, 
the surface velocity is imposed at the boundary. For most applications where there is 
no relative motion between the solid surface and the fluid, the velocity components 
are set to zero according to the no slip condition. If the surface is porous where fluid 
is injected or extracted at some specified velocity, the injection or extraction velocity 
is used. Usually the pressure at the surface is not known and must be determined 
as a part of the overall solution. Generally speaking, the Neumann-type boundary 
condition is imposed for the pressure. For this purpose a relation involving the 
normal pressure gradient is obtained from the appropriate momentum equation. 
For example, the following expression can be utilized along the solid boundary 
aligned parallel to the y-coordinate: 


= (8-77) 


This pressure boundary condition may be specified along the boundary AB of the 
classical steady flow over step as illustrated in Fig. 8-2. Similarly, the condition 


would be imposed along the boundary BC. These boundary conditions are imple- 
mented in the solution of the Poisson equation for pressure. The Neumann con- 
ditions stated above may be reduced to the simple zero normal pressure gradient 
for applications where the primary flow is parallel to the surface and the Reynolds 
number is high. Note that this requirement is consistent with the boundary layer 
assumption. 
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Figure 8-2. Schematic of step flow. 


А few comments with regard to pressure are in order. First, specific numerical 
schemes have been developed which do not require specification of апу boundary 
condition for the pressure. The Marker and Cell formulation used on a staggered 
grid, for example, is well adapted for this purpose. Second, computation of pressure 
over the entire domain may not be required, in which case the appropriate equations 
may be solved to provide the velocity field. Third, the value of pressure may be 
required only along the surface, for which there is no need to compute the pressure 
over the entire domain. For example one may need to compute the pressure force 
acting on an airfoil. For such applications, subsequent to the computation of the 
velocity field, the tangential derivative of pressure (which is obtained from the 
appropriate momentum equation) is integrated along the surface to provide the 
required pressure distribution along the body. Fourth, when applying Neumann- 
type boundary condition on pressure, e.g., др/дп = 0 along the surface of internal 
flows for the solution of the Poisson equation, an additional global integral constraint 
must be satisfied. The application of the divergence theorem to the Poisson equation 
provides the global constraints given by 


J (92+ д Zr) dzdy -fat (8-78) 


where A is the area of the computational domain enclosed by the boundary C and 
d£ is a differential length along the boundary. Failure to satisfy the requirement 
stated by (8-78) could result in either a slow convergence or, most likely, a slow 
divergence of the solution for the Poisson equation for pressure. 
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8.6.2 Far-Field 


Specification of boundary conditions on the far-field boundary is very much 
problem dependent. If the boundary is located far away such that the flow proper- 
ties on the boundary are not influenced by the interior solution, then it is indeed 
far-field and usually the freestream conditions are imposed. On the other hand, 
if the boundary is located relatively close to the "action," the boundary can no 
longer be considered as far-field and must be dealt with as an inflow and/or outflow 
boundary. Whether the boundary is considered as an outflow boundary or an inflow 
boundary depends on the sign of the velocity component normal to the boundary. 
If the velocity is into the domain, that portion is considered as inflow boundary; 
otherwise it is considered as an outflow and appropriate boundary conditions must 
be incorporated. 


8.6.3 Symmetry 


For applications where the configuration and the domain of solution are sym- 
metrical, the axis of symmetry (or surface of symmetry) may be used as a boundary. 
The boundary location may be defined in two fashions. First, the boundary is set 
on the axis of symmetry as shown in Fig. 8-3. 


Figure 8-3. Illustration of boundary set on the axis of symmetry. 





In this case the net flow across the symmetry line is zero. Therefore, the component 
of the velocity normal to the boundary is set to zero. Furthermore, the shear stress 
along the axis of symmetry may be zero in some applications. Thus, the velocity 
gradient is set to zero. Second, the boundary may be set below the axis of symmetry 
as shown in Fig. 8-4, in which case the symmetry of flow variables are used as the 
required boundary conditions. 
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Figure 8-4. Illustration of boundary set below the axis of symmetry. 


8.6.4 Inflow 


Usually two boundary conditions are required at the inflow. For most appli- 
cations, pressure and one component of the velocity are provided. Typically then 
u(y) = и, and p are provided. The y-component of the velocity may be set to zero 
or may be determined by setting the velocity gradient до/дх to zero. If one uses 
& first-order approximation, then їй = 025. Higher order approximations can be 
used as well; for example a second-order approximation yields 


Vij = 202. — Usj 


8.6.5 Outflow 


Generally speaking the value of the velocity and/or pressure are not known at 
the outflow boundary. Therefore, for most applications Neumann type boundary 
conditions are imposed. The specification of zero velocity gradient at the outflow 
may be appropriate for most applications. 


8.6.6 An Example 


The classical step problem shown in Fig. 8-5 is used as an example to illustrate 
the specification of various boundary conditions. The domain of solution is con- 
tained within the region specified by ABCDEF, where flow enters at surface EF 
and exits at CD. Furthermore, surfaces AB, BC, and FA are solid surfaces. But 
what about surface ED? If the surface ED is located sufficiently far from the step 
where all the "action" takes place, one may consider it as a far-field boundary. 


| 
| 
| 
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Figure 8-5. Illustration of various boundaries for the step flow. 





Thus, freestream conditions are imposed. Otherwise, the boundary ED could be 
either an inflow or an outflow boundary depending on the sign of the y-component 
of the velocity. In reality, the physical domain of interest and the specified flow 
conditions play a dominant role in how the boundary conditions must be specified. 
The following boundary conditions for the step problem shown in Fig. 8-5 should 
not be used universally, but instead are given here to illustrate a set of typical 
boundary conditions. Indeed, some of the boundary values may not be available 
and special procedures such as extrapolation or solution of the momentum equation 
at the boundary must be used. Specifications of typical boundary conditions for 
the step problem shown in Fig. 8-5 are: 


Boundary EF (Inflow): 


ðv 
Hi«y«H v=0 ог 239 
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Boundary ҒА (Solid surface): 


u=0 
0<т<Һ "n 
dp _ 1 æv 
ду  Reðy 
Boundary AB (Solid surface): 
u=0 
0< y < A, v=0 
др _ 1 Pu 
дт Re Ox? 
Boundary BC (Solid surface): 
u=0 
L«z«L Td 
др _ 1s 
ду Re dy? 
Boundary CD (Outflow): 
au 
Ox 
O<y<H ae 
ду 
др 
P = Po Or дт = 
Boundary ED (Far-Field): 
U = u% 
Ocz«L v=0 
D = Poo 


8.7 Staggered Grid 


For a certain class of problems where the Eoverning equations can be solved 
sequentially, it is advantageous to write the finite difference formulations suited 
for a so-called staggered grid. The procedure allows the coupling of variables and 
consequently improves stability constraints. Staggered grids may be constructed 
by several methods. For example, one may shift the grid along a coordinate line 
one-half of a grid spacing or shift the grid diagonally. A commonly used staggered 
grid is shown in Fig. 8-6, which will be used as a prototype to investigate numerical 
solutions. Since it is apparent that two superimposed grids are involved, they will 
be identified as primary and secondary grids. The grid points of the primary system 
are identified as in a standard grid by i, j, whereas the grid points of the secondary 
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Figure 8-6. Typical staggered grid and assignment of the flow 
variables. 
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System are distinguished by increments of one-half. The primary grid is shown in 
Fig. 8-6 by solid lines, whereas the secondary grid is shown as dashed lines. 

Different variables are assigned to specific grid points on the primary or sec- 
ondary systems. To illustrate the procedure, consider the solution of the incom- 
pressible Navier-Stokes equations which, after all, is the subject of this chapter. 
The unknowns are the velocity components u and v (for two-dimensional problems) 
and the pressure p. A typical assignment of the variables at different grid points 
is as follows. The pressure is defined on the primary grid whereas the velocity 
components are defined on the cell faces of the secondary grid. More precisely, the 
z-component of the velocity, u, is assigned on the one-half grid line in the z-direction 
at the same y-location on the primary grid. The y-component of the velocity, v, is 
defined in a similar fashion. The specification of the flow variables is illustrated in 
Fig. 8-6. A typical formulation applied to the incompressible Navier-Stokes equa- 
tions is provided in the following section. 


8.7.1 Marker and Cell Method 


A formulation well adapted for application on a Staggered grid is the Marker 
апа Cell (MAC) scheme introduced by the Harlow and Welch [8-6]. The Navier- 
Stokes equations (8-60) through (8-62) are used to illustrate the application of the 
scheme on the staggered grid shown in Fig. 8-7. To write an explicit formulation, a 
first-order approximation is used for temporal derivative, and second-order central 
difference approximations are used for space discretization. The continuity equation 
given by (8-60) is applied at grid point (i, j) providing the following finite difference 
equation: 


ph p ut E cl u^ d. vn 
ij 7 Pij 2|. 3j 4-33 ijt Sl. i 
Aj ta (Sic t Aw tt 0 (8-79) 


Observe that the velocity components are specified at the (n + 1) time level. How- 
ever, no difficulty is created because the momentum equation will be solved first to 
provide u and v at the n + 1 level. Subsequently, Equation (8-79) is solved for the 
pressure. The z-momentum equation is applied on the secondary grid at grid point 
(i + 3,9) to provide 


+1 
Mis Uds | Pag ply | (uy - (WR, нр (ug 
At Ar Az Ay 
Е 194; n 2и; + Uy d ya Е 20,3 + ИЯ (8-80) 
Ке (Az)? Re (Ау)? 


Similarly the y-component of momentum is applied at grid point 1,3 +} resulting 
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Figure 8-7. Assignment of the variables on the staggered grid. 





in the following finite difference equation 


1 
vr бун ү mu — (00) garg (мы 7 (00; Phar Piy 
At Az Ay Ay 
L L age 7 Pg t age 1 Yigg T Wigg + нр (8-81) 
Re (Ах)? Re (Ay)? 


Since the values of the velocity components are known only on the secondary 
grid (i.e., half points), as provided from Equations (8-80) and (8-81), all the values 
appearing in terms of the primary grid point must be replaced by their approximate 
values on the secondary grid. For this purpose, the following approximations are 
used: 


1 
(Dus = 1 (ug, + шн) 
2 1 2 
(и): = 4 (щру + Uy) 
1 
(vun = F Que + vu 
1 
(v?) = 1 (бы + vj- 


1 
(шо) 4444 = 1 (шы + Шуя) ue + Voas) 


— E н А нын н ы ннн А ИИИ Ag... 
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1 
(ио) рр =] (шу + Uitg j-i) ур + Vig gf) 


1 
(uv): зы =1 (ui, t щаз) (ур + Ungu) 


8.7.2 Implementation of the Boundary Conditions 


Due to lack of boundary conditions for pressure in most applications, the use 
of a staggered grid and the MAC formulation provide an advantage. That is, one 
may locate the secondary grid along the boundaries of the domain where only 
specification of velocity boundary conditions is required but not that of pressure. 
However, this advantage is accompanied by a disadvantage. That is due to the fact 
that some values of the velocity outside the domain will be required. These values 
are essentially obtained by extrapolation of the interior points or equivalently by 
approximation of the derivatives at the boundaries. To illustrate the implementation 
of the boundary conditions consider the staggered grid at a boundary as shown in 
Fig. 8-8. 





МЕ! L “24 
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{4-12 








i-0 ‚12 isl 


Figure 8-8. Illustration of specification of the boundary conditions on 
a staggered grid. 
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Assume a solid surface aligned along j — i and an inflow boundary aligned along 
i = 1. Since the surface is specified as solid, the no slip condition is imposed. 
Therefore, 


Vii = UU =... =0 


Similarly, из = 0, from which Uio is approximated by 


1 
= 5 uio + щл) = 0 


or 


At the inflow boundary, the u components are specified directly, i.e., terms like 
Up Une However, the v components are approximated by extrapolation as 
= 2008—04 (8-82) 


3 13 
3 т 


where v, 3 is provided by the specified inflow ird At the outflow boundary 
one mi aise zero velocity gradient, e.g., ди/дт = 


8.7.3 Dufort-Frankel Scheme 


Recall that Dufort-Frankel algorithm for the linear diffusion equation is uncon- 
ditionally stable. However, the scheme was shown to be inconsistent and, indeed, 
the equation to be solved was equivalent to 


Ou Ou 


E Ld. 
дт? 


ди | 2 
ott ak oP on 


At 
where k — Ar Extending the scheme to the z-momentum equation for example, 
one has 


Ou 
m+ Os Drp +p)+ a em atk + кун = = zv 
where А À 
t 
kz = ЛЕ апа ky = Ay 
To obtain the finite difference equations, second-order approximations for the time 
derivatives are introduced. The continuity equation is applied at (i, j) to provide 


n+l n-i 


Pij — 03 Usu y, Vigh Mab) 
2At X | Az т Ay E 580) 


a Loft lu Dent 2, Mens chis 
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The z-momentum is applied at (i + i, j) resulting in the following finite difference 
equation 


ntl -1 
Ul ~ are + (игы 3)? - (ug)? + Pha р; + (uv v + ~ (ишу 
2At Az Ar Ay 
ie ies uj t igg 1 ga 7 644 ign 
Re (Az)? Re oy 
2 ntl 
“Re (д) „(А | ba зм (8-84) 
Ат Ау (At)? 


Similarly the y-component of the momentum equation is applied at point (i, j + 1) 
to yield 





ntl -1 
Ug] KK MTM (uv 2) рн T (uv)? i both ү (v? ja (v? Nis + Pai р; 
2At Ат Ау Ау 
_ dG 20, Ul + Vgl A Web 2v; Vi jl tW ijt 
Re (Az)? Re (Ay)? 
(=); + (At ? je Wija + Ue] (8-85) 
Ат Ay (At)? 


The computation proceeds with Equation (8-84) and (8-85) which provide the 
values of Usi and v, j+} at the time level n+1, respectively. Subsequently, Equation 
(8-83) is solved for the pressure. The scheme is subject to stability requirement. 
For example, the following constraints have been suggested 


УЗ (+)! т 


for Az = Ay. Note that this restriction is a Courant number type requirement. 


8.7.4 Use of the Poisson Equation for Pressure 


An alternate approach for solving Equation (8-60) directly is the use of the Pois- 
son equation given by Equation (8-46). Thus the system of equations is composed 
of the z- and y-components of the momentum equation and the Poisson equation 
expressed as follows: 


Фр д?р _ 0D e 2 2 


ди 


д 1 
— — 2 = = lI 2 e 
3 + 2u +p)+ oj Бе” и (8-87) 
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Qv 

at 
The solution approach begins with Equation (8-86), where the value of the pressure 
at n + 1 time level is computed. Subsequently, Equations (8-87) and (8-88) are 
solved for the values of u^*! and v"*!, respectively. A typical numerical scheme on 
a staggered grid is described in this section. The right-hand side of Equation (8-86) 
is formulated as follows: 


= Di («2) ,; Du 2(и?у Jot (aH i+1j (v?)?;_ Nod 2002); gt (v?)? +1 


2 (un) + go + р) = =v (8-88) 


Mo At (Аг? (Ay 
_ mea T (из) ун — (uv, ру + (иш) j- 
Ardy 
‚4 [Dig 20р + Diag | Dia 203+ Руы 
Re (Az) (Ay? 


Note that руп i in the first term has been set to zero, i.e., the continuity requirement 
at n+1 titte level is enforced. Obviously, all the values appearing on the (RHS); ; 
term are known at the time level n. To solve the elliptic Equation (8-86), an iterative 
scheme is usually used. For example, if one selects the point Gauss-Seidel scheme, 
the formulation is expressed as 


pit) = 2(1 + @) E ®) T + pit nit В (в + р.) + (RHS), ; (8-89) 


Equation (8-89) is solved at each time level to provide pi; at the n+ 1 time 
level. Subsequently, Equations (8-87) and (8-88) are solved for u;; and vij at the 
time level of n + 1. A typical finite difference formulation on a staggered grid would 
be Equations (8-80) and (8-81). 


8.7.5 Unsteady Incompressible Navier-Stokes Equations 


The solution procedures discussed previously for the steady incompressible 
Navier-Stokes equations can be easily extended to the unsteady problems. Among 
the two procedures identified to overcome the difficulty associated with the conti- 
nuity equation (namely the artificial compressibility and the Poisson equation for 
pressure), the latter is more commonly used for unsteady problems. As a prototype, 
the MAC formulation is considered in this section. Revisit the (nondimensional) 
governing equations provided in Section 8.2 given by 
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The MAC formulation applied to the momentum equation, from Equations (8-80) 
and (8-81) provides 


n n At n n 
DNE = Ug Az | NE — Bj utrq» ithj - (02)2,| 


At E 1 t = - 
= Ай [urs say = (шо) 15.4] + Re (Ат) — 2uj + uisa) 
1 At 
T Re (Ay)? TA, 3 aga 7 2uj, jt шун) 
At 
= — Az nid T Pij p+) + RHSU, itl (8-90) 
and 
ep = Vjt Az (Coren à (uv)? 144] 


At [, 2 2 +1 +1 1 At 
= Ay [(v n - (v He + нн = р) )] Re (Az i iod ~ 2р Vil + 013) 


1 At 
* Re е. pap tup TA ther — Ры) + RHSV, 544 (8-91) 
Now, the continuity equation is applied at n + 1 to yield 
mar un mos n+l 
E j 3-17 Es igt+h Cáj-i 20 (8-92) 
Ax Ay 


Substitution of Equations (8-90), (8-91) and similar terms into Equation (8-92) 
provides 


1 At At Е 
Az -2 Ml т) + RHSU,,1 " * cs AZ - ptij) + RHSU, 4|} 


Az Ат 
1 At 1 At 1 1 
Ар 1-5 Wa ~ Pj) + RHS Е |- Ау ij — рул) + ЕНЗИ, j4 
= 0 
Rearranging terms yields 
Deus m pet + Юг + Pa = D t Pu 
(Az)? (Ay)? 


1 [m RHSU,,,  RHSW,,— RHSV,; | 


At Az Ay Mal ee) 
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Equation (8-93) may be solved by any iterative scheme for the value of р]! оуег 
the entire domain. Subsequently, Equations (8-90) and (8-91) are used to compute 
the velocity components и and v. 


8.8 Numerical Algorithms: Vorticity-Stream Function 
Formulation 


The governing equation for the incompressible Navier-Stokes equations for two- 
dimensional applications in vorticity-stream function formulation were reviewed in 
Sec. 8.2.2. Fundamentally, the system is composed of the vorticity transport equa- 
tion and the stream function equation. One of the advantages of this formulation is 
that the pressure term does not appear explicitly in either of the equations. There- 
fore, the system of equations is solved to provide the velocity field. Now, if the 
pressure field is required as well, then the Poisson equation for the pressure is sub- 
sequently solved. А major disadvantage of the formulation which was previously 
mentioned is the direct extension to three dimensions. Furthermore, a difficulty 
associated with the formulation is the specification of the boundary condition on 
the vorticity, which is due to the lack of physical boundary conditions for vorticity. 
Therefore, numerical boundary conditions for the vorticity must be derived. 

At this point, it is useful to revisit the system of governing equations and review 
some of its features. 


1. The system is composed of: 


а. Vorticity transport equation 


д9 до on 1 PQ PN 
age = 0: (33498) iim 
and 
b. Stream function equation 
Py PY 


2. The governing equations given by (8-94) and (8-95) can be used for either 
steady or unsteady flows. Note that time appears explicitly in the vorticity 
transport equation which is classified as a parabolic equation. Thus, any 
scheme previously introduced for the solution of parabolic equations can be 
utilized to solve Equation (8-94). But, what about Equation (8-95)? Even 
though time does not appear in that equation, it is still used for unsteady flows. 
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Therefore, for unsteady flow computations, the stream function equation is 
solved at each time step by any scheme previously introduced for the solution 
of elliptic equations. 


3. For steady state problems, three options are available. 


а. The unsteady equations are solved until steady state is achieved. If 


this approach is used, one must pay attention to the total computation 
time in that it may be too excessive. Obviously, this would be problem 
dependent and in particular, Reynolds number dependent. 


. The steady state form of the equations are given by 


98,98 _ 1 (до да 
Ox ду Ве \ dz? Әр? 
апа 
Py oy 
Asta 7 


These equations may be solved directly. Note that the system is now 
composed of two elliptic equations which may be solved by iterative 
scheme. 


. À pseudotransient approach similar to that previously used with regard 


to the primitive variable formulation may be developed for the vorticity- 
stream function formulation. The construction of pseudotransient equa- 
tions yields 


гп on on 1 (90 әт 
8t "Oz "By Нє\дхї * By 
and дф р ay 
э (gar + бы +) =о 


Consequently, one now solves two parabolic equations. The equations 
may be solved sequentially or as a coupled system. 


In the following section a limited number of finite difference formulations for 


the vorticity transport equation and, subsequently, the stream function equation is 


explored. 


8.8.1 Vorticity Transport Equation 


Recall that numerous schemes for the solution of parabolic equations were 


discussed previously in Chapters 3 and 7. These schemes can be adapted for the 
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solution of the vorticity transport equation. The formulation may be explicit or 
implicit. 

Perhaps one of the most simple finite difference formulations applied to a parabolic 
system is the FTCS scheme. In this method the time derivative is approximated by 
a. first-order forward difference expression whereas second-order central difference 
relations are used for the spatial derivatives. The resulting finite difference equation 
of the nonconservative vorticity transport equation is written as 

W- Mag fs 


M La п у RT 2 
At 2Ax d 2Ay 


d 0$5,,;—200; t Ora; Әр 2090; + ($4 
(Ax)? (Ay 


If the conservative form of the equation is used, the convective terms are approxi- 
mated by 


Ut ЩЕ 139 1,3 + тны 095-1001 
2AT 2Ay 


Recall that central difference approximation of convective terms does not model 
the physics of the problem accurately in that it does not correctly represent the 
directional influence of a disturbance. Therefore, the use of an upwind differencing 
scheme may be more appropriate in particular if the flowfield of interest is convection 
dominated. First-order approximation of the convective terms yields 


Qn n 


Qj T 4j ау UR OR, 1 up OR; — utu ta 
At ks 50- €z)- Ат + gu +) Ат 
1 Vee Nye cu 1 VRQs — viia 
+201 €y) Ар + 51 + a 
= 1 fia - 20$; ae О T A Ойы а 20$; jt OR 1 (8-96) 


Re (Az)? Re (Ay? 


Note the following features of the finite difference equation given by Equation (8-96) 
above: (a) If u is positive, a backward approximation must be utilized. Thus, e; is 
set to one. If u is negative, a forward approximation is used and therefore e; is set 
equal to —1. The same analogy is applied to v and the corresponding coefficient 
єу. It is emphasized again that the upwind formulation allows the information to 
be convected only to the points in the flow direction and, therefore, more appropri- 
ately models the physics of the problem. The formulation (8-96) with appropriately 
defined coefficients provides this option. One may increase the accuracy by incorpo- 
rating à second-order approximation. For example, a forward approximation would 
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yield 

Э ut) _ 3ш): + 4и ы) — +23 ој 

дт 2Ах 
However, note that at the boundary one may have to revert to the first-order scheme. 
(b) If ex and e, are both set to zero, second-order central difference approximation 
of the convective terms are recovered. 

Recall that the implicit formulation of multi-dimensional problems requires ap- 
proximate factorization to improve their efficiency. To gain a flavor of finite differ- 
ence formulations of both nonconservative and conservative forms of the governing 
equations, the nonconservative form is used in the first formulation, whereas the 
conservative form will be employed for the second finite difference equation. The 
nonconservative form of the vorticity transport equation is 

an до an 1/00 PNQ 

at “® "бу me (ga 92) 
The ADI formulation results in the following two equations which are solved se- 
quentially: 


+1 4 1 +i б 
(97; Ts 92; +u" От Е QU. + MELOS = j-i 
At/2 SJ 2Ахт ы 2Ay 


1 n n 
-. 8m XXn, 1ш 0000р. р 
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and 
(ui OF) ne OE or magh- OR, 
At/2 1g 2Ar ы 2Ay 
О oon sant q 1 fih - 2007" + 0н, (8-98) 
~ Re (Az)? Re (Ay)? 

Note that in linearization of (8-98) one may use the values of u and v at a time 
level of n. In that case there is no need to solve for the stream function at level 
n+}, which would be necessary to provide u and v at n +4 if the values of u and v 
at n + 4 are used in Equation (8-98). Obviously, the computation time is reduced 
if linearization is based on the values of u and v at the n time level. With this 
argument, Equations (8-97) and (8-98) are rearranged to provide 


1/1 1 1/1 1 
- 5 (ge +4) Witata i (ied) =D, (вә) 


and 
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where the Courant numbers and the diffusion numbers are defined as 
==чАт ee a 


and 
d= ab At i 1 At 
* Re(Az)? ' ~ Re (Ay)? 


The right-hand sides of (8-99) and (8-100) defined by D, and Dy, respectively, are 


1 /1 n lft 
D, = 1 (Fey + d) Mya a - 390, 5 (755 * dy) Оры 
and 
1/1 п nd l( i 2 
D, = 3 ‘Ge + а.) or + (1 = dy) O55? + 2 (-5= + а.) 02 


Note that, based on previous arguments, the values of u and v used in c, and vy 
which are incorporated in Equation (8-100) may be at n or at п + 1. If the latter 
option is used, the stream function equation must be solved for at n 4- 1 level, thus 
requiring additional computation time. Further definition of the coefficients would 
provide 


A, О + Bt С.О, = De (8-101) 
and 
Ay Qj +В, Uu. tC, du = Dy (8-102) 
where 
1/1 
В, = 1+ dz 
1/1 
C = 2 (e. = а.) 
1/1 
^ia) 
B,=1+ dy 


The tridiagonal systems given by Equations (8-101) and (8-102) are solved sequen- 
tially by the procedure described in Appendix B. 
Now consider the conservative form of the equation given by 


on д д 1 (PQ PNQ 
F + 3; 9 t $5,050 a (5s + 22) 
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Ás mentioned previously, upwind differencing will be used to approximate the con- 
vective terms. In order to preserve the tridiagonal nature of the system, first-order 
approximation is used. As shown in previous chapters, if higher order upwind ap- 
proximations are utilized, the off tridiagonal elements may be treated explicitly in 
order to preserve the tridiagonal nature of the System. Аз in the explicit formula- 
tion, coefficients e, and e, will be incorporated to provide the option of second-order 
central difference approximation. The sequential Steps required for ADI formulation 
are 


(оу - ог, ata yas - уыз 
ДЕЎ АТ go fe та R 
1 
1 unary? аз i о 10, — ws; 
4 4 4 4 “(7 J J $J' 4 
+501 + єх) Ar + zl €y) Ay 
1 Up OR; — ij 1j- 1 
+50 + e) 87 Rer 


= жй T: 20r + orth 1 Оф ы = 208; + Qiii 
Ве (Az)? Re (Ay)? 


which is EV as 


= ils (1+ €z)Cz(i-1,5) + d | o und T (1 +d,+5 еесчыл) OF oF 


2 
1 Q^ 
*3 [5 (1 = €z)Cz(i41,) = аја i+lj = Р, (8-103) 
where 
1 1 
Р. == [5 (1+ ey)Cyij-1) + 4| 8-1 + (1 -— d,— 3508) f; 
1 n 
Bs 2 |-za = €y)ey, i1) + 4 fua 

and 


1 1 
nil nti л+л n ots 
(977 - Qi) 95 — ust 


+ >a- €z) Uii 


At/2 Az 
} + 
+a +e yn -u MUS M tz 50- 6) ОУ = wu : 
2 s Ax 3 Ay 
v, C1 = v; j-1 h 
1 
+2(1+ ey) Ay 
айу osi eon, conn aog + ap 


Re (An)? ш> (Ay)? 
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which is rearranged as 


Lr : 
-i [iat eenn tA] OE (1 + еол) ОД]! 
1(1 
+2 [5a = &)eysi«) — A Qj = Dy (8-104) 


where 


1 fi 
D, = 2 [50 + €z)Cz(i-1,) + de} а; i— ig + (1 = dz zd Seca); 


1 1 +1 
+ 2 Е — €z)Cx(i41,3) + 4. Os 

As discussed previously, the Courant numbers in Equation (8-104) may Us eval- 
uated at the n+ 5 1 level in which case the stream function equation at n+ 5 1 needs 


to be solved «рецеп to the solution of Equation (8-103). 


8.8.2 Stream Function Equation 
The stream function equation is given by 


Sy PY 


atas cd (8-105) 


which is classified as an elliptic equation. Any numerical scheme introduced in 
Chapter 5 can be used for its solution. For example, the point Gauss-Seidel formu- 
lation yields 


1 
di- 2(1 + 2(1 + 82) [(Azy Qo? + RS VE + B (bea. + 041.) (8-106) 
A 
where 8 = Ae 
The computation begins with the solution of the vorticity equation within the 
domain. Subsequently, the vorticity in Equation (8-106) is updated and the equation 


is solved for the stream function sj. The process is repeated until the desired solution 
is reached. 


8.9 Boundary Conditions 
In order to solve the vorticity transport and the stream function equations by 


the numerical scheme described in the previous section, boundary conditions must 
be prescribed. Generally speaking, boundary conditions are categorized into the 


Dec E ИИ А 
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following five groups: body surface, far-field, symmetry line, inflow, and outflow 
boundaries. The specification of boundary conditions for the primitive variable in 
each category was discussed in Section 8.6. In this section the boundary conditions 
for the stream function and vorticity are explored. 


8.9.1 Body Surface 


А solid surface can be considered as a stream line and, therefore, the stream 
function is constant and its value may be assigned arbitrarily. As mentioned previ- 
ously, boundary conditions for the vorticity do not exist. Therefore, a set of bound- 
ary conditions must be constructed. The procedure involves the stream function 
equation along with Taylor series expansion of the stream function. Аза result, 
a different formulation with various orders of approximation can be derived. At 
this point, the construction of a first-order expression is illustrated. Subsequently, 
а second-order relation is provided. For illustration purposes, assume non-porous 
and stationary surfaces and a rectangular domain, as shown in Fig. 8-9. The ex- 


iziM 


Figure 8-9. The rectangular cavity with fixed surfaces. 





pression for the vorticity to be applied at boundary A is determined initially and, 
subsequently, the result is extended to the other boundaries at B, C, and D. 
Consider Equation (8-105) at point (1, j), i.e., 


ay Өү _ 
(= + эу а -My (8-107) 
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Along the surface, the stream function is constant, and its value may be specified 
arbitrarily; for example, Yı; = V1. Then, along A, 

дч _ 

д? lj 
and Equation (8-107) is then reduced to 








To obtain an expression for the second-order derivative in the equation above, con- 
sider the Taylor series expansion 








m 3p) (Az)? 
Paj = Vij + xl Ar ós 2 + 
Along boundary A 
ong y = 0b _ 
ы z Ox lj E 
Therefore, 
д А 
Pj = Vig + asl, Aa + O(Az)? 
from which oy E E 
J lj Е 
p T EE NN Ат)? + O(Az) (8-109) 





Substitution of (8-109) into (8-108) yields 
20015 — Yay) 
Qu = (Ат)? = 


A similar procedure is used to derive the boundary conditions at boundaries B, 
C, and D. The appropriate expressions are, respectively, 


(8-110) 











2 K А 
(им) = -3a IMS nes суммы ear 
0h) —. 2a — viz) 
Qin T A ду? i = (Ay)? (8-112) 
2 А — 4h. 
ам pil, ннан) enm 


Now suppose а boundary is moving with some specified velocity. For example, 
assume that the upper surface is moving to the right with a constant velocity uo. 
Following the procedure described previously, the Taylor series expansion yields 


OU) ayp 99| (Ou) 


Vij- rS. Pij — ду i y By? Ны 2 
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or 
A 2 
Yi JMM = Чым — uoAy — %, PE Ш) 
from which 
— (ism —Чымм\) 2ш 


À second-order equivalent of (8-110) can be expressed as 


Vs; — 82; + Thij 


бш = Az? 


+ O(Az)? (8-115) 


For a moving boundary with a constant velocity of ug at j = JM, one has 


—ViuM + 8Y JMM — Tamme _ Зи 


QM = (Ay)? Ay (8-116) 


which is а second-order equivalence of (8-114). Higher order implementation of the 
boundary conditions in general will increase the accuracy of the solution. However, 
it has been shown that it may cause instabilities in high Reynolds number flow. 
A comparative study of the first-order and second-order boundary conditions is 
reported in Reference [8-7]. 


8.9.2 Far-Field 


For a true far-field boundary which is set parallel to the free stream, the bound- 
ary represents a streamline. Therefore, а constant value for the stream function 
along this boundary can be specified. However, the assignment of a value for the 
stream function along various boundaries must be consistent with respect to the con- 
tinuity equation. After all, recall that the difference between the values of stream 
function represent mass (or volumetric) flow rate. This consideration is important 
in particular for domains where there are multiple ports for inflow and outflow. 


8.9.3 Symmetry 


When the symmetry boundary is set along the axis of symmetry and the flow 
is truly symmetrical, it can be considered a streamline. Therefore, the value of the 
stream function along this boundary can be specified. Keep in mind the previous 
discussion on the relation for the values of the stream function and the continuity 
equation. Obviously, the velocity components normal to the symmetry boundary 
would be zero, whereas generally the streamwise component is extrapolated from 
the interior solution. 
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8.9.4 Inflow 


At the inflow the stream function is usually specified whereas the vorticity is 
determined with the various approximations. First, consider the stream function at 
the inflow: 


(a) The values of № along the inflow are specified 


(b) Its value is determined from the interior; for example, 
1 
Pij = 304% — 33) (8-117) 


The vorticity at the inflow may be determined by either опе of the following proce- 
dures: 


(а) The equation for the stream function is applied at point (1, j) to yield 


Oy ду _ 


Utilizing approximation (8-109) and a second-order central difference expres- 
sion for the y-derivative, one has 
Q,- 20013 — Pog) Фан 7 2013 + Vii 
i= i 


(se ыз 


(b) The specified value of и at the inflow may be used directly by incorporation 
of the vorticity. Recall that 


or 


This equation is used at (1,7) to evaluate the vorticity at the inflow. A 
second-order forward difference approximation utilizing the interior values of 
the stream function is used for 020/012, whereas a second-order central dif- 
ference approximation is used for the velocity gradient. Thus, one has 


О) = 8013 + 4003 — Veg Шун — шј 


(Az ae (8-119) 
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8.9.5 Outflow 


At the outflow boundary, the value of the stream function is usually extrapolated 
from the interior solution. Utilizing дф/дт = 0, a second-order approximation will 
provide 


му = s (frei; = ViM-24) (8-120) 


The condition 020/01? = 0 has also been used at the outflow boundary, as well. A 
second-order backward approximation yields 


1 
м; = a (#м-зу — 4dim—2g + 5im-13) (8-121) 
whereas a first-order approximation yields 
ViMj = —Vim-23 + 2Uiu-ij (8-122) 


As in the case of the inflow boundary, the vorticity at the outflow may be 
determined by numerous methods; for example, 


2(bimg — Vias) _ (Vr — 2015 + ViMj-1) 


fin = (An)? (Ay)? (8-123) 
A simple extrapolation may be used for which one sets 
an. 
rim 0 
to provide 
1 
fj = 3 4a — fliu-25) (8-124) 


8.10 Application 


Consider the rectangular cavity shown in Figure 8-10 where the upper plate 
moves to the right with a velocity of uo. In addition, an inlet on the left boundary 
and an outlet at the right boundary are specified. Note that, when the inlet and 
the outlet are shut, the problem is reduced to the classical driven cavity problem. 

The boundary conditions are specified as follows (the nomenclature is shown in 
Figure 8-10). 


E 
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y= 
j-21toJ1-1 : u=0 
v=0 
i=l : j= Jito J2 : др _ - 
i j ER (v = 0) 
y=0 
j=J24+1toJM : 4 u=0 


i=IM : J=J3toJ4 : ER (v=0) 


№ = 0.0 
j=J4+1 to JM u=0 
v=0 
Y=% 
j=l t=1tolIM : u=0 
v=0 
ф=0 


j=JM : i-—1toIM : и = ug 
v=0 


The kinematic viscosity v is specified as 0.0025 m?/sec, the velocity of the upper 
plate is 5 m/sec, and the cavity is 30 cm by 30 cm. Furthermore, 


IM-31 , JM=31 
J1-20 , J2=2% 
73 = 5 , J4=10 


Thus, the spatial step sizes are 


Ar=0.01m and Ду = 0.01 m 


d 
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Figure 8-11. The streamline pattern within the rectangular cavity. 





The convergence criterion for Equation (8-106) is set by CONGS — 0.001; and, 
to achieve a steady-state solution, CONSS is set to 0.002. 


The streamlines (lines of constant y) are shown in Figure 8-11, whereas the 
velocity vector plot is illustrated in Figure 8-12. A large circulation region within 
the domain is clearly evident. The solution converged after 123 iterations, where 
the computation time on а Cyber 175 was 750 seconds. 


8.11 Temperature Field 


As discussed previously, the energy equation for an incompressible flow with 
constant properties is decoupled from the continuity and momentum equations. 
Therefore, the energy equation can be solved subsequent to the computation of the 
velocity field to provide the temperature distribution if required. In the following 
sections, the governing equation, numerical schemes, and the boundary conditions 
are reviewed. 


udi 
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Figure 8-12. The velocity vector plot for the rectangular cavity. 





8.11.1 The Energy Equation 


The energy equation can be written in various forms depending on the specific 
form of the energy used. Typically it is written in terms of either one of the 
following , to name a few: enthalpy, total energy, internal energy, kinetic energy or 
temperature. Usually the energy equation expressed in terms of the temperature 
is used for incompressible flow calculations. The energy equation, with no heat 
generation, and constant flow properties along with the Fourier heat conduction 
law and Newtonian fluid for а two-dimensional incompressible flow, is expressed as 


OT PT Әи\ (әү) [ди av\? 
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The last term is known as the viscous dissipation term and is usually defined by 


ф=2 (8) 4 6 + (= + e) (8-126) 


Thus, one may write 


әт дт ôT\_ 
Pcp (ж tus + x) = kV*T + иф (8-127) 


Observe that Equation (8-127) is written in a nonconservative form. The conserva- 
tive form is expressed as 


рор É + Zur) + Zon) = КУ?Т + иф (8-128) 


The energy equation in either form may be written in terms of the thermal diffusivity 
and kinematic viscosity. For example, 


OA uS tus = aVIT + —ó (8-129) 
y Cp 


Recall that the thermal diffusivity and kinematic viscosity are, respectively, defined 
as 

a= L and v= Е 

PCp p 

The variables in the energy equation are nondimensionalized according to rela- 
tion (8-21). To nondimensionalize the temperature various reference quantities can 
be used, among which аге the freestream temperature Too or the difference in tem- 
perature (Ty — Too). Implementation of T* = T/T. yields 








ae th So + = Ez (i + бәт) + орма, (8-130) 
whereas Т* = T_T. yields 
at “2 v - 4E (5s " a) tx (8-131) 
where E — О т; is called the Eckert number. 


Note that the coefficient of the dissipation term E/Re can be manipulated to 
provide 


= чуу (8-132) 
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Therefore, Equation (8-131) can also be expressed as 


OT* 











SOT a ӘТ. do qM Өчү. IM a 
д^ Tu ðr TM ду*  PrRe (5s е a) (2 1) R д $93) 
T. ~ 1) Re 


Before proceeding to the discussion of numerical Schemes, a few comments are 
in order. 


a. The energy equation (in either form, such as (8-130), (8-131), or (8-133) ) is 
linear. Note that the velocity field has been evaluated previously and is fixed 
for the time level for which the temperature is being computed. 


b. Any procedure described in Chapter 7 may be used to solve the energy equa- 
tion. Furthermore, observe the similarity of the energy equation and the 
vorticity transport equation discussed in Section 8.2.2. Thus, the numerical 
procedure reviewed in Section 8.8.1 can be extended to the energy equation. 


c. The retention of the viscous dissipation term does not create any difficulty, 
because it may be computed easily from the velocity field prior to the solution 
ofthe energy equation. However, for some applications, the viscous dissipation 
term is relatively small and may be dropped from the energy equation. A 
simple order of magnitude analysis of relation (8-132) will provide a guideline 
on the retention or deletion of the viscous dissipation term. Since M, for an 
incompressible flow is relatively small, relation (8-132) indicates that E would 
be small as well if Т„/Т„ >> 1. On the other hand, it is observed that the 
value of E ( and subsequently of viscous dissipation) would be appreciable if 
(Tw/Too — 1) is a small quantity. Therefore, the viscous dissipation term is 
retained. It is strongly recommended that the viscous dissipation be retained 
if there is any doubt on the magnitude of the term. 


8.11.2 Numerical Schemes 


Consider the energy equation given by, for example, Equation (8-131). Note 
that the equation is parabolic in time, linear, and involves only one unknown, 
namely T*. Any of the numerical procedures for the solution of parabolic equations 
described previously may be used to solve the energy equation. Since these pro- 
cedures were extensively described and revisited in conjunction with the vorticity 
transport equation, no further discussion is warranted at this point. However, some 
deliberation of the boundary conditions are appropriate. 
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8.11.3 Boundary Conditions 


The boundary conditions along the inflow and far-field are typically specified 
as that of the temperature of the freestream. The value at the outflow may be 
extrapolated from the interior solution similar to that of the velocity. The treatment 
of the boundary condition at the solid surface, however, warrants some deliberation. 
Typically two types of boundary conditions are frequently specified. In the first 
category, the wall temperature (or its distribution along the wall) is provided. Thus, 
the boundary condition is a Dirichlet type. Implementation of such à boundary 
condition is straightforward. In the second category, an adiabatic wall is specified 
requiring zero heat transfer at the surface. At this point a brief review is in order. 
Recall that the heat transfer rate is frequently expressed in terms of the heat transfer 
coefficient, h, given by 


-(®) 
h- E- (8-134) 


where n designates the direction normal to the surface and k is the thermal con- 
ductivity. Furthermore, a popular nondimensional heat transfer parameter is the 
Nusselt number which is defined as 


AL 


NU = F (8-135) 
Nondimensionalization of (8-134) along with the use of (8-135) yields 
OT* 
NU --— -1 


To incorporate the adiabatic boundary condition, instead of directly setting the 
normal gradient to zero, consider the following Taylor series expansion, where index 
k represents grid points along the surface normal, 

oT ӘТ (An)? 


got Om 2 


where the superscript + has been dropped. Utilizing (8-136) one has 


Tha = Tk + 





+ O(An) (8-137) 


Т1 = Tk — (NU)An+ O(An)? 


Now, for an adiabatic wall, the heat transfer is zero, implying that NU = 0, and 
therefore, 
Ткы = Tk + O(An)? 


Application of the adiabatic wall condition to the surface shown in Fig. 8-13 
provides 
Tii = Tio (8-138) 
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Tig 7 T; (8-139) 


An important point to emphasize here is that the approximations (8-138) and (8- 
139) are indeed second-order accurate! 








Figure 8-13. 
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8.12 Problems 


8.1 The upper plate of a rectangular cavity shown in Figure P8-1 moves to the 
right with a velocity of uo. 





Figure P8-1. The domain of solution for the driven cavity problem. 





The rectangular cavity has dimensions of L by H. The fluid within the cavity has 
a kinematic viscosity of 0.0025 m?/sec. Use the FTCS explicit scheme and the 
point Gauss-Seidel formulation to solve for the vorticity and the stream function 
equations, respectively. The following data are specified 


L-40cm, Ar-001m, IM-4l 
Н = 30 ст, Лу = 0.01 т, ЈМ = 31 
ио = 5 m/sec., At = 0.001 sec. 


Use a convergence criterion of 0.001 for the point Gauss-Seidel formulation and set 
the convergence to steady state at 0.002 for the vorticity equation. 

Print the steady-state solution at increments of 0.1 m and 0.05 m in the z- and 
y-directions, respectively. The values of the vorticity and stream function, and the 
z-component of the velocity are to be printed. Plot the streamline pattern and the 
velocity field. 
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Grid Generation — Structured Grids 





9.1 Introductory Remarks 


In order to numerically solve the governing partial differential equations (PDEs) 
of fluid mechanics, approximations to the partial differentials are introduced. These 
approximations convert the partial derivatives to finite difference expressions, which 
are used to rewrite the PDEs as algebraic equations. The approximate algebraic 
equations, referred to as finite difference equations (FDEs), are subsequently solved 
at discrete points within the domain of interest. Therefore, a set of grid points 
within the domain, as well as the boundaries of the domain, must be specified. 

Typically, the computational domain is selected to be rectangular in shape where 
the interior grid points are distributed along grid lines. Therefore, the grid points 
can be identified easily with reference to the appropriate grid lines. This type grid 
is known as the structured grid and is the focus of this chapter. A second category 
of grid system may be constructed where the grid points cannot be associated with 
orderly defined grid lines. This type grid system is known as the unstructured grid 
and will be introduced in Chapter 15. In the remainder of this chapter, structured 
grid generation is implied wherever we refer to grid generation. 

The generation of a grid, with uniform spacing, is a simple exercise within a 
rectangular physical domain. Grid points may be specified as coincident with the 
boundaries of the physical domain, thus making specification of boundary conditions 
considerably less complex. In the previous chapters, this restriction on the physical 
domain was enforced, i.e., all applications were limited to rectangular-type domains. 

Unfortunately, the majority of the physical domains of interest are nonrectan- 
gular. Therefore, imposing a rectangular computational domain on such a physical 
domain will require some sort of interpolation for the implementation of the bound- 
ary conditions. Since the boundary conditions have a dominant influence on the 
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solution of the equation, such an interpolation causes inaccuracies at the place of 
greatest sensitivity. In addition, unequal grid spacing near the boundaries creates 
further complications with the FDEs since approximations with nonequal stepsizes 
must be used. This form of the FDE changes from node to node, creating cumber- 
some programming details. 


5=&(х,у,2) 
n27(G,y,z) 
6-7 65x, y,z) 


(x,y,z) 





Figure 9-1. Nomenclature for the generalized coordinate system. 


To overcome these difficulties, a transformation from physical space to compu- 
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tational space is introduced. This transformation is accomplished by specifying а 
generalized coordinate system which will map the nonrectangular grid system in the 
physical space to a rectangular uniform grid spacing in the computational space. 
The generalized coordinate system may be expressed in many ways. Two examples 
are illustrated in Figure 9-1. The first example shows the so-called body-fitted coor- 
dinate system where two coordinate lines, € and С, are aligned on the surface along 
the streamwise and circumferential directions, and where the third coordinate, 7, is 
normal to the surface. In the second example, the € coordinate is aligned along the 
body axis, ¢ is in the circumferential direction and 7 is normal to the body axis. 

For illustrative purposes, two-dimensional (2-D) problems will be considered in 
detail, with a description of the three-dimensional (3-D) problems to follow. A 2-D 
domain is illustrated in Figure 9-2. 


Physical Domain 





Figure 9-2. A typical 2-D domain for the axisymmetric blunt body problem. 


In order to eliminate the difficulty associated with the nonequal stepsizes used in 
the FDEs, the physical domain is transformed into a rectangular, constant step-size, 
computational domain. A typical computational domain is shown in Figure 9-3. 
Note that the computational domain is obtained by deformation of the physical 
domain, i.e., by twisting and stretching, etc. 

The central issue at this point is identifying the location of the grid points in 
the physical domain. That is, what are the т and y coordinates of a grid point 
in physical space (Figure 9-2) that correspond to a grid point (i, j) specified in 
the computational domain (Figure 9-3)? In determining the grid points, a few 
constraints must be imposed. First, the mapping must be one-to-one; i.e., grid lines 
of the same family cannot cross each other. Second, from a numerical point of view, 
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a smooth grid point distribution with minimum grid line skewness, orthogonality 
or near orthogonality, and a concentration of grid points in regions where high flow 
gradients occur are required. Obviously, all of the desired features may not be met 
by the use of a particular grid generation technique. Grid generation techniques 
which emphasize any one or a combination of these features will be presented in the 
following sections. 


Figure 9-3. Computational domain with constant stepsizes ДЕ and An. 





In general, grid generation techniques may be classified as (1) algebraic meth- 
ods, (2) partial differential methods, or (3) conformal mappings based on complex 
variables. In addition, the grid system may be categorized as fixed or adaptive. 
Obviously, a fixed grid system is generated prior to the solution of the governing 
equations of fluid motion and remains fixed independent of the solution. On the 
other hand, an adaptive grid system evolves as a result of the solution of the equa- 
tions of fluid motion. For example, grid points may move toward regions of high 
gradients such as in the neighborhood of a shock wave. 

Conformal mappings based on complex variables are limited to 2-D problems and 
require a reasonable knowledge of complex variables. In addition, the determination 
of the mapping function is sometimes a difficult task. Therefore, this method will 
not be discussed here. In the following sections, grid generation techniques based 
on algebraic and PDE methods are presented. 
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9.2 Transformation of the Governing Partial 
Differential Equations 


The equations of fluid motion include the continuity, momentum and energy 
equations. For a single phase continuum flow, the transformation of this system of 
equations will be presented in Chapter 11. In this section, a simple 2-D problem is 
proposed to familiarize the reader with the processes involved in the transformation 
of a PDE and the complexity of the resultant equation. It should be mentioned that 
the form and type of the transformed equation remains the same as the original 
PDE; i.e., if the original equation is parabolic, then the transformed equation is 
also parabolic. А mathematical proof is given in Reference [9-1]. Now, define the 
following relations between the physical and computational spaces: 


£ = Elz, y) (9-1) 
n = n(z,y) (9-2) 
The chain rule for partial differentiation yields the following expression: 


ð 0 8 аә 
д2 7 Br dE Br 91 s 
The partial derivatives will be denoted using the subscripts notation, i.e., x = ё. 
Непсе, 


д д д 
дт = БЕ T ДЕУ (9-4) 
and similarly, 5 n Э 
9у ЕЕ + р (9-5) 
Now consider а model PDE, such as 
Ou ди 
дт + “Oy =0 (9-6) 


This equation may be transformed from physical space to computational space using 
Equations (9-4) and (9-5). As a result, 
ди ди ди ди 
жд; т pv z-]20 
ae + 5, С twan) 
which may be rearranged as 


(Ez + 06) 5 + (nz + an) 5 =0 (9-7) 
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This equation is the one which will be solved in the computational domain. Also 
note that the transformation derivatives £z, £y, Nz, and ny must be determined from 
the functional relations (9-1) and (9-2). The determination of the transformation 
derivatives will be addressed briefly in the next section and in more detail for a 3-D 
case in Chapter 11. Comparing the original PDE (9-6) and the transformed equation 
given in (9-7), it is obvious that the transformed equation is more complicated 
than the original equation. Generally that is always the case. Thus, a trade-off 
is introduced whereby advantages gained by using the generalized coordinates are 
somehow counterbalanced by the resultant complexity of the PDE. However, the 
advantages by far outweigh the complexity of the transformed PDE. 


9.3 Metrics and the Jacobian of Transformation 


Recall that in Equations (9-4) and (9-5), terms such as £;, £y, Nx, and ny appear. 
These transformation derivatives are defined as the metrics of transformation or 
simply as the metrics. The interpretation of the metrics is obvious considering the 
following approximation: 

. 2. AE 


^ ðr Ат 


This expression indicates that the metrics represent the ratio of arc lengths in the 
computational space to that of the physical space. The computation of the metrics 
is considered next. 

From Equations (9-1) and (9-2) the following differential expressions are ob- 
tained 


& 


ll 


d£ Edr + £dy (9-8) 
dn dz + туйу (9-9) 


which are written in a compact form as 


ЕРА e 
dn = My dy 


Reversing the role of independent variables, i.e., 


т = 1(,1) 
y = 0(,1) 
The following may be written 
іт = zd + 211 (9-11) 
dy = и +0 (9-12) 
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In а compact form they are written as 


E ated eis 
dy Ve Yn dn 


Comparing Equations (9-10) and (9-13), it can be concluded that 


E 
Ez Ey | = Tg Tn 
Nz Ny Ye Yn 


from which 
& = Ју (9-14) 
& = -Jt (9-15) 
т = -Jy (9-16) 
Ny = ЈЕ (9-17) 
where 1 
J=———_ (9-18) 
LEYn — Тт 


and is defined as the Jacobian of transformation. 

The Jacobian, J, is interpreted as the ratio of the areas (volumes in 3-D) in the 
computational space to that of the physical space. 

Note that the actual values of the metrics or the Jacobian could be negative. 
Obviously, the values depend on the specification of physical and computational 
grid systems. The computed values of the metrics for various grid systems will 
be presented shortly. For grid generation methods where analytical expressions 
for the metrics can be written, they may be analytically evaluated or determined 
numerically by the use of finite difference expressions. This point is illustrated in 
the example problem given in Section 9.5. 


9.4 Grid Generation Techniques 


Before proceeding with the investigation of various grid generation techniques, 
the objectives will be summarized. A grid system with the following features is 
desired: 


(1) A mapping which guarantees one-to-one correspondence ensuring grid lines of 
the same family do not cross each other; 


(2) Smoothness of the grid point distribution; 
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(3) Orthogonality or near orthogonality of the grid lines; 
(4) Options for grid point clustering. 


As mentioned previously, some of the features enumerated, as in (2)-(4) above, 
may not be achievable with a particular grid generation technique. In the next few 
sections, various grid generation techniques are introduced. 


9.5 Algebraic Grid Generation Techniques 


The simplest grid generation technique is the algebraic method. The major 
advantage of this scheme is the speed with which a grid can be generated. An 
algebraic equation is used to relate the grid points in the computational domain 
to those of the physical domain. This objective is met by using an interpolation 
scheme between the specified boundary grid points to generate the interior grid 
points. Clearly, many algebraic equations (or interpolation schemes, if preferred) 
can be introduced for this purpose. To illustrate the procedure, consider the simple 
physical domain depicted in Figure 9-4. 


2 
E 
E 


s 
L4 
1 
= 
= 
= 
am 


Figure 9-4. The physical space which must be transformed to a 
uniform rectangular computational space. 
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Introducing the following algebraic relations will transform this nonrectangular 
physical domain into a rectangular domain: 


ё = т (9-19) 


у 
= 9-20 
я (9-20) 


In (9-20), y, represents the upper boundary which is expressed as 


y= Н, + mm, 

Thus, it may be written that 

f= х (9-21) 

1 = — N (9-22) 

Н, + —r 
which can be rearranged as 
т=& (9-23) 

апа 

y- (m+ rA, (9-24) 


The grid system is generated as follows. The geometry in the physical space is 
defined. For this particular problem, it is accomplished by specifying values of L, 
Hi, and H3. Next, the desired number of grid points defined by ТМ (the maximum 
number of grid points in £) and JM (the maximum number of grid points in 7) 
is specified. The equal grid spacing in the computational domain is produced as 
follows: 


A = туї (9-25) 
1.0 
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Figure 9-5. The rectangular computational domain with uniform 
grid spacing. 





Note that in Equation (9-20), 7 has been normalized, i.e., its value varies from 
zero to one. With the equal step-sizes provided by Equations (9-25) and (9-26), 
the uniform computational domain is constructed, which is shown in Figure 9-5 for 
a 17 x 13 grid system. Therefore, the values of € and 7 are known at each grid 
point within this domain. Now Equations (9-23) and (9-24) are used to identify the 
corresponding grid points in the physical space. For illustrative purposes, the grid 
system generated for a physical domain defined by L = 4, Н, = 2, and Н, = 4 is 
shown in Figure 9-4. 


As discussed previously, the metrics and the Jacobian of the transformation must 
be evaluated before any transformed PDEs can be solved. In many instances, when 
an algebraic model is used the metrics may be calculated analytically. This aspect is 
obviously an advantage of the algebraic methods, since numerical computation of the 
metrics will require additional computation time and may introduce some errors into 
the system of equations of motion that are to be solved. To illustrate this point, the 
metrics in the proposed example are computed both analytically and numerically. 
From Equation (9-21), metrics £; and £y can be determined analytically, resulting 
in 


& = 1 (9-27) 
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& = 0 (9-28) 
Similarly, the following is obtained from Equation (9-22) 
52 (Hi – Hiy/L e 


[B 4 (Hs — Hy)z/L]. 
| H»- A, 7 





k = гр [B h = НЫ en 
and 
еа 1 
h = Hı + (H3 — Hi)z/L 9 
ТН жен (9-30) 


Hı + (H — Hi)6/L 
and the Jacobian of transformation is 
1 
Ttg — УТ) 

To compute the metrics numerically, Equations (9-14) through (9-18) are used. 
Thus, the terms ze, ye, Zy, and y, are computed initially, from which the Jacobian 
may be evaluated. These expressions are computed numerically using finite differ- 
ence approximations. For example, a second-order central difference approximation 
may be used to compute the transformation derivative z, for the interior grid points, 
ie., 

Tij+1 — Tij-i 
2A 
The transformation derivatives at the boundaries are evaluated with forward or 
backward second-order approximations. For example, z, at the j — 1 boundary is 
computed using the forward difference approximation 
TS —8а + Ario — Tis 
3 2A) 

A comparison of the metric 7, evaluated numerically and analytically by Equa- 
tion (9-29) and the error introduced in the numerical computations is shown in 
Table (9-1). 


їр = 


[i [Analytic  Numeed | ERROR ] 
| 4 | —.52632E — 01 | —.52632E — 01 | .44409E — 15 
| 8 | —12281E + 00 | —12281E + 00 | —13323E — 14 





—.19298E + 00 | —.19298E + 00 | —.26645E — 14 


Table 9-1. Comparison of the metric n, at i = 4 evaluated analytically 
and numerically. 
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Notice that for this simple grid the errors in the numerical computation of the 
metrics are extremely small (practically zero!). The distributions of metrics are 
shown in Figures 9-6a through 9-6d. Each tic mark on the vertical axis represents 
a numerical change of 0.25 in Figures 9-6a and 9-6b, —0.1 in Figure 9-6c, and 
0.125 in Figure 9-6d. These figures illustrate the smooth variations of the metrics. 
Erratic metric distributions, especially those with some sort of discontinuity, will 
certainly invite disaster! It is strongly recommended that the metric distributions 
be investigated prior to solving the governing PDEs of fluid motion. 


The simple algebraic model just investigated does not include an option for 
clustering. Next, some algebraic expressions which employ clustering techniques 
are presented. 


For flow problems where large gradients are concentrated in a specific region, 
additional resolution of the flow properties is essential. Аз an example, flow in the 
vicinity of a solid surface in a viscous fluid possesses large flow gradients. Accurate 
computation of flow gradients in this region will require many grid points within 
the domain. Rather than using a nearly uniform grid distribution in the physical 
domain, grid points may be clustered in the regions of high flow gradients, which 
reduces the total number of grid points and thus increases efficiency. Some examples 
of such algebraic expressions with clustering options are provided below. As a first 
example, consider the transformation given by 


ё = т (9-31) 


_ 1 т00+1-0/н)/8 - 14 0/99) 
ao (8 + 1)/(8 — 17] TM 


In this equation, 8 is the clustering parameter within the range of 1 to со. As 
the value of @ approaches 1, more grid points are clustered near the surface, where 
y — 0. From Equations (9-31) and (9-32), the inverse of the transformation can be 
written as 


т = ё (9-33) 


_ g 6*0 -(8-1((0-- 2/(- 01") 


sm [(8 + 1)/(8 – 1)» - 1 (9-34) 
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Figures 9-6a, b, c, d. Distribution of metrics for the domain 
shown in Figure 9-4. 
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The metrics of transformation may be determined analytically from the algebraic 
relations (9-31) and (9-32) and are given below: 


& = 
k = 


& = 


Ty 


1 
0 


0 


са з =з ызы эсс 
H {8° — [1 – (y/ P) (n((8 + 1)/(6 – 1)]} 


(9-35) 
(9-36) 


(9-37) 


(9-38) 
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The physical and computational domains, using the transformations (9-31) and 
(9-32), are shown in Figures 9-7a, 9-7b, and 9-7c. The grid system is generated for 
a 21 x 24 grid, and clustering parameter values of 1.05 and 1.2 are used, respectively. 
The distributions of metric n, are shown in Figures 9-8a and 9-8b. Each tic mark on 
the vertical axis represents a change of 0.5 in Figures 9-8a and 9-8b. Obviously, this 
type of grid is suitable for boundary-layer type computations, where grid clustering 
near the surface is required. 


For a physical domain enclosed by lower and upper solid surfaces, clustering at 
both surfaces must be considered. А flow field within a 2-D duct is such an example. 
'The following algebraic equations may be employed for this purpose: 


= (9-39) 


In {{8 + [(2е + 1)y/H] - 203/(8 — [(2a + 1)y/H] + 20)) 


n= a+ (1—a) In[(8 + 1)/(8 — 1)] 


(9-40) 


where 3 is the clustering parameter, and a defines where the clustering takes place. 
When a = 0, the clustering is at y = Н; whereas, when a = 1/2, clustering is 
distributed equally at y = 0 and y = Н. The inverse transformation is given by 


z = & (9-41) 


(2a + 8) 108 + 1)/(8 – 12/079 + 2a – B 


y = Hees i) F F/O Die 90-3) 


(9-42) 


Analytical expressions for the metrics are determined from Equations (9-39) and 
(9-40) as 


& = 1 (9-43) 
& = 0 (9-44) 
т = 0 (9-45) 


28(2a + 1)(1 — а) 


w = Hig-iQGa*lwH-2aphm(g-1/8-0j CO 
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Grid systems generated for a domain with 21 x 24 grid points are shown in Figures 9- 
9a and 9-9b for a = 1/2 and clustering parameters of 1.05 and 1.2, respectively. 
The corresponding 7, metric distributions are shown in Figures 9-10a and 9-10b. 
Each tic mark on the vertical axis represents a change of 0.5 in Figures 9-10a and 
9-10b. 
For problems where clustering in the interior of the domain is required, the 
following relations may be utilized 


ё = = (9-47) 
m A+ 5 sinh! [(Ф - 1) sinh(AA)) (9-48) 
where (e X 
E 1+ (еб — 1)(D/H) 
47 3g In l + (є-#—1)(Р/Н) 


In Equation (9-48), В is the clustering parameter in the range of 0 < f < oo, 
and D is the y coordinate where clustering is desired. The inverse transformation 
is given by: 


т = ё (9-49) 


2 fr smi А] 


sinh(@A) (550) 





(а) 8 = 1.05 (b) 8-12 


Figures 9-9а, b. Grid system generated by the transformation 
function (9-42). 
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Figures 9-10a, b. Metric distributions for the domains shown 
in Figure 9-9. 





Note that for 6 = 0, no clustering is enforced, while a denser clustering of grid 
points near D is produced for larger values of 6. Analytical expressions for the 
metrics are determined from Equations (9-47) and (9-48) and are given by: 


& = 1 | (9-51) 
= б (9-52) 
т = 0 (9-53) 
us sinh(8A) (9-54) 


BD {1+ (/D) - 1]? sinh?(8A)}* 


The algebraic expressions given by (9-49) and (9-50) are used to generate the 
grid systems shown in Figures 9-11a through 9-11c. The clustering is specified at 
D = H/2 for the domains shown in Figures 9-11a and 9-11b and at D = H/4 for 
the domain shown in Figure 9-11c. The values of В are 5, 10, and 5, respectively. 
The distributions of metric n, are illustrated in Figures 9-12a through 9-12c. Each 
tic mark on the vertical axis represents a change of 0.5 in Figures 9-12a through 
9-12c. 

Next, an algebraic expression for generating a grid system around an arbitrary 
shape is investigated. For simplicity, a conical body shape with a circular cross- 
section will be assumed. The grid system is determined at cross sections where the 
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relevant PDEs are to be solved. An example would be the solution of parabolized 
Navier-Stokes equations over a conical configuration in a supersonic flow field. T'he 
flow field is depicted in Figure 9-13 where cross-sectional planes are normal to the 
body axis. 


An alternate choice would be the selection of a grid system normal to the body 
surface. For many applications where the flow is symmetrical, only half of the 
domain needs to be solved. With that in mind, consider the generation of a grid 
system at a cross section. 


(с) D=H/4, 8=5 
Figures 9-11a, b, c. Grid systems generated by the transformation 
functions (9-49) and (9-50). 





Note that since the physical domain is changing at each streamwise station, a new 
grid system must be generated at each station. However, no difficulties arise since 
the grid generating procedure is coded as a subroutine and called at each z-station. 
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А typical procedure is described next. 

First a domain bounded by the body, the plane of symmetry, and the free stream 
must be defined. The outer boundary in the free stream must be far enough away 
to include the bow shock generated by the conical configuration. Ап alternate 
selection for the outer boundary would be at the bow shock itself. However, the 
shock location is unknown; therefore, Rankine-Hugoniot relations must be utilized 
to determine its location. This procedure is known as shock fitting and will be 
investigated later in Chapter 13. 


Fa a 


Figures 9-12a, b, c. Metric distributions for the domains 
shown in Figure 9-11. 
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For now, the outer boundary is specified as the free stream. This specification 
is accomplished by defining two elliptical shapes (or any other geometries you may 
choose) with semi-major and semi-minor axes denoted by ал, b1, and bz. This specifi- 
cation is illustrated in Figure 9-14. The inner boundary represents the circular cone 
and will be defined by its radius, R. The number of grid points in the circumferen- 
tial direction is specified by KM, and for this example they are distributed equally 
around the body. This distribution is accomplished by defining the incremental 
angle DELTHET as DELTHET = л/(КМ — 1), and subsequently computing @ at 
each k. The nomenclature is shown in Figure 9-15. Note that k = 1 is chosen on 
the windward side of the body and k = KM is on the leeward side. The y and z 
coordinates of the grid points on the body are easily computed from 


y(1,k) = —Rcosé (9-55) 
2(1,к) = Rsin8 (9-56) 


The corresponding grid points on the outer boundary are defined by rays emanating 
from the origin with the appropriate angular positions. 





Figure 9-13. The grid system in the physical domain. 
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For this purpose, the length of the rays are obtained from the equation of an ellipse 


as 1 


i sin? P cos? 8 
a? p 


where appropriate values of a and b are used. Subsequently, the y and z coordinates 
of the grid points on the outer boundary are determined by similar expressions given 
in Equations (9-55) and (9-56). 

For viscous flow computations, clustering in the vicinity of the body is desirable. 
For this purpose the following expression is used: 


олча) em 


In (9-57), 6 is the radial distance between the body and the outer boundary, i.e., 
6(k) = r(k) — R(k) (9-58) 











Figure 9-14. Nomenclature required to describe the physical domain. 
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and 8 is the clustering parameter. The clustering function given by Equation (9-57) 
places 7 = 0.0 at the outer boundary and ņ = 1.0 at the surface. The computational 
domain is shown in Figure 9-16. А computational domain for the entire problem 
equivalent to the physical space depicted in Figure 9-13 is shown in Figure 9-17. The 
y and z coordinates within the physical domain are evaluated from the following 
equations 


y(k, j) = y(k, 1) — c(k, j) cos a(k) (9-59) 


and 


z(k, j) = z(k, 1) + c(k, j) sina(k) (9-60) 


where a is defined as the angle between the normal to the body in the cross-sectional 
plane and the vertical direction. This relationship is also shown in Figure 9-15. 


k=1 


Figure 9-15. Nomenclature required to define the grid system. 
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Figure 9-16. Computational grid system at a cross section. 
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Figure 9-18. Cross-sectional grid system generated for a circular 
conical configuration. 





A grid system generated for a 37 x 26 grid is shown in Figure 9-18 for B = 1.4. 
The configuration is defined by R = 1.0, a; = 2.0, bj = 1.8, and b = 3.0. For 
this problem the metrics are evaluated numerically by using a second-order central 
difference approximation in the interior of the domain and by second-order forward 
and backward difference approximations at the boundaries. The metric distribu- 
tions are illustrated in Figures 9-19a through 9-19d, where the smoothness of the 
metrics is clearly evident. Note that if the metric distribution had discontinuities, 
further investigation of the suggested grid system and the solution procedure used 
to obtain the grid and the metrics would be required. 

The algebraic expressions used to generate the grid systems just presented are 
а few among many appearing in various literature. However, the procedures used © 
to generate grids by algebraic methods are fundamentally similar. 

For many applications, algebraic models provide a reasonable grid system with 
continuous and smooth metric distributions. However, if grid smoothness, skewness, 
and orthogonality are of concern, grid systems generated by solving PDEs must be 
used. This option includes elliptic, parabolic, or hyperbolic grid generators, which 
will be discussed in the next section. For the time being, briefly consider the elliptic 
grid generators. In this technique, some type of elliptic PDEs is solved to identify 
the coordinates of the grid points in the physical space. This approach is similar to 
what was just accomplished with algebraic models, except now a system of PDEs 
must be solved. 
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Figures 9-19a, 


shown in Figure 9-18. 





Recall that iterative procedures were recommended to solve elliptic PDEs. To 
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(1) Computationally, they are very fast; 
(2) Metrics may be evaluated analytically, thus avoiding numerical errors; 


(3) The ability to cluster grid points in different regions can be easily imple- 
mented. 


The disadvantages are: 


(1) Discontinuities at a boundary may propagate into the interior region which 
could lead to errors due to sudden changes in the metrics; 


(2) Control of grid smoothness and skewness is a difficult task. 


Some of the disadvantages of the algebraic grid generators are overcome by 
the use of PDE grid generators which is, of course, accomplished with increased 
computational time. This procedure will be described in the following section. 


9.6 Partial Differential Equation Techniques 


А grid generation scheme which is gaining popularity is one in which PDEs 
are used to create the grid system. In these methods, a system of PDEs is solved 
for the location of the grid points in the physical space, whereas the computational 
domain is a rectangular shape with uniform grid spacing. These methods may be 
categorized as an elliptic, parabolic, or hyperbolic system of PDEs. The elliptic 
grid generator is the most extensively developed method. It is commonly used for 
2-D problems and the procedure has been extended to 3-D problems. Parabolic and 
hyperbolic grid generators are not as well developed but have some very interesting 
features. In this section all three methods will be introduced. 

The presentation of various schemes will be limited to 2-D problems; however, 
methods which can be extended to 3-D problems will be identified. By 3-D problems 
(in grid generation), we refer to situations where all three coordinates are trans- 
formed. For some 3-D applications, a coordinate transformation in the streamwise 
direction may not be required, i.e., € = x. For such problems, the grid system will 
be generated only in а 2-D sense at each streamwise location as needed. Thus, 
the 2-D grid generators are used extensively for 3-D computations. А typical grid 
system was shown in Figure 9-13. 

Due to the advantages previously introduced, the generalized coordinate system 
will be used in the grid generation techniques which are presented next. 


9.7 Elliptic Grid Generators 


For domains where all the physical boundaries are specified, elliptic grid genera- 
tors work very well. À system of elliptic equations in the form of Laplace's equation 
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or Poisson's equation is introduced, which is solved for the coordinates of the grid 
points in the physical domain. Any iterative scheme such as Gauss-Seidel, point 
successive over relaxation (PSOR), etc., may be used to solve the elliptic PDEs. 
Before proceeding with the mathematical development, consider the fundamen- 
tal reasoning behind this procedure. Recall that the heat conduction equation for a 
steady, 2-D problem is reduced to an elliptic PDE. Ifa rectangular domain with the 
values of temperature on the boundaries is specified, the temperature distribution 
within the interior points is easily obtained by any iterative scheme. The solution 
provides the isothermal lines. Consider two such solutions shown in Figure 9-20. 

















Figure 9-21. The superimposed solution for the rectangular domain. 


| 
? 
| 


Note that the governing equation is linear; thus, addition of solutions is allowed. 
If a heat source within the domain is specified, the isothermal lines will be altered 
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and can be oriented to a particular region. Now, the following question is posed. 
What if the isothermal lines are to represent grid lines? Indeed, that is precisely the 
fundamental idea of using elliptic PDEs to generate a grid system. The dependent 
variables are the т and y coordinates of the grid points in the physical space. Thus, 
for a closed domain, the distribution of grid points on the boundaries are specified 
and a set of elliptic PDEs is solved to locate the coordinates of the interior grid 
points. 
Consider a system of elliptic PDEs of the form 


Ers thy = 0 (9-61) 


Nez + Туу = 0 (9-62) 
where £ and 7 represent the coordinates іп the computational domain. Equations (9- 
61) and (9-62) may be solved by any of the iterative techniques introduced previ- 
ously in Chapter 5. However, computation must take place in a rectangular domain 
with uniform grid spacing as described earlier. To transform the elliptic PDEs, 
the dependent and independent variables are interchanged. The mathematical ex- 
pressions employed for this purpose are derived in Appendix F. With the use of 
Equation (F-10), the elliptic equations (9-61) and (9-62) become: 


аге — 2bz¢, + Lm = 0 (9-63) 
аўы — Wy Ey + Сут = 0 (9-64) 
where 
а = zy (9-65) 
b = тет + Yeth (9-66) 
с=т + (9-67) 


Тһе system of elliptic equations (9-63) and (9-64) is solved in the computational 
domain (£, n) in order to provide the grid point locations in the physical space (т, y). 
Note that the equations are nonlinear; thus, a linearization procedure must be 
employed. For simplicity, lagging of the coefficients will be used, i.e., the coefficients 
a, b, and c are evaluated at the previous iteration level. 

Three categories of physical domains will be considered here. They are: (1) a 
simply-connected domain, (2) а doubly-connected domain, and (3) a multiply- 
connected domain. The description of each domain, specification of boundary points 
(conditions), examples, and analyses are given next. 


9.7.1 Simply-Connected Domain 


By definition a simply-connected region is one which is reducible and can be con- 
tracted to a point. Thus, for a simply-connected region, there are no objects within 
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the domain. An example of a simply-connected domain is shown in Figure 9-22a. 
The corresponding computational domain is shown in Figure 9-22b. Another ex- 
ample is shown in Figure 9-23a, whereas Figure 9-23b represents the corresponding 
computational domain. 











Figure 9-22a. Physical domain for simply-connected region. 


Figure 9-22b. Computational domain. 





Now return to the elliptic equations (9-63) and (9-64). In order to investigate a 
few iterative solution schemes, the FDE is obtained by replacing the partial deriva- 
tives with a second-order central difference approximation. From Equation (9-63): 
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Hs — 21,3 + z=] — 9b БЕ — Viti g-1 + Ti-1j-1 Tiu 


(Ag)? 4AEAn 


турн 2235 + ees 
qe | eL E Жыл 0) 
| (An)? 


If the Gauss-Seidel iterative method is used, the equation is rearranged as: 


a с а 
И lae T I Tij = (agg ens + zia 


c b 
T (An)? [rij + 254,44] = ZAAN [zia — Zijij-1T Zi-ij-1— Zio] 


3 


Figure 9-23a. Physical domain. 


12 13 





Figure 9-23b. Computational domain. 
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From which 
a c 
Tij = (agg Pens +213] + (Agi n T 245-4] 


b а с 
делту — Zaaj-ict Ti-1j-1 — neil} /2 as + 21 (9-68) 


Similarly, from Equation (9-64) 
a c 
Wg = (Agg bts + yag] (An)? ion + yai] 


b 
деду +" — Yi+ij-1 + Yi-1g-1 — л) /2 an + ug (9-69) 


'To start the solution, an initial distribution of z and y coordinates of the grid 
points within the physical domain must be provided. As discussed previously, this 
distribution may be obtained by using an algebraic model. The coefficients a, b, 
and c appearing in Equations (9-68) and (9-69) are determined from Equations (9- 
65) through (9-67) using finite difference approximations. The т and y values in 
these expressions are provided by the initial distributions for the first iteration, and 
subsequently from the previous iteration, ie., the computation of coefficients lag 
by one iterative level. The iterative solution continues until a specified convergence 
criterion is met. For this purpose the total changes in the dependent variables are 
evaluated as 


j=JMM1 
i=IMM1 


У ABS [г - zt 


i-2 
ј=2 


ERRORX 


ll 


j=JMM1 
t=IMM1 k 
ERRORY = У) ABS [у -yh 
i-2 
j-2 





ERRORT = ERRORX + ERRORY 


where k represents the iterative level. The convergence criterion is set as ERRORT 
« ERRORMAX where ERRORMAX is a specified input. 

Other iterative schemes may be used to solve the system of equations given by 
(9-63) and (9-64). For example, the line Gauss-Seidel formulation yields: 


td 
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en TERES 2 [agi * (An)? * (Aga eu 


——— c 
XAR [ua - ety it D MR 1 = za] — an? [2 жы + ght | (9-ТО) 





gati * [+ "d Wi. T ag wy = = 


A M k k+l k+l k 
2AEAT [iua = Veil + viij- ni vua] Tayi [ta t yi 2 (9-71) 


and the line SOR results in 


oath! [a * cap Ё ret 


k 


—2(1— w) ls + Gn? yl z$; 


ие [aua — = THlj- ~1 + sit- 17 - zu] 


о атр Гн t n] (97) 


Ё agit a (om Com re “дейм = x 


b 
+w 2AEAn [Жыз m Vi + Va = vi sal 


c 
Т (Ат? [ss E yj] (9-73) 


Next, an example is given where the elliptic grid generator just described is 
used to create the required grid system. Consider an axisymmetric blunt body 
at zero degree angle of attack. The configuration is an elliptical shape defined by 
the semi-major axis a; and semi-minor axis b;. Similarly, an elliptically shaped 
outer boundary is defined by specifying a? and be. The nomenclature is shown in 
Figure 9-24. Since the grid system generated here will be used in the future to solve 
the Euler equations, the first grid line, i.e., i = 1, is specified below the stagnation 
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line (which is aligned along the z-axis). Symmetry of grid lines about the z-axis 
for grid lines i = 1 and i = 2 is enforced. 












® [ti JM), yCGi) My] 
Ф (ci, yt, jj] 
y Ф kG, D, yci 1) 














Figure 9-24. Illustration of the nomenclature for the proposed example. 





The reason for this selection of grid lines is that some difficulty in solving the Euler 
equations is observed if grid line i — 1 is chosen along the stagnation line. Before the 
elliptic equations (9-63) and (9-64) can be solved, the grid point distribution along 
the boundaries and an initial grid point distribution within the domain must be 
specified. The distribution of grid points along the boundaries may be accomplished 
by using various procedures. One may select equal spacing of grid points on the 
body or distribute them by defining an angular position б. Clustering of points 
may be specified in different regions. For example, one may choose to cluster grid 
points in the vicinity of the stagnation point. For the application shown, an equally 
divided angular position is used. The intersection of a ray originating from point B 
(Figure 9-24) at an angular position 6(1) with the body surface will define the z and 
y coordinate of grid point i at the surface where j = 1. Similarly, the grid point 
distribution on the outer boundary, where j — JM, is determined. In the radial 
direction, an algebraic expression with a clustering option is used to distribute the 
grid points. Since the step-size in the computational domain denoted by A£ and 
An can be selected arbitrarily, it is sometimes set to unity, i.e., Аё = An = 1.0. 
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That is the case for the algebraic expression given by 
1\!-7 

1-67 
1\!-7 

mI 


where y = (j — 1)/(7M — 1). The radial location of grid points is determined from 


c(i,3) = 6(i) {1+6 (9-74) 


DL(i,j) = RDIS(i, 1) + c(i, j) (9-75) 


where the nomenclature is given in Figure (9-24). This procedure is also employed 
to distribute the grid points on the radial boundaries along i = 2 and i = IM. 

A grid system constructed by the algebraic procedure just described is shown in 
Figure 9-25a. 


Figure 9-25a. Algebraic grid system for the simply-connected domain. 





The relevant data includes а = 2, bj = 1.25, ag = 3.0, b; = 3.5, IM = 16, 
JM = 12, and the clustering parameter is set to 5. With this high value of B, 
clustering of grid points is not reinforced. This setting is chosen for the purpose 
of clarity in the figure. With the initial grid point distribution available, it is 
now possible to use the elliptic grid generator, ie., Equations (9-63) and (9-64). 
The convergence criterion ERRORMAX is set to 0.1. The solution is presented 
in Figure 9-25b. The metrics £,, £j, Nz, and ny are computed numerically using a 
second-order approximate finite difference scheme. À central difference expression is 
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used for the interior points, whereas forward and backward approximation schemes 
are utilized at the boundaries. The metric distributions are presented in Figures 9- 
26a through 9-26d. Smooth distribution of the metrics is evident. It must be 
emphasized again that before an attempt is made to solve the governing PDEs of 
fluid motion in a grid system, the metrics must be very carefully investigated. This 
step will prevent many unnecessary problems due to the failure of a code which may 
have its roots in the grid generation routine. 


Figure 9-25b. Grid system obtained by solving a system of elliptic 
partial differential equations. 





Hence, it is a good practice to analyze the metric distributions prior to solving 
the equations of fluid motion. The analysis is facilitated by plotting the metric 
distributions as shown in Figure 9-26. 


Two observations can be made with regard to the grid system shown in Figure 9- 
26b. First, there is clearly a high degree of skewness in some regions of the domain. 
This skewness will cause some difficulty and inaccuracy in the computation of the 
normal gradients of flow properties at the surface. To overcome this problem, the 
grid lines should be perpendicular at the surface, which will improve the accuracy 
and simplify the computation of the normal gradients at the surface. For example, 
heat transfer calculations require the normal gradient of the temperature at the 
surface. Thus, it seems extremely useful to include an option where orthogonality 
of the grid lines can be reinforced at the surface. This issue will be addressed in 
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the section entitled “Coordinate System Control". 


The second observation is related to grid point clustering. The elliptic equa- 


tions (9-63) and (9-64) do not include an option for grid point clustering. То 


include this option, Poisson’s equation is used. This equation is also introduced in 


the section entitled “Coordinate System Control." 


Note that some sort of grid point clustering can be used in the initial grid 
system obtained from an algebraic method. Subsequently, elliptic equations (9-63) 


64) may be solved. 


and (9- 


Ses SS 
SS 


WSs 


KX 


g 
o 
E 
È 
д>) 
+” 
5 
Д 
4 
ы 
8 
ua 
S 
3 
з 
8 
B 
а 
"a 
о 
н 
b 
2 
9 
5 
m 
d 
e 
A 
о 
; 
E) 
fu 


shown in Figure 9-25b. 
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However, the clustering option is not within the elliptic grid generator; and, in 
a classical sense, grid point control is not being used in the elliptic system. То 
illustrate this point, the previous domain is used with a grid clustering parame- 
ter of В = 1.2 for the algebraic model. The results are shown in Figures 9-27a 








Figure 9-27b. Grid system generated by elliptic system. 


— ЕЧ 
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and 9-27b. A wide range of grid clustering options are available for elliptic grid 
generators which will be reviewed shortly. 


9.7.2 Doubly-Connected Domain 


A doubly-connected domain is defined as a region which is not reducible. A 
detailed description of doubly- and multiply-connected regions is given in Refer- 
ence [9-2]. For our purposes, a domain which includes one configuration within the 
region of interest is classified as a doubly-connected domain. A doubly-connected 
region may be rendered simply-connected by introducing a suitable branch cut. 
This procedure is accomplished by inserting a branch cut that extends from a point 
on the body (interior boundary) to a point on the outer boundary. As an example, 
consider the airfoil shown in Figure 9-28. Select an outer boundary by specifying 
some geometrical configuration such as a circle, ellipse, rectangle, etc. In order to 
unwrap the domain such that a rectangular computational domain can be created, 
a branch cut, shown as line AC in Figure 9-28, is introduced. An intermediate step 
is shown in Figure 9-29. 





Figure 9-28. Doubly-connected region and the branch cut. 
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Figure 9-29. Unwrapping of the doubly-connected region. 


The domain is stretched and deformed to create a rectangular shape (computa- 
tional domain) as shown in Figure 9-30. 





Figure 9-30. Computational domain. 


The boundaries of the domain are identified by B,, Bo, Вз, and By. A uniformly 
distributed grid system is constructed in the computational space; therefore, the 
location of every grid point in the computational domain, including the boundaries, 
is known. The object then is to employ the elliptic grid generator to determine 
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the location of grid points in the physical space. Thus, the elliptic equations to be 
solved are Equations (9-63) and (9-64). The procedure is similar to the one used 
for simply-connected regions. That is, the grid point distribution on the boundaries 
of the physical domain must be defined and an initial grid point distribution for 
the interior region must be provided. One distinct difference is the treatment of 
grid points on the boundaries Вз and B4, ie., on the branch cut. These points 
must be free to float, i.e., the location of the grids along line AC must be updated. 
This update is accomplished by computing new values of zi and yi; after each 
iteration. It is not necessary to compute the values of хум and yrmy, since grid 
lines i = 1 and i = IM are coincident; therefore, түм = 213 and уму = Yj For 
the Gauss-Seidel formulation, zı; and yi; are computed according to 


ny = las [223 + Zr] + ai [zin + 215-1] (9-76) 


а гд 14-2 у ЛӨ |с сес 
2АёАт 2441-7 T2j-1 T #1М1\ў-1 1М1ј+1 (А)? (An)? 


уы = lass (yo; + шм] + a у + yu (9-77) 


|| b а c 
-ZAAN [yoj+t — Yaj—-1 + ViMij-1— msl} /2 lac T cor] 


where IM1 = IM - 1. 

These equations are used after each iteration to determine the new location of 
the grid points on the branch cut. Note that if the grid points on the branch cut are 
kept fixed, highly skewed grids at the branch cut are produced, which is undesirable. 

To illustrate the solution procedure, the following example is proposed. Consider 
an airfoil whose geometry is given by 


у= 5,5 (0-296921 — 0.126х — 0.35162? + 0.28432? — 0.1015z^) (9-78) 


In this equation, t is the maximum thickness in percentage of the chord and the 
origin of the coordinate system is located at the leading edge. It is required that а 
grid system be generated between the airfoil and an outer boundary defined by a 
circle of radius, R, with the origin at the mid-chord. The physical domain is shown 
in Figure 9-31. The grid point distribution on the boundaries may be specified using 
various methods. Here an increment, Az, is determined as 
c 
At= тү 


where ГМ must be specified as an odd number, forcing grid points at the leading and 
trailing edges and symmetry of grid point distribution between the upper and lower 
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surfaces. Thus, the z coordinates of the grid points on the body can be defined for 
each (1, 1) around the airfoil. Once the z coordinates are known, the y coordinates 
are evaluated by employing Equation (9-78). The grid points on the outer boundary 
are evaluated as follows. Locate the origin of the circle at the mid-chord and use 
equally spaced angular positions for each point on the outer boundary, i.e., 


2v 


DELTAI 
ІМ -1 





DELTA(i) = i*(DELTAI) 
z(i, JM) = R*cos(DELTA(i)) 


y(i, JM) = —R«sin(DELTA(i)) 


where R is the radius of the circle defining the outer boundary. Since all the grid 


i-IMP1/2 


Figure 9-31. The physical domain used to illustrate the application 
of an elliptic grid generator to a doubly-connected 
region. 
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points should be expressed in the same coordinate system, a shift of the coordi- 
nates of the inner grid points on the airfoil to mid-chord is imposed. Now, the 
corresponding grid points for each i on the body (where j — 1) and on the outer 
boundary (where j = JM) are connected by straight lines. The grid points in the 
interior region are distributed along these lines. This distribution may be equally 
spaced, or some sort of grid clustering scheme employed. Thus, an algebraic grid 
system is constructed which is shown in Figure 9-32. 


Figure 9-32. Algebraic grid system used as initial grid point distribution 
required by the elliptic grid generator. 





Now the elliptic PDEs given by Equations (9-63) and (9-64) can be solved. The 
resulting grid system is shown in Figure 9-33. 





Figure 9-33. Grid system obtained by elliptic grid generator. 
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Clearly the selection of the physical domain is dependent on the particular fluid 
mechanics problem to be solved. The methods by which the initial grid distribution 
is created is arbitrary and any procedure may be used for this purpose. 

Before solving the differential equations of fluid motion, the grid system must 
be investigated carefully for grid point smoothness, skewness, orthogonality, and 
the metric distributions. The distributions of the transformation derivatives ze, ye, 
Zp, and y, are shown in Figures 9-34a through 9-34d, which indicate well-behaved 
distributions. 


9.7.3 Multiply-Connected Domain 


The same procedure which applied to a doubly-connected region may be ex- 
tended to a multiply-connected region. For a multiply-connected region, more than 
one object is located within the domain. А branch cut is introduced to connect one 
body to the outer boundary. In addition, other cuts are inserted between various 
objects within the domain. А graphical illustration is shown in Figure 9-35 which 
represents the physical domain. 


Figure 9-35. Physical domain for a multiply-connected region. 





Figure 9-36 shows a typical intermediate step, and Figure 9-37 represents the com- 
putational space. 

The elliptic equations (9-63) and (9-64) may be solved by any iterative method 
for this domain. The procedure for specifying the boundary points and initial 
distribution of the grid points within the domain is similar to that of а doubly- 
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connected region. Again, the grid points on the branch cuts must be computed 
after each iteration level, i.e., the grid points on the branch cuts and, thus, the 
shape of the branch cuts, are changing from one iteration to the next. The iterative 
procedure is continued until a specified convergence criterion is satisfied. 


Figure 9-36. Unwrapping of a multiply-connected region. 


B; 
В, 
B, 
C d 
B, B, B, B. B, 


Figure 9-37. Computational domain. 








For illustrative purposes, consider the airfoil described in the previous application. 


Now, insert two such airfoils within the circular domain. Grid points are distributed 
on the bodies and the outer boundary as well as the branch cuts. Once the grid 
points on the boundaries are specified, the grid point distribution within the domain 
can be determined by any algebraic procedure. For example, grid points may be 
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distributed on straight rays with equal spacing. This method was used to generate 
the grid system shown in Figure 9-38. 
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Figure 9-39. Grid system generated by elliptic PDEs. 





The crude distribution of grid points within the domain is clearly evident. This 
distribution is used as an initial condition to start the elliptic grid generator, i.e., 
Equations (9-63) and (9-64). The solution is shown in Figure 9-39. Two observations 
can be made. First, the grid points are distributed smoothly within the domain; 
second, the original branch cuts have been reshaped due to readjustment of the grid 
points. 
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9.8 Coordinate System Control 


The elliptic PDEs given in Equations (9-61) and (9-62) do not include any op- 
tion for grid point control within the domain. The location of grid points around the 
body and outer boundary is input; therefore, control of grid spacing on the bound- 
aries is established by the user. In order to use the grid point control within the 
domain, Poisson's equation must be introduced. The logic behind the fundamental 
idea is similar to that found in the previous discussion which is briefly reviewed 
here. Consider the steady state heat conduction in 2-D with a source term. By 
varying the location and strength of the heat Source, the isothermal lines are mod- 
ified. This reasoning is adapted to a grid generation technique produced by elliptic 
PDEs. Thus, a source term is added to the right-hand sides of Equations (9-61) 
and (9-62). The resulting Poisson equations are: 


P(E, n) (9-79) 
©(, п) (9-80) 


Since the numerical solution of Equations (9-79) and (9-80) is performed in a rect- 
angular domain with equal spacing, a transformation of equations and associated 
boundary conditions is required. For this purpose, equations derived in Appendix F 
are used. The resulting transformed equations are: 


Ezz + by 


Nez + Nyy 


1 
ате — 2016 + Cx, = ~ za (Pn + Qr) (9-81) 


1 
ауе — 2bYe + Сур = ~ Fa (Pug + Qu) (9-82) 


These elliptic equations may be solved by any iterative scheme, provided P and Q 
are given. 

The functions P and Q are selected according to a specific need. The requirement 
may be a clustering of grid points at some prescribed location or forcing orthogo- 
nality at the surface. Among several expressions available, two such functions will 
be investigated here. 


9.8.1 Grid Point Clustering 


Grid point clustering is enforced by selection of the functions P and Q. The 
selection is based on grid point attraction in the vicinity of a defined grid line(s) 
or grid point(s) or a combination of both. For example, it might be desirable to 
cluster the grid points in the vicinity of line т or near point (&;, nj). A particular 
functional relation with such capabilities was introduced in Reference [9-1]. The 
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relations are given in exponential form as 
pues b» a(18) 5127197 exp[-c(18) ABS(I — IAL(IS))] + (9-83) 
= b» 75) хи Ону exp { -d(78) [1 — ALUSY! + (J- JAL US) 
Q = - M alts) pitas expl-clIS)ABS(J-JAL(IS)]+ (9-80) 


= pi b( 1S) 774009) exp {- d(JS) (I — IAL(JS)? + (J — JALUS! 


Note that these equations are used when An = Аё = 1. Otherwise, 


Р = -Xett = en exp(-eult - Enl) 


~ Yb = exp {da [le- 6+ пъ) e% 








I€ — Eni 
Q= - È о 8. exh (elt — тм) 
de hn- Fe {- à, [(E 6) + (n - п) ) (9-86) 


where the amplification factors a and b and the decay factors c and d are inputs. 
NI or M is the number of constant grid lines € and/or 1] around which clustering 
is enforced, whereas ГАГ(Г5) and JAL(IS) specify the lines. Similarly, NJ or N 
is the number of grid points around which clustering is enforced with IAL(JS) and 
JAL(JS) specifying the points. 

Each term in these equations has a special role. The first exponential term in 
Equation (9-83) attracts the lines of constant € to the vicinity of lines £&, where ё; 
may be specified as one line or a series of lines. For example, it may be advantageous 
to attract grid lines toward a particular grid line corresponding to i = 16, in which 
case NI = 1 and IAL(1) = 16. For grid line attraction toward a set of grid lines 
(such as 7 = 15, 16, and 17), NI = 3 and 


IAL( = 15 
IAL(2 = 16 
IAL(3) = 17 
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c. Clustering at i — 16 d. Clustering at i == 16, j=14 
Figure 9-40. Grid systems generated by elliptic PDEs. 





Similar effects are produced by Equation (9-84) for the lines of constant n. 
The inclusion of the sign function [term [I – IAL(IS)]/ [ABS(I — IAL(1S))] in 
Equation (9-83) and similar term in Equation (9-84)] enables the attraction on 
both sides of & and 7 lines. Elimination of this term will cause attraction on one 
side and repulsion on the other side. 

The second term in Equation (9-83) clusters the lines of constant € around 
point(s) &, ту. A similar effect is produced by the second term of Equation (9-84), 
where the lines of constant 7 are attracted toward point(s) &, nj. 

To illustrate the effect of each term, they are investigated separately. Consider 
the symmetrical airfoil described in Equation (9-78), where a value of 0.25 is used 
for t. When P and Q are set equal to zero, a grid system with no clustering is 
generated, i.e., Equations (9-63) and (9-64) are solved. The grid system is shown 
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in Figure 9-40a where ГМ and JM are set to 21 and 18, respectively. When the 
first term of Equation (9-84) is employed, clustering in the vicinity of constant 7 
lines is enforced. For the example shown in Figure 9-40b, clustering at a grid line 
corresponding to j — 14 was enforced. Ап amplification factor of а — 40 and a 
decay factor of c — 2.0 was used. À similar effect is shown when the first term of 
Equation (9-83) is used. The result is illustrated in Figure 9-40c, where the grid line 
attraction is enforced toward the line i — 16 with a — 10 and c — 1.2. Finally, the 
second terms in P and © are used to cluster grid points near point i = 16, j = 14. 
The amplification and decay factors were specified as 200 and 1.5, respectively. The 
result is shown in Figure 9-40d. 

An obvious question at this point is: How does one decide on the values of the 
amplification and decay factors required for P and Q? These values depend on 
the particular problem, i.e., the given physical domain, the number of grid points 
used, boundary points, etc. However, there is no dependency function which will 
automatically provide the values of a, b, c, and d. Thus, a trial and error procedure 
is used. Note that the values used in one problem are not necessarily valid for a 
different problem. Usually a few sets of values must be investigated in order to 
obtain the desired grid point distribution. 


9.8.2 Orthogonality at the Surface 


In the previous section the option of grid point clustering was investigated. 
The grid system generated by these methods may not be satisfactory for some 
applications due to large skewness of the grid lines, especially when they occur at 
the surface. The difficulty is encountered when normal gradients of flow properties 
are required. To overcome this deficiency, a forcing function is used which will 
enforce orthogonality of grid lines at the surface. The resulting grid system simplifies 
the computation of the normal gradients and increases their accuracy. À forcing 
function to meet this criterion was introduced in Ref. [9-3]. The proposed functions 
are 


Р = Byexp[-a(n — т) (9-87) 
апа 
Q = Qı exp[—b(n — т) (9-88) 
where а and b are specified as positive constants and P, апа Q are given by 
Р, = ЈЕ — 2,Р) |, (9-89) 
| Q = J(-ycf T eRe) |n=m (9-90) 
whereas 


Ry = -J'(azg — 2barg_ + сга) (9-91) 
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Ry = ~ J? (ay; — 2bye, + CUm) n-m (9-92) 


The governing elliptic PDEs with the forcing functions are 


ате — bre cr. = -fP [ехр{-а(п = т) ге 
+1] exp{—-(y – т) |2) (9-93) 
and 
айе — 2bye + Сут = - {Р [ еа a т) 
+9 [exp{—b(n—m)}] un} (9-94) 


At this point the central issue is how the constraints must be imposed on orthog- 
onality and clustering. The orthogonality of the grid lines, €, to the body surface 
defined by 7 = m is considered first. This condition implies that 


VE-Vn = |VE||Vn| cos 8 (9-95) 


where 0 of 90°provides orthogonality. This equation is expanded as 


Eene + &yty = [(€2 + €2) (rà + 12)]* cose (9-96) 


The following equation results after substitution of the transformation derivatives 
given by Equations (9-14) through (9-17): 


жуш, + Yeun = — [(ж} +) (22 + £)] ! cos (9-97) 


A second condition is introduced to define the grid line spacing between т (at 
the surface) and т. This specification is accomplished by considering ds = [(dx)? + 
(dy)?]?, where s is the distance along the constant € lines. Utilizing Equations (9-1 1) 
and (9-12), ds can be expressed as 


ds = [(zed£ + тп)? + (yed€ + y, dn]! 


which may be reduced to 
ds = ((z«)" + (y.)^]idn (9-98) 


when applied along the lines of constant €, i.e., when d£ = 0. 

In order to solve the elliptic equations given by (9-93) and (9-94), the forcing 
terms on the right-hand sides must be computed. This procedure will require com- 
putation of Ry, Rz, P,, and Qi, which are all evaluated at 7 = т. Since the grid 
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line m is the body surface, grid point distribution along this boundary is specified. 
Therefore, the £ derivatives along the surface may be computed according to 


Viti — Vi-1,1 


26,1) м (9-99) 
f Vici — Yi-1,1 à 
yeli, 1) NG (9-100) 

ihi 225 i- 
zell) = “Rho u TUM ar ы (9-101) 
$ d 3 =2 i, T i-l, 
yeli 1) = Bo ы Hor (AB yeu (9-102) 


To compute the 7 derivatives, Equations (9-97) and (9-98) are solved for z and 
ул, yielding 
1 
то = s,(—recos0 — ycsin0)/(zz + yz)? 
апа | 
+ 1 
Yn = 8y(—Ye cos Ө + x, sin 0)/(22 + ye)? 
When @ is equal to 90°, the equations above are reduced to 


2, = s (-yp)/ Gt + 0) (9-103) 
and 

Un = Ss (ze) / (£F + 06)? (9-104) 
where 

poe да (9-105) 


um dn €=constant Е An 
The second-order derivatives with respect to 7 are computed according to 


— 723, + 822 — Tis 


Tm(i, 1) = TOR CU 3z, (4 1)/An (9-106) 
and 
А —Tyii + 80,2 — Vi ; 
Yan (iy 1) = = Age - 3y (4, 1)/An (9-107) 


This completes the equations necessary to evaluate all the derivatives at 1] = m 
used in the computation of P, and Qi. 

The second-order derivatives on the left-hand sides of Equations (9-93) and 
(9-94) are approximated by central difference expressions. The first order deriva- 
tives appearing on the right-hand side are approximated by forward or backward 
formulas. The reason for this approximation is to prevent any instabilities associ- 
ated with central differencing, which could occur for large values of P, and Qi. For 
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example, if P, is positive, xg and Ye are approximated by forward differencing; and 
if P, is negative, a backward differencing is used. Similarly, if Q; is positive, т, and 
Yn are approximated by forward differencing—otherwise a backward differencing is 
used. 


To solve the elliptic system given by Equations (9-93) and (9-94), any iterative 
scheme may be used. A typical solution is shown in F igure 9-41. 

















Figure 9-41. Grid systems generated with and without orthogonality 
condition. 






In this example, a grid system is generated for a blunt body configuration. For 
comparative purposes a similar grid system with no orthogonality at the surface is 
also shown. The values of constants a and b were specified as 1.0, whereas As was 
given as a function of i locations, i.e., As increased along the surface. 

Before closing this section, consider the following observations on elliptic grid 
generators. The advantages of this class of grid generators are: 


(1) Will provide smooth grid point distribution, i.e., if a boundary discontinuity 
point exists, it will be smoothed out in the interior domain; 

(2) Numerous options for grid clustering and surface orthogonality are available; 

(3) Method can be extended to 3-D problems. 


Among disadvantages of the method are: 
(1) Computation time is large (compared to algebraic methods or hyperbolic grid 
generators); 


(2) Specification of the forcing functions P and Q (or the constants used in these 
functions) is not easy; 


(3) Metrics must be computed numerically. 
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9.9 Hyperbolic Grid Generation Techniques 


It has been shown how elliptic PDEs are used to generate grid systems for 
closed domains. For open domains, where the outer boundary cannot be prescribed, 
hyperbolic PDEs may be developed to provide the required grid generators. Since a 
marching procedure is used to solve such a system, computationally they are faster 
than elliptic grid generators. 

The mathematical development is based on two constraints. The first constraint 
imposes orthogonality of grid lines at the surface as well as the interior domain. 
Mathematically the orthogonality is described by the slopes being negative recipro- 
cals. The slope of constant £ and 1] lines are determined as follows. Along a line of 
constant £, the differential d£ is zero. Considering a 2-D problem, it may be written 
that 








d£ = é&dz + £ydy 
For d£ — 0, the slope is : К 
y т 
тё =% 9-108 
Similarly, for lines of constant 7, 
dn == dz + тау 
from which is obtained d 
y Nx 
meet |: RE 9-109 
mut (9-109) 
Now, imposing the orthogonality condition, 
duj dv| __, 
ах =c dz т=с 








or using Equations (9-108) and (9-109), 


Or 
Erni + ут = 0 (9-110) 
Equation (9-110) is rearranged using Equations (9-14) through (9-17) to give 
жеш, + YeYn = 0 (9-111) 


The second constraint must include some geometrical consideration. To achieve 
this objective two approaches are investigated. In the first approach, the Jacobian 
of transformation is specified. Various schemes can be used for this purpose which 
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will be discussed shortly. This method will be referred to as the cell area approach. 
In the second approach, the arc length from one grid point to the next is prescribed. 
This procedure will be referred to as the arc-length approach. 

In the first approach, the definition for the Jacobian of transformation is used 
аз the second hyperbolic equation, i.e., 


жей, — Ine = F(E, n) (9-112) 


Thus, a system of hyperbolic equations which is solved for the grid point distribution 
in the physical space is 


Teln + yeu. = 0 (9-113a) 


Len — Inve = F > (9-113b) 


In order to solve this hyperbolic system, F must be provided. Three procedures 
described in References [9-4], [9-5], and [9-6] are considered here. Reference [9-4] 
suggests employing concentric circles to determine F(£, п) distribution. To do so, a 
circle is defined, whose perimeter is that of the inner boundary of the physical do- 
main. Then a set of concentric circles at various radii is specified. This specification 
could be accomplished by using an algebraic function (similar to those used for grid 
point clustering). Subsequently, grid points on the inner circle (whose perimeter is 
that of the inner boundary) are distributed and grid points on all concentric circles 
are determined by rays emanating from the origin, as shown in Figure 9-42. Now, 
the Jacobian F is computed for this grid point distribution. Note the manner in 
which concentric circles are specified is used for grid line clustering. 





Figure 9-42. Concentric circles used to determine F. 


A second approach to determine F is discussed in Reference [9-5]. In this pro- 
cedure, the length of the inner boundary is drawn as a straight line with the same 
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grid point distribution. Subsequently, parallel grid lines (constant 7) are created 
to produce a nonuniform grid spacing in a rectangular domain. Again clustering of 
grid lines may be used in this procedure. Now, the Jacobian is calculated to provide 
the cell area function, F. This procedure is illustrated graphically in Figure 9-43. 

A third scheme is given in Reference [9-6]. In this procedure, an algebraic grid 
system is used to determine the cell area function. This scheme proved to be more 
robust and clustering of grid points can be implemented with ease. 

Now return to the system of PDEs given by Equations (9-113a, b). Before 
considering a solution procedure, a few observations are made with regard to this 
system. First, the system is nonlinear and, therefore, a linearization procedure 
must be utilized. Second, since the system is hyperbolic, a marching procedure will 
be used. For this formulation, marching will be in the 7 direction. Third, for a 
hyperbolic system, an initial condition and a set of boundary conditions must be 
specified. Finally, to prevent any oscillation in the solution, a fourth-order damping 
term may be added to the right-hand sides of the equations. 

To linearize the equations, Newton’s iterative scheme is used. Recall that a 
nonlinear term is approximated according to 


АВ = AF BF + Bet Ak — ДЕВ (9-114) 


where the level k is the known state. For this formulation, the k + 1 notation will 


Domain of Solution 


Figure 9-43. Rectangular grid point distribution used to determine 
cell area function, F. 
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be dropped; thus, any variable without a superscript denotes the unknowns at the 
k +1 level. For example, a nonlinear term such as х0; is linearized to provide 
теў, = Teyp + LEU — TEM, 
Hence, the system of hyperbolic equations is expressed in linear form as 
Lely + тети — ZEILE уу + йл — иш = 0 (9-115a) 


Deyn + Ley — TEYE — mp — skye + akyt = F (9-115b) 


These equations are simplified by observing that 
zirk + урук = 0 
obtained from Equation (9-113а), and 
т — тл = —F* 
according to Equation (9-113b). Thus, the reduced form of the equations is 
0 


II 


д + тету + yeyk + УЙ 
Leyn + LEU — жуй rf = F+ Е* 


This system of equations is written in a compact form as 


[A]R_ + [B]R, = H (9-116) 
where 
Ра zk ув гк y 
В = ‚ А= 7 n , B= с 9€ 
y ут m. -y 26 
and 
0 
Н = 
F4 F* 


By definition, the system of equations given by (9-116) is hyperbolic if the 
eigenvalues of [B]! [A] are real. Note that, 


1 | -u 
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and 
» 1 | aisn- SQ аен + ERVE 
[С] = [B] [A] = DN 
TEY + т (rims — vivo) 
where 
DN = (xg)? + (y? 


The eigenvalues of [C] are 


кү? (EY? i 
MNT, 


It is recognized that the eigenvalues are always real; however, it is required that 
(xg)? + (y? #0 


To obtain the FDE of (9-116), a second-order central difference approxima- 
tion for £ derivatives and a first-order backward difference approximation for the n 
derivatives are employed. The resulting FDE is 


Rig — Ra apenas 7 Fig pag, А 
ыа + [BI [ATE = [јан (9-117) 


where [А] and [B]! are evaluated at (j — 1) grid line. Equation (9-117) is rearranged 
for Аё = Ау = 1 as 


1 1 
5161-14-13 + (ДЕ, + alu Res = [8]; Hj + Riga 


where [Д is the identity matrix. Further simplification is introduced by the following 
definitions: 


[AA] = - 50-1 
[BB] = д 
[СС] = ; Cl 
and 
[DD] = [B]; j 1Н,; Ta 
Hence, 


[AA]Ri-14 + [BB]Rig + [CC] Rina; = [DD] (9-118) 
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Once Equation (9-118) is written for all i’s at a j level, a block-tridiagonal system 
is obtained 


[BBh [CC 0 ae 
[AA], (88), [ОСЬ | | ls 
[АА], м [ВВ], [СС], 2 

“Ады, ВВ] | Rae | | 82e 


Note that the boundary conditions affect [DD]; and [DD]; according to 
[DD], (DD], EE [AA], В, 


[DD] м. = [DD]; — [CC] yy Rim 


The block-tridiagonal system (9-118) is solved by marching in the т direction, pro- 
vided an initial distribution of grid points on the surface and boundary lines are 
given. With the known grid point distribution at the surface, the derivatives тё апа 
ye are computed by central difference approximation. At the boundaries, forward 
or backward approximations are used. To evaluate т} апа ys, Equations (9-113a) 
and (9-113b) are employed. These equations at level k are 


тёш + урук = 0 


kk _ pk 
т — nve = F 
which, when solved simultaneously, give 
wr 
(zB? + (y? 
es agF* 
* (xg)? + (P? 


With all the metrics at level k computed, the block matrices [AA], [BB], and [CC] 
are determined. Subsequently, the block-tridiagonal systern (9-118) is solved by 
any standard technique (a procedure is described in Appendix E). Note that the 
boundary points which are specified a priori to the solution must be free to float 
during the solution procedure, i.e., their values along the two boundaries are up- 
dated according to the interior solution. Some difficulty is observed if this updating 
procedure is not used. The reason for this problem is that the boundary points 
cannot be specified and kept fixed since that would define an outer domain for the 
hyperbolic system along these boundaries, which is not allowed. To achieve this 


k — 
їр = 


адь 
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goal, the orthogonality condition at the boundaries i = 1 and i = IM is used to 
update the boundary points. 
The result obtained for а simply-connected region is shown in Figure 9-44. 


1 

УММ 
S 

дЫ МИ 

TLR 


Ж, 
SOSA 
о 


Figure 9-44. Grid system generated for the axisymmetric blunt 
body by hyperbolic PDEs. 





As mentioned previously, a second set of hyperbolic equations may be developed. 
"This second set is referred to as the arc-length approach. In this system, the first 
equation is the same as the cell-area approach, ie., the equation is obtained by 
imposing orthogonality of the grid lines. Thus, 


Lely + YeYn = 0 (9-119) 
The geometric constraint is provided by considering 
(ds)? = (dx)? + (dy)? 
which may be rearranged by using Equations (9-11) and (9-12), i.e., 


(ds)? = (zed£ + zd). + (yed£ + dn)? (9-120) 


or i 
(Аз)? = z2-- y? +r +y (9-121) 


when Аё = An = 1.0. The value of As is specified by the user. The system of 
hyperbolic equations composed of (9-119) and (9-121) may be solved to generate 
the grid system. Some difficulty was observed using this form of the equation. 
To overcome this problem, As along lines of constant £ was specified. Therefore 
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Equation (9-120) was applied along the lines of constant £, which will then reduce 
Equation (9-120) to 
(Аз)? = х2 +y (9-122) 


The system composed of Equations (9-119) and (9-122) works very well. Note that 
As distribution may be used for clustering purposes, since these values are specified 
by the user. The same procedure discussed previously for linearization and finite 
difference approximations is used for this hyperbolic system. 

This section is closed by summarizing the following. The advantages of hyper- 
bolic grid generators are: 


(1) The grid system is orthogonal in two-dimensions; 


(2) Since a marching scheme is used for the solution of the system, computation- 
ally they are much faster compared to elliptic systems; 


(3) Grid line spacing may be controlled by the cell area or arc-length functions. 
The disadvantages are: 


(1) Extension to three-dimensions where complete orthogonality exists is not pos- 
sible; 


(2) They cannot be used for domains where the outer boundary is specified; 
(3) Boundary discontinuity may be propagated into the interior domain; 


(4) Specifying the cell-area or arc-length functions must be handled carefully. A 
bad selection of these functions easily leads to undesirable grid systems. 


9.10 Parabolic Grid Generators 


At this point, two sets of PDEs have been investigated in order to generate grid 
systems: elliptic and hyperbolic grid generators. Some advantages and deficiencies 
of each technique have been identified. One of the benefits of the elliptic system is 
that it smoothed out the grid point distribution, i.e., a boundary discontinuity does 
not propagate into the domain. This smoothness is due to the diffusive nature of 
the elliptic equations. On the other hand, a boundary discontinuity may propagate 
into the domain when a hyperbolic system is used because the hyperbolic system 
lacks a diffusive mechanism. Another distinct difference between the two systems 
was identified by the relative computation time. А hyperbolic system is much faster 
than an elliptic system, because a marching scheme is used for the solution of the 
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system compared to an iterative solution of an elliptic system. Specification of the 
boundary conditions was also different for each method. 

To combine the benefits of elliptic and hyperbolic systems, a parabolic system 
provides a compromise. À parabolic system includes a second-order derivative which 
introduces natural diffusion; as а consequence, propagation of boundary discontinu- 
ity is prevented. On the other hand, marching schemes are used to solve parabolic 
PDEs, thus reducing computation time compared to an elliptic system. 

Development of parabolic systems is relatively new; therefore, much work re- 
mains. Ás a result, they will be reviewed here briefly for conceptual purposes only. 

А parabolic system proposed in Reference [9-7] for investigative purposes is 


aL даа = 8, (9-123) 
ду ә 
Be Ян = 6, (9-124) 


where $, and S, are source terms and А is a specified constant. Тһе solution 
procedure is similar to that of hyperbolic systems. The boundary grid points on 
the body surface are specified and а marching scheme is used to advance in the 
outward direction. Grid point clustering similar to that used in elliptic systems and 
local orthogonality may be enforced. Detailed discussion is given in Reference [9-7]. 
The method is extended to 3-D in Reference [9-8]. 

Much work needs to be done for perfection and robustness of this technique, 
especially in relation to the specification of control functions. Therefore, only a 
brief introduction has been presented to familiarize the reader with the concepts 
involved. 
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9.11 Problems 


9.1 А grid system for a blunt conical configuration at zero degree angle of attack 
is required. The configuration is defined by its radius R, cone angle 6, and body 
length L as shown in Figure P9.1. 


Figure P9.1. Nomenclature used for problem 9.1. 





An outer boundary is defined by an ellipse with semi-major and semi-minor axes 
а and b. The following criteria are set for the grid system: (1) Grid line i = 2 must 
be above the body axis, whereas grid line i = 1 is determined by symmetry about 
the body axis; (2) Include an option for grid point clustering in the vicinity of the 
blunt nose. This option may be accomplished either by angular clustering or length 
clustering; (3) The grid system is generated (a) by an algebraic scheme and (b) by 
an elliptic method; (4) The following set of data are specified: R = 1.0, 6 = 5.0°, 
L = 3.0, а = 4.0, b = 3.5, IM = 30, JM = 22; and (5) The following results are 
required: (a) Plot of the grid system generated by both schemes (i.e., algebraic and 
elliptic), and (b) Plot of the metrics nz, т, Ez, and £y for both schemes. 


9.2 А symmetrical airfoil is to be tested in a wind tunnel. Being а CFD expert, 
your help in determination of the flow field is desperately needed. Your computed 
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results will be used to locate instruments in critical areas and, in addition, to verify 
experimental work! Thus, a set of equations of fluid motion is to be solved within 
the specified domain. The objective of this assignment is to generate the required 
grid system. The airfoil is described by the following equation: 


у= 55 (0.296923 — 0.126z — 0.35162? + 0.284323 — 0.10152") 


The domain of interest is shown in Figure P9.2, where c = 1 is the chord length. 


Figure P9.2. Physical domain for problem 9.2. 





Grid point distribution on the body surface is determined by specifying the z- 
coordinates by two different methods: (a) the x-spacing of grid points are equal, 
and (b) clustering near the leading and trailing edges are used. Set c = 1.0, t = 0.2, 
IM = 35, JM = 21, then plot the grid system obtained by (a) an algebraic scheme 
and (b) by an elliptic scheme. Also, compute and plot the metrics nz, my, ёт, and 
6, 


9.3 Use Taylor series expansion to derive Equation (9-106). 


9.4 Consider a circular cylinder of radius R located in a rectangular domain with 
dimensions of L and H as shown in Figure F9.4. Distribute grid points on the 
cylinder and the rectangular boundary with equal spacing, though grid spacing 
along L is not equal to grid spacing along H. (a) Generate an algebraic grid 
where grid points in the radial direction are equally spaced; (b) use an elliptic grid 
generator; and (c) use an elliptic grid generator with clustering option. 
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The following data are specified: 
R=10 , H=40 , L=60 
IM = 53 (Maximum grid points along the cylinder) 


JM =14 (Maximum grid points along the radial) 


For part (c), enforce clustering of the first five grid lines near the cylinder, with 


clustering coefficients of a = —75.0 and c = 2.0. 
| | 
кооз up ee 


F— L/2 i: 
H/2 
Figure P9.4. The nomenclature for problem 9.4. 





9.5 'The domain shown in Figure P9.5 is defined by the following data: Al — 
3.0, A2=2.0 , D—20 , Н = 4.0. Generate a grid by (a) an algebraic scheme 
with an option for grid clustering near the cylindrical surface, and (b) an elliptic 
scheme. Use the following data: J1=10 , IMID =14 , 12=18 , IM=28 , 
and JM = 30. 
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Figure P9.5. The nomenclature for the domain of problem 9.5. 


9.6 Consider an airfoil whose geometry is described by Equation (9-78). An outer 
C-shaped domain is specified by a half circle and two parallel lines, as shown in 
Figure P9.6a. Grid point distribution on the airfoil surface is to be clustered near 
the leading and trailing edges. 


(a) Generate a grid by an algebraic method with grid point clustering near the 
airfoil surface and the wake region, similar to the one shown in Figure P9.6b. 


(b) Generate a grid by the elliptic scheme with no grid clustering. 
(c) Generate a grid by the elliptic scheme with grid clustering. Specify clustering 
of the first 20 grid lines near the surface. The clustering coefficient a is spec- 


ified as —200 for the first 10 grid lines and —150 for the next 10 grid lines. 
The clustering coefficient c is set to 5.0 for all lines. 


The following set of data is to be used: 


t=02 , c-10 , L-15 
IT1 220 , IL=38 , JM —30 
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Figure P9.6b. А typical algebraic grid system to be generated. 
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9.7 Consider the flow described in Problem 7.3. The governing equation in nondi- 
mensional form is expressed by 


ôT" 0T* B ?T* 














эг +“ дт* т дт 
where adus 2.22 РЕС а 
L L^ U, T, — Т, 
and 
y a 
а LU, 


The initial and boundary conditions are specified as 


t=0 T*(z*,0) =0.0 
#>0 z-00 T*=00 
z*-10 Tt=1.0 


(a) Transform the governing equation from the physical space (=) to a computa- 
tional space (£). 


(b) Write an explicit finite difference equation which is first order in time and 
second order in space. 


(c) Implement the grid clustering scheme proposed in Problem 3.9 to obtain the 
numerical solution for the following set of data: 


Т. 220C , T,=100°C , О, = 0.2 m/sec 
a=0.04 m*/se. , L=2m , At=0.01 sec. 
IM=21 , B=11 


Print the solutions at time levels of 1, 2, and 3 seconds. Plot the temperature 
and error distributions at a time level of 3 seconds where the error distribution is 
determined, as defined in Problem 7.2, Part (g). 

Hint: Use the following relation in Part (a) 


д д 
az T 3G 


APPENDIX A: 
Ап Introduction to Theory of 


Characteristics: Wave Propagation 





A.1 Introductory Remarks 


A technique which has been proven to be a powerful scheme for the solution 
of two-dimensional hyperbolic equations is known as the method of characteristics. 
Generally speaking, the application of the scheme in fluid mechanics is limited to 
two-dimensional, steady, isentropic, adiabatic, irrotational flow of a perfect gas. 
However, the scheme has been extended to inviscid rotational flows as well as three- 
dimensional problems. Furthermore, special procedures to cross discontinuities such 
as shock waves have been developed. Due to the introductory level of this appendix, 
the extension to three dimensions and special considerations will not be explored. 
Instead, the objectives are to review the theory of characteristics and to introduce 
the concepts of compatibility equations, Reimann invariants, and specification of 
boundary conditions. 

These concepts are to be explored in one-dimensional space at first, and subse- 
quently they will be extended to two-dimensional problems in Appendix G. In the 
process, the mathematics will be related to the physical aspect of the flowfield. 


A.2 The Wave Equation 


Perhaps the simplest hyperbolic equation to employ as a model equation, for 
the purpose of exploring the various concepts of characteristics, is the simple wave 
equation in one-space dimension. 

Consider a disturbance which is gradually being transmitted into an undisturbed 
domain. For example, the disturbance can be created by applying an impulse to 
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a piston in a tube. The small disturbance, which travels with the speed of sound, 
creates changes in the flow properties. Designate the properties in the undisturbed 
region by “oo” and the change in properties by “1,” which may be referred to as 
perturbation properties. It is assumed that the changes are small. Now, the pressure, 
density, and velocity of the fluid are expressed as 


P = ро + Pi (A-1a) 
р = ро + pi (А-1) 
u = uù (A-1c) 


Keep in mind the assumption of small disturbance, i.e., р «& ро, £1 « ро, 
and ш < Go. Furthermore, u,, = 0. Assuming a one-dimensional flow, then in 
general the disturbed properties are functions of г and t. Schematically, the wave 
propagation of sinusoidal shape is shown in Figure А-1. In order to describe the 


Figure А-1. Propagation of sinusoidal wave. 





changes in the flowfield due to wave propagation, the conservation laws must be 
utilized. Re-emphasizing the assumptions of inviscid, adiabatic flow, the governing 
equations are: 
Conservation of mass 

до 


a * V (07) =0 (A-2) 
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and Conservation of momentum 


p (% HV. ve) --Vp (A-3) 


For a one-dimensional flow in the Cartesian coordinate system, the equations are 
expressed as 


Ө (pu) = (A-4) 


ди Ou | 1др 


Ob bs рде (A-5) 
Relations (А-1) may be substituted into (А-4) to provide 
8 8 
By (Poo + Р) + az [ш (Po +p) = 0 
or 
дру ди, дш др _ 
Gy te Gq Pra. + Чар =O (A-8) 


At this point, the assumption of small disturbance is imposed. Thus, all the second- 
order terms which are assumed to be much smaller compared to the first-order terms 
are dropped, resulting in 


= + Pozo = 0 (A-7) 


Now, recall from Thermodynamics that any thermodynamic property can be ex- 
pressed in terms of any two-state variables; for example, one may write 


р = p(p, з) 


ees as 


For an isentropic flow ds = 0, and relation (A-8) is reduced to 


from which 


or 


др _ (9p\ др 
Әх \др ‚ дт 
Furthermore, recall that the speed of sound is given by 
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Therefore, 8 8 
VE P z 
Эт ae (A-10) 


Now Equation (А-5) becomes 


Upon substitution of relations (А-1), one has 


ди ди 1 


tu Ft c aS (pw + p) 
à "as Gata)” oe et ^ 
or д д 


ui Чї дщ дш здр 
Pea + Р at + Poot Oz + pita ôr ^ Эг (А-1) 


Imposing the assumption of small disturbance, Equation (A-11) is reduced to 
Po RA =—@ =— (A-12) 
Recall that, from basic fluid mechanics, one may write 


1 
a? = al, — Ey- Ia 


Based on the assumption of small disturbance, since ш « а», the relation above is 
reduced to 
а? = а, 


Thus, Equation (А-12) сап be written as 


Oe 2 ОК 
Poo By T 8 0л 
Finally, the governing equations of wave propagation are summarized by 
др, Our _ 
Be Ре а T? (A-13) 
and 
дш з др _ 
Doo ôt + а дт X (A-14) 


Equations (A-13) and (A-14) are referred to as the acoustic equations which describe 
the changes in the domain due to passage of a sound wave. An important aspect of 
these equations is that they are linear. The acoustic equations given by (A-13) and 
(A-14) may be combined by the following manipulations. Taking the derivative, 
with respect to t of Equation (A-13) and with respect to z of Equation (A-14), one 


has 
pi Pu 


ай + P= Өрө = 0 
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and p РЕ 
аа + Me ба =O 
From which ә p 
Pı 20р _ 

дй T % 57 = de) 
Similarly, eliminating pı, one has 

д ui 2 e и 

дв "9 ^0 (A-16) 
and, in terms of the pressure, 

д?р 2 Opi 

dg ^5 = 0 (A-17) 


The second-order, linear partial differential equation, given by any one of Equa- 
tions (A-15) through (A-17), is called the wave equation, which can be expressed in 
a general form as 


Now, consider Equation (А-17), where its general solution is given by arbitrary 
functions f and g, by the following 
= = f(z — ast) + g(z + ast) (A-18) 
oo 


Since functions f and g are arbitrary, select a family of solutions such that g — 0. 
Therefore, one may write 


x = f(z — ast) (A-19) 

Referring to Figure (А-1), solution (A-19) at various time levels can be written as 
t=0 : = = f (zo) (A-20a) 

t=t : z = f (£1 — алф) (A-20b) 

= : R = f (z2 — ast2) (A-20c) 


Substitution of zı = To + Got; and т) = To + Qot: into Equations (A-20b) and 
(A-20c) show that both of these equations are represented by 


г = f(z) 
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which is valid for the subsequent time levels as well. Therefore, one may conclude 
that 
T — At = constant 


which represents the propagation of the pressure change to the right with the prop- 
agation speed of аш. It is important to note that the shape of the disturbance does 
not change as it propagates within the domain. Of course, that is due to the linear 
nature of the governing equations. Similarly, if one considers the solution g, it may 
be concluded that 

T + At = constant 


That is, the disturbance (in this example, the pressure change) propagates to the 
left with the speed of а. If one now plots the lines of constant pressures on an z-t 
plane, a family of straight lines with slopes of +a. or —ao is obtained, as shown 
in Figure À-2. 


g(x*&t) = constant Қх-а, 4) = constant 


X-a (7 
dt dx. 
dt ee 
dx 
x 


Figure A-2. Illustration of characteristics of the one-dimensional wave 
equation. 








The lines of constants f and g are known as the characteristic lines or, simply, the 
characteristics. Those with positive slopes are called right-running characteristics, 
and those with negative slopes are called left-running characteristics. 
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Before proceeding to the next section, the following observations are made: 
1. The wave equation is linear; 


2. À small disturbance propagates along lines called characteristics with the 
speed of sound; 


3. The shape of the disturbance remains the same; 
4. The characteristics are straight lines with slopes of +a% or —Qgo. 


At this point, the assumption of small disturbance is removed, and one allows 
large changes to occur as the wave propagates within the domain. 

The description of the flowfield is governed by Equations (А-2) and (A-3) where, 
for a one-dimensional flow, they are expressed as 


др д 
ar^ g, eu) ^0 (A-21) 
ш ðu ди 19 
би. _10р 2 
дї ia "Oz p Ox (8:22) 


The development of equations follows that of Reference [A-1]. 
Recall from previous discussion that, for an isentropic flow, one may write 


1 
e -2 
dp ai, dp (A-23) 
Now, rewrite Equation (A-21) as 
до ди Op _ 


Differentiate Equation (A-23) with respect to time and with respect to x to obtain 


Op 1 Op 

ж eS -2 

0t ^ at eee) 
and 

Op 1 Op 

— = A-25b 

дт at, Ox ( ) 


Substitution of relations (A-25a) and (A-25b) into Equation (A-24) yields 


1 [др др ди 
c [DLE ZE — = А-26 
а? (Bru) +, 9 
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Multiplication of the modified continuity equation (A-26) by ав/р and subsequent 
addition to the momentum equation given by (A-22) provides 


n 
д 


1 


8u 1 | OP др| _ 
(uch a) э pa [Bero] =о (А-27) 


Similarly, subtraction of the two equations provides 


ди 
бї 


ди 1 
а ace 


др др 
E + (и – а) a =0 (A-28) 
Now, since u = u(z,t), a change in u, namely du, corresponding to dz and dt is 
given by 
ди ди 
аи = Ot dt + Or 
At this point, consider a specific path upon which the changes take place; in par- 
ticular, consider the change given by 


dz (A-29) 


dz = (u + а) (A-30a) 
Substitution into (A-29) yields 
ди ди 
du = E + (и+ а) a dt _ (A-31a) 
= |2 др : 
dp = E + (и+а) x dt (A-31b) 


Thus, from Equation (A-27), one obtains 
du + d dp =0 (A-32a) 
pa 


which represents changes in u and p along the path specified by Equation (A-30). 
Similarly, along the path defined by 


dz = (u — a) dt (A-30b) 


one has Р 1 4 (A-32b) 
u——dp=0 -32 
pa p 


At this point, let's pause a moment and review the mathematical work. А 
specific path given by Equation (A-30a) was selected, and it was shown that the 
governing partial differential equation given by (A-27) is reduced to an ordinary 
differential equation given by (A-32a) along that path. This path is the charac- 
teristic line along which a disturbance propagates with the speed of (и + a). The 
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ordinary differential equation (A-32) is called the compatibility equation. Since two 
characteristics are identified, they will be designated as C+ and C^ characteristics. 
Schematically, they are shown in Figure A-3. It is then obvious that the primary 
advantage of the method of characteristics is the reduction of the governing partial 
differential equation to an ordinary differential equation along the characteristics. 
Solution of an ordinary differential equation is much simpler than that of partial 
differential equations. 


C* characteristic 
С“ characteristic dx = (и + a)dt along 
dx = (u - a)dt along which du + 9 — o 
А d pa 
which du - 9B. =0 
pa 
a 








Figure A-3. Illustration of right- and left-running characteristics. 





Proceeding with the solution of the compatibility equations (A-32a) and (A- 
32b), one integrates the equations along the corresponding characteristics to obtain 


Rt=ut+ / > = constant (A-33a) 


and d 
Ro =u- / £P. = constant (A-33b) 
pa 
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А relation between the density and pressure can be established by an equation 
of state. If one imposes the assumption of perfect gas, then 


p= рЕТ 
and the speed of sound can be expressed as 
2 р 
a = y~ = yRT 
9 p Y 


Furthermore, recall that for an isentropic process 





Pr _ (ву Е (ey e (s 
n Ti n а 
or 
y. 
p-cat 
from which Ж 
2 zu 
dp = e( ai ) a't-1 da (A-34a) 
y-1 
and : 
p cya (A-34b) 


Substitution of (A-34a) and (A-34b) into (A-33a) and (A-33b) yields 


2a 





(A-35a) 


and 





(A-35b) 


where Rt and R^ are defined as the Riemann invariants. 
Now, the following conclusions with regard to the finite wave are stated. 


1. The governing equations are nonlinear. 


2. Property changes, which can be large, propagate along the characteristics with 
the speed of u + a. 


3. The shape of disturbance may change with time. 


4. The characteristics are curved lines. 
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It is helpful to relate the preceding mathematical analyses to the corresponding 
physical analog. Recall from basic fluid mechanics that Equations (A-21) and (A- 
22) may be used to describe propagation of an expansion wave in a tube, as shown 
in Figure (A-4a). Flow properties continuously change across the expansion wave, 
and a typical distribution is illustrated in Figure (A-4b). 





Figure A-4. Propagation of an expansion wave. 
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However, if one considers the gradient of the property, such as ди/дх, disconti- 
nuities at the leading and trailing edges are encountered, as shown in Figure (A-4c). 
From this simple example, one can generalize an important aspect of characteristics 
as follows: 


1. Characteristics are paths of propagation of physical disturbance. 


2. Along the characteristics, the governing partial differential equations are re- 
duced by one space dimension, which are called compatibility equations. For 
example, the governing partial equations in two-space dimensions are reduced 
to one-space dimension and, hence, to an ordinary differential equation. 


3. The physical properties are continuous across the characteristics, whereas 
there may be discontinuities in their derivatives. 


4. With regard to physics of fluid motion, the following observations are made: 


(&) For a steady, two-dimensional, isentropic, irrotational flow, real charac- 
teristics exist only for supersonic flow. 


(b) Mach lines are characteristics of the flow. 
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Tridiagonal System of Equations 


The formulation of many implicit methods for a scalar PDE results in the fol- 
lowing equation: 
atur] + up! + сщ; = Dp (B-1) 


Once this equation is applied to all the nodes at the advanced level, a system of 
linear algebraic equations is obtained. When these equations are represented in 
a matrix form, the coefficient matrix is tridiagonal. We will take advantage of 
the tridiagonal nature of the coefficient matrix and review a very efficient solution 
procedure. 

To see the matrix formulation of the equations, consider the Laasonen implicit 
formulation of our diffusion model equation, i.e., Equation (3-12), presented here as 


(du; — (2d  1)u?"! + (дщ = —u? (B-2) 


where d = aAt/(Az)? is the diffusion number. Define the following coefficients of 
(B-2) according to the formulation of (B-1): 


а = d 

b = —(2d-4 1) 
с = d 

D = RHS 


Applying Equation (B-2) to all the grid points will result in the following set of 
linear algebraic equations: 


1= 2 азил + bzu2 + c9u3 = D» (В-3) 
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1-3 азид + bus + c4u4 = Юз 
1—4 а4из + byt, + Cals = D, 
i = IM2 G1M20U1M3 + Ымә%тмэ + Crmetrm: = Dimo 
= ІМ1 G1M1U1M2 + Вумїшм1 + Crmitim = Dim (В-4) 


where [M1 = IM – 1, IM2 = IM —2, and so on. In addition, note that the super- 
script n + 1 has been dropped from the equations. Assume that Dirichlet boundary 
conditions are imposed and, therefore, the values of the dependent variable и at 
i = 1 (the lower boundary) and at i = ГМ (the upper boundary) are given. Then 
the first equation, (B-3), and the last equation, (B-4), can be written as: 


boule + c2us = Р» — азир 


and 
атмішм2 + Ымушму = Dimi — Crmitim 


Now, the set of equations in matrix formulation is 


b oc ш D; — agu; 








з b е из D; 
а b с U4 D, 
мм? Ым? См? шм? Dima 
амі bim Unn Dim — Cimitim 


Applying other types of boundary conditions does not change the tridiagonal 
form of the coefficient matrix, and can be easily implemented. An example is given 
below, where the Neumann boundary condition at i = ГМ is applied. Impose the 
boundary condition ди/дт = 0 (at i = IM). Then 


ди шмрРі — шм 
Ox Az 
or 


ШІМ = UIMP1 
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Note that we have introduced a fictitious boundary at ТМР1 = IM +1. The 
grid points are shown in Figure B-1. Now, at i — IM (the upper boundary), we 
have 


QIMUIM + имчм + Сімшмрі = Dim 


or 
атмшму + (bim + сім)шм = Dim 


гома Boundary 


i-IMPI e eX e M : MM $ 
i=IMAX 4 


i ZIMMI 


zr 


Figure B-1. Illustration of grid points with fictitious boundary. 
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and the matrix representation takes the following form: 








b су ua Dj — au; 
аз b c из D; 
Q4 b, Сд U4 Р, 
амі Ым CIMI UIM Dimi 
am = (b+c)im UIM Diu 


In the example above, a first-order approximation for the gradient was used. If 
a second-order approximation is utilized, then 


ди up - umi 


дт 2Ахт 
ог 
ШМР1\ = Чм\ 


Thus, the equation at i = ГМ is modified according to 


атм'шм1 + bimurm + Crmurm = Dim 
or 
(атм + crm )urmi + имшм = Dim 
To proceed with the solution technique, assume a solution of the form 
i = — Hua + Gi (B-5) 


where u; is unknown, Шу is known from the imposed boundary condition, and Н; 
and С; are yet to be determined. Apply Equation (B-5) at node i — 1, then 


1 = — Hi. ущ + С; (В-6) 
Upon substitution of (B-6) into Equation (B-1), one has 
a,(— Hi ущ + Gi) + biu + ciui = Dj 
Or 
(b; — a;Hi-1)ui + cigs = Di — 461 
from which 
Uic 


щ = (B-7) 


TON. PT 
bi — a, Hii 
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Comparing Equations (B-7) with (B-5), one concludes that 


i Е b ^ ai Hii (8-8) 
апа D G 
_ tT a; Gri Z 
' bi- aH; MES) 


Now that Н; and С; have been determined, the recursion equation, (B-5), can be 
used to solve for all the unknowns. 

To see how this procedure is applied, consider the parabolic equation investigated 
in Chapter 3, i.e., the suddenly accelerated plane. At the lower boundary i — 1, 
и = UW ALL is specified for all times; therefore, (В-5) at i = 1 becomes 


ш = —Hiu; +С, 


Since this equation must hold for all uz, Н, = 0 and G; = ш = UW ALL. With the 
values of Н, and С. provided from the boundary condition, Equations (В-8) and 
(B-9) can be solved for the values of Н; and С; at the second node. Subsequently, 
(B-8) and (B-9) are sequentially applied to all grid points to obtain the values 
of H; and G,. Note that the computation of Н; and G; starts from the lower 
boundary and proceeds upward. Now, Equation (B-5) is used for the computation 
of шщ. This calculation is performed inward from the upper boundary. At = IM1, 
Equation (B-5) provides 


шм = -Німушм + Gin 


In this equation, шм is specified from the upper boundary condition, with Н and G 
at IM1 previously determined. Once им: is computed, Equation (B-5) is applied 
to compute ur? and so on. The solution procedure may be coded in the program 
ог as а subroutine. 
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Derivation of Partial Derivatives 
for the Modified Equation 





To determine д?и/02, take the derivative of Equation (4-81) with respect to х 
to obtain 











Quo Pu At du aAz ди 
dxdt "0s 2 0x08 2 дт 
_ (At)? Hu асти 3 3 
с 5:58 $ ; +O [(At)*, (Ах)? (C-1) 
Similarly, the derivative with respect to t of Equation (4-81) is 
Pu _ „ди At Ou ae u (At? ty 
df ^ д: 2 08 2 OS 6 Ән 
a(Az) ôu 3 3 
=a sao FO (Ay, (C-2) 


Multiply Equation (C-1) by —a and add it to Equation (C-2) to obtain 


Pu ‚ёш At[ Ou ди 
— = a + — |a - — 
ot? Ox? 2 | 0z0? әв 


| Pu wo 
+ 


2 |5012 "3875 


This equation requires that we determine 0?u/0t5, (*u) /(8t0z?), and (0*u)/(0t?0x), 
which are first-order accurate. One such calculation is as follows. Taking the second 
derivative of Equation (4-81) with respect to time, we obtain 


Pu Фи дил 0*u Az 
38 Tege oM 2 + Оры 2 +O LAD, (Ат ] (04) 


z] +0[(At)?, (Ах) (C-3) 
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and the derivative with respect to т of (C-3) is 


Bu Pu 5 | Ou a 


Эт ^ " Og 2 |"B:3308  dx0B 


Ат | Ou Кыл 


АЛ [кузн ees + ОАО a] ^— € 


Multiplying Equation (C-5) by —а and adding it to Equation (C-4), we obtain 


Pu зи + | ди » u Ou 


эв ^ 7° dat о [Sean "3858 Ән 





Ах Ou Ou Ou 
+ EE lanas - d s T or +0 (до), (Az)?] 


Since we are interested in the first-order accurate relation, we may write 


бш адм. Орд), (Az) (C-6) 
Similarly, we may derive 

oe, = -a2 + O(At), (Az) (C-7) 
and 

doas = a + OAs), (A2) (C-8) 


Substituting (C-6) through (C-8) into (C-3) yields: 


u Ou At ‚ми 
э еби eats [s ди + ОГА), (asy) 


- f-o u + O[(At), (ay +2 {- a + O[(At), (nay 
Ат Pu 2 2 
zd 1-2 35s + ОКА!) (A2)] 
Непсе, 
ou = aD (леа ада) 3 


+ O[(At)’, (Az) (At), (Ах)% (C-9) 
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D.1 Introductory Remarks 


The fundamental equations of fluid motion are based on three conservation 
laws. Additional conservation equations will also be required if, for example, a 
fluid is composed of various chemical species with mass diffusion and/or chemical 
reactions. Since, for most engineering applications, the average measurable values of 
the flow properties are desired, the assumption of continuous distribution of matter 
is imposed. This assumption is known as continuum and is valid as long as the 
characteristic length in a physical domain is much larger than the mean free path 
of molecules. The assumption of continuum is imposed on the equations of fluid 
motion presented throughout the text. 

The basic equations of fluid motion are derived in either integral form or differ- 
ential form from the 


1. Conservation of mass (continuity), 
2. Conservation of linear momentum (Newton's second law), 


3. Conservation of energy (first law of thermodynamics). 


The conservation of linear momentum is a vector equation and, therefore, provides 
three scalar equations for a three dimensional problem. The conservation of linear 
momentum in differential form was derived originally by Stokes and independently 
by Navier and, therefore, is known as the Navier-Stokes equation. It is common to 
refer to the entire system of equations in differential form composed of conservations 
of mass, momentum, and energy as the Navier-Stokes equations. 

The system of equations may contain nine unknowns which include p (density), 
u,v, w (components of the velocity vector), e; (total energy [or h (enthalpy)] ), р 
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(thermodynamic pressure), T' (temperature), и (dynamic viscosity), and k (ther- 
mal conductivity). The system of equations is closed by introducing thermodynamic 
relations and auxiliary relations for the coefficient of viscosity and thermal conduc- 
tivity. Functional relations for thermodynamic properties may be expressed as 


р = p(p, T) 


and 


h = h(p,T) 


which may be in the form of equations or tables (or charts). The transport properties 
и and К are expressed as 


и = u(p, T) 


and 


Hence, a system of nine equations is available which must be solved simulta- 
neously for the nine unknowns. Other variables may also appear in the governing 
equations, depending on the choice of dependent variables. For example, the energy 
equation may include the specific heats ср and c,. But in either case, there are ex- 
pressions by which c, and c, are related to thermodynamic properties. In general, 
specific heats are functions of temperature and are slightly pressure dependent. The 
complexity of the system is further increased by the introduction of turbulence and 
chemistry. 

The analytical solution of such a system does not exist. Therefore, numerical 
techniques are employed to obtain a solution for a specified problem. Since, even 
with the advancement of computer technology, most solutions are time-consuming 
and difficult, various assumptions are imposed on the system of equations in order 
to simplify the solution procedure and to reduce computation time. 

In this appendix the governing equations of fluid motion are reviewed. The 
derivation of equations is not included; however, references are provided for those 
interested in the derivation of equations. Furthermore, the differential form of the 
equations is expressed in Cartesian coordinate system. Ref. [D.1] may be consulted 
for the equations expressed in other coordinate systems. 


D.2 Integral Formulations 


Integral forms of the equations are used if an average value of the fluid properties 
at a cross-section is desired. This approach does not provide a detailed analysis of 
the flow field; however, the application is simple and is used extensively. In general, 


i 
$ 
Ж 

H 
5 


3 
Я 
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the integral form of the equation is derived for an extensive property and then the 
conservation laws are applied. 

If N represents an extensive property, then a relation exists between the rate of 
change of extensive property for a system and the time rate of change of the property 
within the control volume plus net efflux of the property across the control surfaces. 
Defining 7 as the extensive property per unit mass, then 


dN д Жог 
utm s np d(va) + L "(oV - ri)dS (D-1) 


where t represents time, p is the density of the fluid, V is the velocity vector and ñ 
is the unit vector normal to the control surface in the outward direction as shown in 
Figure D.1. The derivation of Equation (D.1) may be found in any standard fluid 
mechanics text such as (D.2-D.4). d/dt is used to represent the total or substantial 
derivative and is composed of a local derivative 0/01 and a convective derivative 
V. V. Thus, 


== +0. (0-2) 


а ð д д д 
dt at = +07 + vss (D-3) 





Figure D.1 Illustration of control volume. 
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D.2.1. 


D.2.2. 


D.2.3. 
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Conservation of Mass: This conservation law requires that mass is neither 
created nor destroyed; mathematically this is expressed as dM /dt — 0. Using 
Equation (D-1), where N = M and 7 = 1, the integral form of the conserva- 
tion of mass is obtained as 


д [7 =- 
E A „P Ф) + Í „09 fis = 0 (D-4) 


The physical interpretation of Equation (D-4) is as follows: The sum of the 
rate of change of mass within the control volume and net efflux of mass across 
the control surfaces is zero. 


Conservation of Linear Momentum: Newton's second law applied to a nonac- 
celerating control volume which is referenced to a fixed coordinate system, 
will result in the integral form of the momentum equation once Equation 
(D-1) is utilized. In this case the linear momentum G = mV is taken to 
be the extensive property and therefore 7 = V. Newton's second law in an 
inertial reference is expressed as EF = dG/dt. Thus, use of Equation (D-1) 
yields 


-~ д bg 4 ‘> 7 г 
wok ye? doors rena ms 


This equation states that the sum of the forces acting on a control volume is 
equal to the sum of the rate of change of linear momentum within the control 
volume and net efflux of the linear momentum across the control surfaces. 
The forces acting on a control volume usually represent a combination of 
body force (such as gravity) and surface forces (such as viscous force). Note 
that Equation (D-5) is а vector equation from which scalar components may 
be obtained. For example, the z-component is expressed as 


д [7 > 
ХЕ, = 2. J, „Pu аб) + f |. up a8 (D-6) 


Conservation of Energy: This conservation law is based on the first law of 
thermodynamics, which may be expressed as 
dope) _ 90, Ow 


d ~ t Ot Dn 





_ In this relation, е; represents the total energy of the system per unit mass, while 
0Q/0t and 0W/8t represent the rate of heat transfer to the system and the rate 
of work done on the system, respectively. Usually heat added to the system and 
work done on the system are defined positive. In order to use Equation (D-1), pe; 
is selected to represent the extensive property №, and 1] = e: the total energy per 
unit mass. Hence, 
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2 J; pe: (уа) + L * ер -Ai)dS =Q+W (D-8) 


In general, the total energy is the sum of the internal energy, kinetic energy and 
potential energy, or in terms of energy per unit mass, 


e =e+ iV? + gz (D-9) 


It is convenient to categorize the work as either flow work or shaft work. Flow 
work Wy is due to stresses producing work on the control surfaces where there is 
fluid flow. 

The work transferred through the control surfaces is called the shaft work, Ws. 
With such classification of work, the energy equation may be expressed as 


La pe d(va) + | [h -- 3V? + gz](pV - #)45 = Q + Ws (D-10) 
Ot Jcy. Cs. 


where the rate of flow work given by (p/p) (pV - ii)ds is moved to the-left-hand 
side and added to the internal energy. Recall that the combination of e+ p/p = h 
is called enthalpy. 


D.3 Differential Formulations 


The differential forms of the equations of motion are utilized for situations 
where a detailed solution of the flow field is required. These equations are obtained 
by the application of conservation laws to an infinitesimal fixed control volume. A 
typical differential element for a Cartesian coordinate system is shown in Figure 
D.2. The flow properties at the control surfaces are expanded in Taylor series and 
integral forms of the equations are used. After a limiting process for which the 
differential element approaches zero, all the higher order terms are dropped and the 
differential form of the equations are produced. The differential equations which 
are derived based on fixed coordinate system and control volume are known as 
Eulerian approach. On the other hand, if we were to move with the fluid element, 
the approach is called Lagrangian. Clearly the Eulerian approach is much desirable 
in fluid mechanics, and in this text methods based on Eulerian formulation are used. 
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Figure D.2 Differential element for Cartesian coordinate system. 





D.3.1 Conservation of Mass 


The differential form of the conservation of mass is known as the continuity 
equation, and in a vector form it is expressed as 


д > 
P E V (pF) =0 (D-11) 
ot 

The derivation of this equation may be found in any standard fluid mechanics 
text such as (D.2-D.4). This equation may be written in terms of the total derivative 
as 


dp > 
——— . = -1 
dp tev: V=0 (D-12) 


For a steady state problem 0/0t = 0, and, therefore, 
У. (pV) =0 


For an incompressible flow, where the density variations are considered negligi- 
ble, continuity is reduced to 
V-V=0 (D-13) 


WB 


— г 
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Note that this equation is valid for unsteady problems as well. In Cartesian co- 
ordinate system, where the velocity vector is V = ui + vj + wk, Equation (D-11) 
becomes 


д 
ӘР + À (ош) + Eio) + 2 (pw) =0 (D-14) 
and, for an incompressible flow, 
Ou дь Ow 
mx x THE 


D.3.2 Conservation of Linear Momentum 


The linear momentum equation, also known as the Navier-Stokes equation, is 
obtained by the application of Newton's second law to a differential element in an 
inertial coordinate system. If ø is used to represent stresses acting on the differential 
element, the components of the Navier-Stokes equations in a Cartesian coordinate 
system takes the following form: 


du д д д 
dt = pf. 5; 029 + дри) + 5; 09 (D-16) 
dv д д д 

чү = pf, az Orv) + By 0») + 5; 7» (D-17) 
dw 8 д д 
# ~ pf. az (772 + By 0»? + 5; 09 (D-18) 


Shear stress с usually is written in terms of pressure p and viscous stress т. In 
tensor notation this is expressed as 


оу = —рбу + Tij (D-19) 


where 6,; is the Kronecker delta, 


&-| 1 fori=j 
z 0 forizj 
The subscripts assigned to the components of stress are as follows. The first sub- 
script denotes the direction of the normal to the surface on which stress acts, and 
the second denotes the direction in which the stress acts. This is illustrated in 
Figure D.2. 

The components of the linear momentum equation given by Equations (D-16 
through D-18) can be written in terms of viscous stresses as 


du — Op Әт , Oty , дты 
dio Pf: — pz On * ду +795 oy 
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dv — Op дт дт, Otay 
^d o7 Pj, By * Oz Шш ду ur 920 
dw — Op дт, дт дт 








Pa c. ha e o (D222) 


Viscous stresses are related to the rates of strain by a physical law. For most 
fluids, this relation is linear and is known as Newtonian fluid. For a Newtonian 
fluid, viscous stresses in a Cartesian coordinate system are 


Ta = 2иў=+АУ-Ў (D-23) 
ту = 2199 +AV-V (D-24) 
Ta = 2100 AV. Y (D-25) 
Ty = те = р (ж + z) (D-26) 
Tz = Ta =H (e + 5) (D-27) 
m = осие) Das 


where и is known as the coefficient of viscosity or dynamic viscosity and А is defined 
as the second coefficient of viscosity. The combination of и and А in the following 
form is known as the bulk viscosity k, i.e., 


k=A+2y (D-29) 
If bulk viscosity of a fluid is assumed negligible, then 
A= -łu (D-30) 
This is known as Stokes hypothesis. 


After substitution of viscous stress terms for a Newtonian fluid given by Equa- 
tions (D-23) through (D-28) into the Navier-Stokes Equations (D-20) through (D- 
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22), one obtains 


du д ди > д Ou до 
Pg = о a [-p+ 209 cav] Ts ME) 
д дш ди 
+h [ (= + x) | (D-31) 
du д ди dv д 
Pa = ot + бє (98+ 5:)] | рР+2нә- + AV 1 
8 ôv дш 
+® ^ (8: | ee 
dw = f. 4 9 дш + ди + д до + дш 
Ра © Pht 92 |2095 7 Әг ду |" 92 ду 
д дш = 
+5; | + 25 +AV- 7] (D-33) 


In applications where the temperature variations are small, viscosity may be as- 
sumed constant and in addition to negligible changes in density, the flow is assumed 
incompressible. For such a flow, the Navier-Stokes equations are reduced to 


du — др Ou u au 
Pg 7-6 (5 ipt] Do 
dv _ др Ov v Oh 
py о tn эз + эш (D-35) 
dw — Op ш ш aw 
d = Phe 9; (жт + бг Ez] us 


The linear momentum equation can be written in a conservative form by addition 
of the continuity equation to the left hand side of the equation. For the z-component 
of the equation given by Equation (D-20) one may add the continuity equation 
multiplied by the u-component of the velocity to obtain 


ди ди ди ди др д 
ое Pie рон pu + ul + 5, ru) + 


a9 + 50) =рј, – 2р + EAR + 5a (te) + (ты) (D-37) 


The terms on the left hand of Equation (D-37) may be combined to yield 
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ai P Elo) + 5 (puo) + (риш) = pfs - SP (ra) Sr (n) + S(O) 
(D-38) 
Finally, one may write the scalar components of the linear momentum equation 

in conservation law form as 


x-component: 


д д 8 8 8 д д 
a + a; (eu +р) + By 0m t a; (ww) = pf. az e) ДЕ Эу” + 5; (=) 
(D-39) 


y-component: 


д д д д д д 
ЭР) + (ри) + Elo + р) + 3 (pou) = phy + э-(ты) + (ты) + sco 
D-40 


2-component: 

д д д д 2 Ж д д д 

a ew) + az (wv) + By 0 + 5, 0" + р) = pfs + a; С) t ду (ту) + A 
-41 


0.3.3 Energy Equation 


The energy equation derived from the first law of thermodynamics may be 
written in various forms. One such formulation written in terms of the total energy 
€t is 


d д 
P = pluf: F vf, + wf) + г + ить + Оту wT.— qz] 


д д 
+ ay + UTy + ®туу + шту: — Ф] + [pw + Utes + Отау + шту, — Ф) (0-42) 


where q represents heat flux. 
Equation (D-42) may be expressed in a conservative form by the addition of the 
continuity equation as 


à д д д 

aL Pee) + az (onec ри) + By "e + po) + g; (оше + рш) = 
д д 
oz [urzz + vTzy + ШТ — Gr} + ЕЛ [иТух + отуу + WTyz — Qy] 


д 
+ Ру [urzz + UTzy + шт, — Gz] (D-43) 
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D.3.4 Flux Vector Formulation 


The conservative form of the equations of motion in a Cartesian coordinate 
system assuming negligible body forces is: 
Continuity, Equation (D-14) 


dp д a a, _ 
at 3, 4) + 5, 0") + 5, hw) =0 
z-component of the momentum, Equation (D-20) 
8 8, , д д _ д д д 
ac OU) + 900“ +Р) + 5 (oun) + Bz 9" = He (Tex) + 5029 + 302 
y-component of the momentum, Equation (D-21) 
д д 9, 2 д _ д д д 
aL + a, (eur) + 5, 9" + р) + a, (руш) = (2) + ay 0) + 2207) 
z-component of the momentum, Equation (0-22) 
д д д ð, 3 _ д д д 
ji Ow) + 950740) + 3 (руш) + э (pu +P) = gr) + a + 3; (0) 
Energy, Equation (D-43) 


д д д д 
By 99 + a; vet + pu) + By Pret + pv) + 5, "€ + pw) = 


д д 
+t [иТух + отау + шта — qz] + -у— [Тул + отуу + wrys — Qy) 


ду 
д 
T3: [ит, + UT zy + WTzz — Q2] 


It is convenient to write the Cartesian form of the equations of motion in a flux 
vector form. This formulation may be expressed in a Cartesian coordinate system 
as 


00, Е дЕ 0G OE, OF, "S 0G, 
д2 


Ot Oz By Өт Or Oy 











(D-44) 


where 


(D-45) 


т 
REPS 
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pu 0 
ри? +р Ттт 
Е = | рий (D-46) Ey = | Tay (D-47) 
puw Trz 
(ре; + р)и UTzr + UTzsy + Wirz — Qr 
pu 0 
pvu Тут 
ЕК = | р%+р (D-48) Fy = | ty (D-49) 
puw Tyz 
(pe: + p)v UT yx + UTyy + WTyz — Фу 
pw 0 
pwu Tex 
С = | рит (D-50) Gy = | ту (0-51) 
ри? +p Ta 
(ре, t р)ш UTzz + UTzy TW — Qz 


D.3.5 Two-Dimensional Planar and Axisymmetric 
Formulation 


The equations of fluid motion may be expressed in a combined form for a two- 
dimensional planar flow and an axisymmetric flow. This form of the equation is 
particularly useful when numerical schemes are utilized for solution. Therefore one 
computer code may be developed for the solution of two different types of flows. 

The equations of motion in a combined form are expressed as 





ðQ OE OF дЕ, OF, 
EM Ue aem H= an H, D-52 
8t oa Oy ^ жш е ( 
. | O for 2-D planar flow 
where а= \ 1 for 2-D axisymmetric flow 


Note that for a 2-D planar flow, the formulation is based on a Cartesian coordi- 
nate system whereas for a 2-D axisymmetric flow, the formulation is based on a 
cylindrical coordinate system. The flux vectors in Equation (D-52) are defined as 


p ри, pv 
_ | pu _ | pw+p „| pvu 
g= pv Ё = | puv Е = | wp 
ре, (pe: + p)u (ре; + p)v 
pu 0 0 
H= 1 ро Е, = Tzzp F, = Tzy 


(ре, + p)v UTzzy + UTzy — = UTzy + UTyyp — dy 


obe 


Basic Equations of Fluid Mechanics 457 


0 

1| ту 88 (08) 

V | Twp — тю — ну = 059, (H5) 
UTey Tig — dy — My — Vis (Hy) — Vis (GHY) 


where for a Newtonian fluid with Stokes hypothesis, 


Note: Subscript p represents 2-D planar flow. 


4 Qu 2 dv 
Тұхр = 3"8z ds 3" 8y (D-53) 
Тут = Tzzp — 3^ (D-54) 
4 0v 2 ди 
oec сет (0-58 
` 2 v 
Туу = Tyyp — 3"y (D-56) 
{ ди д» 
} 2 (ди av 4 v 
| те = —3H (5: + 5.) + зу (D-58) 
| ar 
1 ==. : 
1 oT 
Ф = -k— (0-60) 
i 


| D.4 Modification of the Navier-Stokes Equation 


The Navier-Stokes equation given by (D-44) may be reduced or amended, de- 
pending on a particular application. Typically the Navier-Stokes equation is reduced 
to the thin-layer Navier-Stokes equation by retaining only the normal gradient of 
the viscous stresses and neglecting the gradients of viscous stresses parallel to the 
surface. The resulting equation is given by Equation (11-155). For applications 
where the flow is steady and streamwise flow separation is not an issue, the steady 
Navier-Stokes equation is modified by neglecting the streamwise gradient of viscous 
stress and modification of streamwise pressure gradient within the subsonic portion 
of the viscous region near the surface. The resulting equation is the parabolized 
Navier-Stokes equation and is given by Equation (11-157). 
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The reduction of the Navier-Stokes equation to either thin-layer Navier-Stokes 
equation or parabolized Navier-Stokes equation is primarily introduced from nu- 
merical point of view. These reductions reduce the computation time required for 
a solution. 


The Navier-Stokes equation can also be reduced based on the physics of the 
problem. If the flow can be assumed to be inviscid, then the viscous shear stresses 
are neglected. The resulting equation is known as the Euler equation and is given 
by Equation (12-2). For problems where the density variation is negligible, the flow 
is considered as incompressible, and the Navier-Stokes equation is reduced to the 
incompressible Navier-Stokes equation given by Equation (11-231). 


The Navier-Stokes equation given by (D-44) may be modified and/or amended 
to account for physical phenomena such as turbulence and chemistry. The consid- 
eration for turbulence is addressed in Chapter 21, and chemistry effect is addressed 
in Chapter 16. А summary of the various forms of the Navier-Stokes equation is 
provided in Figure D.3. 


Navier-Stokes Equation: 
Chapters 11, 14 


Incompressible Thin-Layer 
Navier-Stokes Equation: Navier-Stokes Equation: 
Chapter 8 Chapters 11, 14 











Parabolized 
Navier-Stokes Equation: 
Chapters 11, 13 


Turbulence: Chapter 21 | Chemistry: Chapter 16 


Euler Equation: 
Chapter 12 








Figure D.3 Summary of the Navier-Stokes Equations. 
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D.5 Auxiliary Relations 


The governing equations of fluid motion typically involve more unknowns than 
available conservation equations which include conservations of mass, momentum, 
and energy. Therefore, in order to close the system, additional relations such as the 
equation of state and relations for the transport properties such as viscosity and 
thermal conductivity must be introduced. This section will review the appropriate 
relations which may be required for the solution of the system of equations of fluid 
motion. 


D.5.1 Viscosity 


Viscosity of a fluid is a property used to describe the response of a fluid to the 
imposed shearing forces. In a fluid flow, the rate of deformation is proportional to 
the shear stress. The constant of proportionality is called the coefficient of dynamic 
viscosity. Typically, it is referred to as the coefficient of viscosity or just as viscosity. 
If the relation between the shear stress and the rate of deformation is linear, then 
the fluid is called a Newtonian fluid. These relations are provided as Equations 
(D-23) through (D-28). 

In general, the coefficient of viscosity is a function of composition of the fluid, its 
temperature, and pressure. In most cases, the pressure dependency is negligible and 
the coefficient of viscosity is expressed as a function of temperature only. Pressure 
dependency, however, should be included at very high or at very low pressures. 

There are several expressions relating the coefficient of viscosity to the tempera- 
ture. Perhaps the most commonly used relation for dilute gases is the Sutherland’s 
law, which can be expressed as 


т/а 


КЕЗ р-61 
Т + с ( ) 


=c 


where the constants сү and cz are given in Table D.1 for selected gases. 
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Table D.1: Sutherland's constants for various gases. 


British system 
с X 10? 
Ibf sec 

fi? °Ӊ172 
Air 
Carbon dioxide 
Carbon monoxide 
Hydrogen 
Nitrogen 
Oxygen 





The temperature in Equation (D.61) must be in °R or К, providing the values 
of viscosity in the units of ые = ix or n = Маре, respectively. 


D.5.2 Thermal Conductivity 


The Fourier's heat conduction law states that the heat conduction per unit area 
is proportional to the normal gradient of temperature. Mathematically, 
q oT 
M auct D-62 
А дп ( ) 
Expression (D-62) can be expressed as an equation by introducing a constant of 


proportionality defined as thermal conductivity К. Therefore, 
fe =k (D-63) 


It should be observed that the equation above involving thermal conductivity has 
similar mathematical form as viscosity. In fact, thermal conductivity also depends 
on the composition of material, pressure, and temperature. Just as viscosity, the 
dependency of thermal conductivity at moderate pressures is secondary and, in 
those applications, it can be determined based on temperature alone. 

The thermal conductivity of air below 2000 K at atmospheric pressure may be 
calculated from the following relation. 

T3/2 
Т + 112.0 
where Т is in (К) апа К is in [cal/(cm sec К)]. 

For most applications the thermal conductivity is determined from Prandt] num- 
ber, as discussed in Section D.5.5. 


k = 4.76 x 1075 (D-64) 
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D.5.3 Specific Heats 


Specific heat represents the amount of heat 6Q required to produce a variation 
dT in the temperature of a substance. Specific heat may be defined under a constant 
pressure process or a constant volume process. Specific heat at constant pressure is 
defined as 


Oh 
с = (т, (О-65) 
and specific heat at constant volume is defined as 
де 
с, = (s). (D-66) 
The ratio of specific heats is defined as 
Cp 
= Р D-67 
2 (D-67) 


In general, the enthalpy ћ and the internal energy e are functions of two thermo- 
dynamic properties such as pressure and temperature. If one assumes that h and e 
are only functions of temperature, then the gas is called thermally perfect gas. For 
а thermally perfect gas, relations (D-65) and (D-66) can be expressed as 


ub. 9 dh — c, dT (D-68) 
d 
i se or de=c,dT (D-69) 
су = dT = с, 


In general, specific heats аге a function of both pressure and temperature. Typ- 
ically, the influence of pressure is less significant, and, therefore, it may be ignored. 
That is particularly the case for liquids. The effect of pressure on specific heats of 
liquids becomes important only at extremely high pressures. Even the temperature 
dependency of specific heats is slight for relatively moderate changes in temperature. 
However, the temperature effect on the specific heats of gases is more appreciable, 
and some pressure dependency at extreme values of pressure is present. Typically, 
the influence of pressure is less at higher temperatures. 

For a calorically perfect gas, the specific heats c, and c, are constants. Thus, 
relations (D-68) and (D-69) can be written as 


h oT (D-70) 


and 
e—cT (D-71) 
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For a thermally perfect gas, the following relations hold 


€ – со = Е (р-72) 
R 

G= PE (D-73) 
R 

Су = 3-1 (D-74) 


where R is the gas constant, defined in Sec. D.5.4. According to Kinetic Theory, 
the ratio of specific heats is 


i 
к 
о 
A 


for monatomic gases 


ә 
I 


for diatomic gases 


ә 
ll 

Oc oc ais Cc 
tl 
[en 
A 
e 


1.33 for polyatomic gases 


ә 
il 


D.5.4 Equation of State 


A relation between the density, pressure, and temperature of a fluid is known as 
the equation of state. This relation may be presented in the form of tables, charts, 
or an equation. For a thermally perfect gas, the equation of state is 


p= pRT (D-75) 


where R is the gas constant defined by the universal gas constant R divided by the 
molecular weight, i.e., 


R 
I MW 
'The universal gas constant is 
Bp. pu cM 
R= kg mole K gm mole K 
i ft lbf , ftlbf 
1545.33 гр = 49723 x 10 Slug mole ^R 
The gas constant for air is 
287.05 N-™ 
R= kg K 
53.34 $f _ 1716.16 tt 


lbm °R Slug °R 
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D.5.5 Prandtl Number 


Prandtl number is defined as the ratio of kinematic viscosity to thermal diffu- 
sivity, em 
Рт = ате (0-76) 

The Prandtl number represents the ratio of diffusion of momentum by viscosity 
to the diffusion of heat by conduction. 

It should be noted that the Prandtl number is also pressure- and temperature- 
dependent. In fact, that is easily recognized by considering relation (D-76), because 
и, k, and c, are all pressure- and temperature-dependent. Since expressions or 
tables are available to estimate the values of и, k, and cp, they can be used to 
determine the Prandtl number. 

The Prandtl number for air at standard conditions is 0.72. Since, for most gases 
the ratio of Ж is approximately constant, once viscosity is determined the thermal 


conductivity is computed from 
kd 
Pr 
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Block-Tridiagonal System of Equations 


When a system of PDEs is approximated by implicit formulation involving three 
grid points at each level, a block-tridiagonal system is produced. The resulting 
block-tridiagonal system may be expressed in a general form as 


SAQ=R (E-1) 


where AQ and R are m component vectors. The coefficient S represents the block 
tridiagonal coefficient expressed by 


В; C3 
Аз Bs Сз 
S= А В Сб 


Arm Bima См? 
Аму Bim 
where A;, Bj, and С; are matrices of order т. 
'To investigate a solution scheme, consider the following factorization 


S = LU = 


Q2 I Вг 
Аз аз І 


Bs 
Ag 04 I В; (E-2) 
Arm Qm I Bim 
Aim Qm I 
where I is the identity matrix of order m. The square matrices o; and 8; are 
determined as follows: 


ccc! 


———— 


Block-Tridiagonal System of Equations 


од = B3 and Вз = ВС 

о = Bi — Afi. for i = 3, 4,..., IM1 
and 

Bi = о!О; for i = 3, 4, ..., IM2 


The system of equations given by (E-1) is now equivalent to 


LY=R 
where 
Y = ОАО 
Rewriting (E-6), one has 
Q2 Y, 
Aa оз Yz 
Ag О4 Y, = 
Am om Yim 
from which 
Y; = oj! Re 
and 


Yi-oj(R;—AY;i) fo i—3,4,...,IM1 


Equation (E-7) is expressed as 


I Ppp AQ; 
I Ёз AQ; 
I Ёа AQ, 


I Bima AQiua2 
I Дом 


from which 
AQrua = Yim 


and 


AQ: =Y¥i-BAQu: for i=IM1,IM2,... ,3,2 





Yim 
Yna 
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(E-3) 


(E-4) 


(Е-5) 


(Е-6) 


(E-7) 


(E-8) 


(E-9) 


(E-10) 


(E-11) 
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А subroutine which employs the procedure outlined above is listed. This sub- 
routine or other available subroutines may be used to solve the block-tridiagonal 
system obtained in previous chapters. 

То validate this subroutine (or others which may be accessed), a simple problem 
is proposed. Obviously it is important to verify any external subroutines which are 
utilized in a program. In this problem the vector X, composed of two components, 
is the unknown. For simplicity, only three unknown vectors are considered. The 
problem is formulated as follows: 


ES S] ce ae 


ж Б Wa 
Н 


оре 
[x ]- E] - E] HS] 


The solution of the stated problem is 
А test program and the required subroutines are provided below. 





ошонд Re i RENT эз = 
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c —— ÓÁ—— — —H— ——— ——— — P EI — 
с-- TEST is the main program of an example which shows how a 
c-- block-tridiagonal system of equations can be solved by 
c=- calling the subroutine trisol. 
c-- 
c--** Notice: parameter (nn-60) defines the maximum size of the 
c--** system. nn should be greater than nb, where nb is the 
e--** upper index value of the system. 
с--** make sure to change the value of nn in subroutine 
с--** (invb) and (trisol) if your nb is greater than 60 
с--** Also, the maximum order of the matrices is limited 
gowwx to be 5 for the time being, i.e., m should be less 
с--%* than 5. However, you may modify this by changing 
с--** the 5s іп the common block /rlh/ to the value 
с--** you need. 
Q--** 
с--** output will be saved in file "tri.out" 
c=- 
E E A E OE EE E EOE EE —— Á—— E EEE 
PROGRAM TEST 
parameter (nn=60) 
common/rlh/ ca(nn,5,5),cb(nn,5,5),ce(nn,5,5),beta(nn,5,5), 
+ Ьіпу (5,5), су (пл, 5) , cr (пп, 5) 
open(unit=6, file=’tri.out’, status=’ unknown’ , form=/ formatted’ ) 
с 


сс---геаа the lower (na) and upper (nb) index value of the system 
read(5,*)na,nb 
c 
сс---геай the order of the matrices 
read(5,*)m 
c 
сс---геаа the elements of the matrix a (ca), i.e., the 
Ccc---sub-diagonal matrix 
do 100 k-na*l,nb ` 
do 100 i-1,m 
read(5,*) (ca(k, 1,3), ј=1,т) 
100 continue 
c 
сс---сеаа the elements of the matrix b (cb), i.e., the 
Ccc---diagonal matrix 
do 110 k=na,nb 
do 110 i=1,m 
read(S, *) (cb(k, i, j), ј=1,т) 
110 continue 
с 
сс---геаа the elements of the matrix c (cc), i.e., the 
ce---super-diagonal matrix 
do 120 k=na,nb-1 
do 120 i-1,m 
read(5,*) (сс (к,і, j), ј1,т) 
120 continue 
c 
Cc---read the elements of the r.h.s. г vectors (cr) 
do 130 k=na,nb 
do 130 i=1,m 
read(5,*)cr(k,i) 
130 continue 
с 
сс---са11 trisol to solve the system, solution of delta q is 
CCc---saved in cr 
call trisol(na,nb,m) 
c 
Cc---print the solution 
do 140 k=na,nb 
do 140 i-1,m 
write(6,600)k,i,cr(k,i) 
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140 continave 
Cr —X——— ———————————— T 
600 format(' cr(',i3,',',i3,')- ',f10.5) 
stop 
end 


сссссссссссссссссссссссссссссссссссссссссссссссссссссссс 
invb: is the supporting subroutine of trisol, 
invb calculates the inverse matrix of cb(i,m,m) 


input: cb(i,m,m),i,m 
output: binv(m,m) 
сссссссссссссссссссссссссссссссссссссссссссссссссссссссс 
subroutine іпур (і, т) 
parameter (пп=60) 
common/rlh/ са (пп, 5,5), сЬ (пп, 5,5) ,сс(пп, 5, 5) ,Ьеса(пп,5,5), 
$ binv(5,5),cy(nn,S),cr(nn,5) 
dimension a(5,5),b(5) 
do 200 ii-1,m 
do 100 ia-1,m 
do 100 jb-1,m 
100 a(ia, jb) =cb(i,ia, jb) 


c 
c 
c 
c 
c 
c 


do 150 jje1,m 
if(ii.eq.jj)then 
b(jj) -1.0 


150 continue 
call slnpd(a,b,d,m,5) 
do 170 jj=1,m 
170 binv(jjrii)7b(3j) 
200 continue 
return 
end 
ссссссссссссссссссссссссссссссссссссссссссссссссссссссссссссссссс 


the solved x vector 
the determinant of diagonal matrix of a; 
has value only when a is singular 


c slnpd : gauss elimination method to solve linear equations 
c a*x=b, output of x is saved in b (i.e. the original 
с b will be eliminated) 

c slnpd is used to support subroutine invb 

c 

c input: : the l.h.s. n by n matrix 

c b : the r.h.s. n by 1 vector 

c n : the actual dimension used in a and b 

c nx: the dimension of a and b claimed in the calling 
c subroutine 

c output: 

c 

e 

c 

e 

c 


сссссссссссссссссссссссссссссссссссссссссссссссссссссссссссссссс 
subroutine з1пра (а,Ь, а, п, пх) 
dimension а (пх, пх) ,Ь (пх) 
п1=п-1 
do 100 k=1,nl 
kl=k+1 
c-a(k,k) 
if (abs (c)-0.000001)1,1,3 
1 do 7 j=kl,n 
if (abs (a(j,k))-0.000001)7,7,5 
5 do 6 l-k,n 
ema (k,1) 
a(k,1)-a(j,1) 
6 a(j,l)-c 
c-b(k) 


[E 
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b(k) =b(j) 
b(j)»c 
c-a(k,k) 
go to 3 
7 continue 
d=0. 
go to 300 
3 c=a(k,k) 
do 4 j=kl,n 
4 a(k, j)-a(k,j)/c 
b(k) =b(k)/c 
do 10 i=ki,n 
c*a(i,k) 
do 9 j-kl,n 
9 a(i,j)-a(i,j)-c*a(k,j) 
10 b(i)*9b(i)-c*b(k) 
100 continue 
if(abs(a(n,n))-0.000001)8,8,101 
8 write(6,600) 
600 format(2x,'... singularity in row’) 
101  b(n)-b(n)/a(n,n) 
do 200 1-e1,ni 
к=п-1 
kl=k+1 
do 200 jeki,n 
200 b(X) -b(k) ~a(k, 3) *b(3) 
а=1. 
do 250 i-1,n 
250 ded*a(i,i) 
300 return 
end 
сссссссссссссссссссссссссссссссссссссссссссссссссссссссссссссссс 
сс 
сс trisol: block tri-diagonal matrix solver, solving for 
сс S*(Delta 0) =сг and solution of (Delta 0) is saved 
ec back to cr; i.e. original values of cr will be removed 
сс 
сс Reference: "Computational Fluid Dynamics - Volume I " 
сс К.А. Hoffmann and S.T. Chiang, EES, 1998 
cc 
сс the subdiagonal, diagonal, and superdiagonal of marix S 
сс are named as ca, cb, and cc. the lower index of S 
сс is defined as na and the upper index of S is nb. m 
cc is the dimension of the element matrix. 
cc expressed as (the non-zero tri-diagonal is written vertically) 
cc 
се | 
сс | 0. cb (na, m, m) cc (na,m,m) 
сс | са(па+1, т, т) cb (па+1, т, т) се(па+1,т,т) 
сс | ca(na+2,m,m) cb (na+2,m,m) сс (na+2,m,m) 
сс | . . В 
сс 
cc | . š б 
се | ca(nb-l,m,m) cb (nb-1,m,m) cc(nb-1,m,m) 
сс | ca(nb,m,m) cb (nb, m, m) 0. 
сс | 
сс 
сс input: па, пЬ, м, са, сь, сс,сг 
сс 
сс output: сг 
сс 


ссссссссссссссссссссссссссссссссссссссссссссссссссссссссссссссссс 


# 





subroutine trisol(na,nb,m) 
parameter (nn=60) 


therefore S can be 


common/rlh/ ca(nn,5,5),cb(nn,5,5),cc(nn, 5,5), beta (nn, 5,5), 


binv(5,5),cy (nn, 5), cr (nn, 5) 
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do 200 i-na,nb 
if(i.eq.na)then 
c 
CCc----determine the inverse matrix of B(2) in eq. E-3 
cc 
call invb(i,m) 
c 
cc----determine beta(2) by using eq. E-3 
cc 
do 50 jz21,m 
do 45 k-1,m 


d-0. 
do 40 1-1,m 
40 ded*binv(j,1l)*cc(i,l,k) 
45 beta(i,j,k)-d 
50 continue 
e 
Ccc----determine y(2) from eq. E-8 
сс 
do 55 j-1,m 
d=0. 
do 53 k=1,m 
53 ded*binv(j,k)*cr(i,k) 
55 cy (i,j)-d 
go to 200 
endif 
с 
cc--~-determine the alpha(i)-B(i)-A(i)*beta(i-1) from eq. Е-4 
cc----note that the value of alpha(i) is saved into cb(i,j,k). 
do 85 j=1,m 
do 75 k-1,m 
deQ. 
do 70 1=1,т 
70 da-d«*ca(i,j,1)*beta(i-1,1,k) 
75 cb(i,j,k)-7cb(i,j,k)-d 
85 continue 
с 
сс----десегпіпе the inverse value of alpha(i) (for i-3,4,..iml) 
сс 
call invb(i,m) 
сс 
cc----determine the beta(i) from eq. Е-5 
ec 
if(i.ne.nb)then 
do 100 }=1,т 
do 95 k-1,m 
d-0. 
do 90 l=1,m 
90 de-d*binv(j,1)*cc(i,l,k) 
95 beta(i,j,k)-d 
100 continue 
endif 
cc 
cc----determine the value of R(i)-A(i)*Y(i-1) in eq. E-9 
cc 
do 115 k-1,m 
d=0. 
do 110 l=1,m. 
110 d-ca(i,k,l)*cy(i-1,1)*d 
115 Ccr(i,k)-cr(i,k)-d 
cc 
CC---determine Y(i) from eq. E-9 
cc 


do 120 j-1,m 
d-0. 


Block-Tridiagonal System of Equations 





do 118 1=1,т 


118 d-d*binv(j,l)*cr(i,l) 

120 cy (i, j)-d 

200 continue 

cc 

Ccc----determine the delta Q(iml) from eq. E-10 
сс 


do 400 1=па,пЬ 

ix=nb-i+na 

if (ix.eq.nb) then 
do 210 k=1,m 


210 cr (ix,k) =cy (ix,k) 
go to 400 
endif 
cc 
Cc----determine the delta Q(i) from eq. E-11 
сс 
do 300 j-21,m 
d-0. 
do 290 k=1,m 
290 debeta(ix,j,k)*cr(ix*l,k)*d 
300 cr (ix, j) -cy (ix, 3) -d 
400 continue 
return 


end 
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Input Data File 
2,4 « na,nb: lower and upper index of the system 
2 < m: order of matrices Ai, Bi, and Ci 
9. 8. < A3(1,1), A3(1,2) 
7. 6. < A3(2,1), A3(2,2) 
Ta го» < А4(1,1), А4(1,2) 
8. 3. < А4(2,1), А4(2,2) 
1. 2. « B2(1,1), B2(1,2) 
34. « B2(2,1), B2(2,2) 
5545 < B3(1,1), B3(1,2) 
6. 8. < B3(2,1), B3(2,2) 
3. 2. < B4(1,1), B4(1,2) 
4. 5. < B4(2,1), B4(2,2) 
1:535 < C2(1,1), С2 (1,2) 
25955 < C2(2,1), C2(2,2) 
9. 11. < C3(1,1), C3(1,2) 
13. 15. < C3(2,1), C3(2,2) 
7. « R2(1) 
14. « R2(2) 
46. « R3(1) 
55. « R3(2) 
17. « R4(1) 
20. < R4(2) 

Output 

cr( 2, 1)= 1.00000 

cr( 2, 2)= 1.00000 

cr( 3, 1)= 1.00002 

ex( 3, 2)= 1.00000 

cr( 4, 1)= 0.99999 

cr( 4, 2)- 1.00000 
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Consider a function f, where it is required to determine its first- and second- 
order derivatives in the computational domain. The first-order derivatives are eval- 
uated by using Equations (9-4) and (9-5). Recall that, 


д д д 
z~ ET + Шу (Е-1) 
д д д 
g irae + Lr" (F-2) 
Therefore, 
of 
дт = fz = Ex fe +}, 
of 


| 


oy = fy = by fe T т}, 


These equations may be rearranged by utilizing Equations (9-14) through (9-17). 
Hence, 
fz = Ime Juefs = Ian fe — Vefa) 
and 
Jy = —Janfe + Дж = Је) — £n fe) 


To determine the second-order derivatives, / and fyy, the following mathemat- 
ical manipulations are performed: 


Of  O(0f ә 
Өг? Е (э) = (ел +) 


д д 
(ex + 2) (Efe + NSn) 
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— д д e 
= erac sf + т^) + п 3 eft + Tz fa) 
à д 
= & fee + S fee (6) * Е.т: fen + & fag (te) 


à д 
+ 7.6. fen + nefe é) + T fom T Mefa (Ns) 


This equation is reduced to the following if relations (9-14) through (9-17) are used, 
ie., 


Of _ Pf -2 2 
922 7 Vr fet — 2YenFen + Ve San) 
à д 
+ Ду, Ex T л] 
+ CJu |е) + So (ns) (F-3) 
Ve n "n Nr 
At this point, the derivatives of the metrics are determined as follows: 
д д д Yn ) 
(Ey = (Jp) = reme 
age = agn 52 (= = zu 


J^ [yes (zetq — жау) — (сее + LeYen — Inver — Veten)] 


or 


0 
ac €? = J'(ztysye — трут — Vite — у 


+ улу + Venen) (Е-4) 
Similarly, 
д 2 
ӘС) = —J'(ZeysUet — ХУУ  — УУЛ — LEYEYEN 
+ уе + Утеп) (Е-5) 


д 
$5, 6? = J (жеу — ЖД Ут — TtUnUm — Vo tn 
+ YEYE + 20у) (F-6) 
д 2 
Эп) = — (жеу — 21060 — Ут — YeYnTen 


+ т + Жуу) | (F-7) 
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Substitution of Equations (F-4) through (F-7) into Equation (F-3) and rearranging 
terms yields: 


д? 
x = Pui fee — Wenden + ef) + 


J { (бие — 2ysVeten + Уут) (же — zefo)-- 


(Ие — 2де + Vez) (uen — Unfe)} (F-8) 
Similarly, 


әу 


д? = JT (zi fee i 2x3£zw fen F тем) t 


J { (x2u¢e — 2zgrayes + LY) (Је — Tefan) 


(апте — 2zgtotes + атт) (uen — wfe)] (F-9) 
Now, consider the Laplacian, 
Of Of 
ap FS OF 
Via ast aa 


and substitute Equations (F-8) and (F-9). After simplification and collection of 
terms, we obtain 


Vf = [002 a) fee AEE + ven) fen 
+ (22 + fw] + I {[(a? + 02) рсе — 2 (ets + Unde) Yen 
+ (22+ ж) | (т: — Zefn) + [022 + Vere 
— 20267, + Une) zen + (28+ 0) ст) Uefa — vafe) } 
Define the following: 
rity = а 
т-р = b 
тЁ+у = с 
Then 
V?f - J (afee == 2bfe, + Chan) 
+ J? (ауе — 2byen + сут) (zn fe — te fn) 


+ (ате — 2bzes + cz) (Ye fn — Yn fe)} 
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and finally, 


V?f = J*(afee — 2bfen + cfm + df, + eft) (F-10) 
where 
d = J(wa ze) 
e = Ј(2,8 — wa) 
and 
а = ате — 2bzgg + Сг 


ауе — 2byes + Сут 
For illustration purposes, consider the elliptic system 
VE = 0 (Е-11) 


and 
Vg =0 (F-12) 


We wish to transfer this system to a computational domain. То do so, Equation (F-10) 
is used—thus, f — £ for Equation (F-11). The required gradients in Equation (F-10) 
are 


& 


д 
8E 
& = 0 
д 
дЕ 
0 
0 


fe = 
bm = 
ёт = 


Therefore, Equation (F-10) yields: 


or 
J?(z,B — уло) = 0 
Similarly, V27 = 0 yields 
2а=0 
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ог 
J'(yca — ze) = 0 
Since J Æ 0, then 
IB- Wa = 0 (F-13) 
wa-r = 0 (F-14) 
Eliminating a from Equations (F-13) and (F-14) yields: 


D(zeys — уу) = 0 


But 1 
Tes — Tae = 7 
Thus, 
t 
J 
Since, J # 0, then 
B=0 


or 
ауес — byen + Сут = 0 
We showed that 8 = 0 and, therefore, a must also be zero, which results in 


аш — 2026) + CIm = 0 
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1(80) 
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Forward difference representations, 
1(57, 58) 
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Flux corrected transport, 1(253) 

Flux Jacobian matrix, 1(817), 2(88) 

Flux limiter functions, 1(242, 245), 
2(118) 

Fractional step method, 1(87) 

Freestream boundary condition, 2(248) 

Friction velocity, 8(5) 

Frozen flow, 2(338) 

Gas Constant, 1(462) 


Gauss-Seidel iteration method, 1(157) 
Point Gauss-Seidel, 1(160, 387) 
Line Gauss-Seidel, 1(162, 888) 


Global time step, 2(146) 

Grid Clustering, 1(869, 404), 2(144) 
Heat conduction equation, 1(10) 
Heat of formation, 2(340) 
Holograph characteristics, 1(5) 

Heat transfer coefficient, 1(955) 


194, 279) 
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Incompressible Navier-Stokes equa- 
tions, 1(302), 2(85) 

Integral formulation, 1(446) 

Inviscid Jacobians, 2(86-38, 89, 90, 93) 

Irregular boundaries, 1(92) 

Jacobi iteration method, 1(157) 

Jacobian, 1(209) 

Jacobian of transformation, 1(364), 
2(25) 

К-є model, 3(54) 

Kinetic energy of turbulence, 3(54) 

К-ш model, 3(59) 

Kelvin-Helmholtz vortex, 3(15) 

Kolmogorov scales, $(14) 

Kolmogorov Universal Equilibrium 
Theory, 8(14) 

Kronecker delta, 1(451) 

Laasonen method, 1(66) 

Laminar sublayer, 3(4) 

Lagrangian approach, 1(449) | 

Large eddy simulation, 9(139) 

Law of the wall, 3(24) 

Lax's equivalence theorem, 1(23) 

Lax method, 1(186, 207) 

Lax-Wendroff method, 1(187, 189, 208) 

Leonard stress, 5(142) 

Linear damping, 1(228) 

Linear PDE, 1(3) 
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Linearization, 1(90, 317), 2(31, 100, 168, 
225) 
Lagging, 1(90) 
Iterative, 1(91) 
Newton's iterative, 1(91) 
Local derivative, 1(447) 
Local time step, 2(146) 
Low Reynolds number k-e model, 3(56) 
LU Decomposition, 2(291) 


MacCormack method, 1(190, 211, 278, 
286, 287), 2(270) 


Marker and cell (MAC) formulation, 
1(880) 

Metrics of transformation, 
2(28) 

Midpoint leapfrog method, 1(133, 186) 

Minmod, 1(246), 2(114) 

Mixed boundary condition, 1(20) 

Mixed partial derivatives, 1(51) 
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Nodal point scheme, 2(889) 
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Prandtl number, 1(463), 2(25), 3(22) 
Pressure dilatation, 9(58) 


. Production of turbulence, 3(12, 54) 


Reaction rates 
Backward reaction, 2(841) 
Forward reaction, 2(941) 
Real gas, 2(337) 
Recombination, 2(841) 
Reynolds Averaged Navier-Stokes 
Equation, 3(27, 28) 
Reynolds number, 1(306), 2(25) 
Richardson method, 1(64) 
Richtmyer method, 1(189) 
Riemann invariants, 1(485), 2(191) 
Robin boundary condition, 1(20) 
Rotational energy, 2(339) 
Round off error, 1(113) 


Runge-Kutta method, 1(219) 
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Scaled wave number, 3(128) 

Spalart-Allmaras model, 3(48) 

Species continuity equation, 2(346) 

Specific heats, 1(461) 

Splitting methods, 1(189) 

Shock fitting, 2(250) 

Shock tube, 2(152) 

Smagorinsky model, 3(148) 

Staggered grid, 1(328) 

Stability, 1(23) 

Stability Theory, 3(7) 

Static instability, 1(128) 
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Stokes hypothesis, 1(452) 

Stream function, 1(307) 

Stream function equation, 1(308) 

Streamwise pressure gradient, 2(223) 
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Structured grids, 1(92, 358) 

Subgridscale model, 3(140) 

Subgridscale Reynolds stress, 3(142) 


Successive over-relaxation method, 
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System of first-order PDEs, 1(11) 
System of second-order PDEs, 1(16) 
Thermal conductivity, 1(460) 
Thermal diffusivity, (35) 
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Roe-Sweby Upwind TVD, 1(247), 
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Turbulence Reynolds number, 3(48) 
Turbulent boundary layer, 3(2) 
Turbulent conductivity, 3(35) 
Turbulent diffusivity, 3(35) 
Turbulent kinetic energy, 3(42, 109) 
Turbulent Mach number, 3(58) 
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Turbulent shear stress, 9(35) 
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Zero equation model, 3(39) 
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